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Preface

With some justification, measure theory has a bad reputation. It is regarded
by most students as a subject that has little sesthetic appeal and lots of fussy
details. In order to make the subject more palatable, many authors have
chosen to add spice by embedding measure theory inside one of the many
topics in which measure theory plays a central role. In the past, Fourier
analysis was usually the topic chosen, but in recent years Fourier analysis
has been frequently displaced by probability theory. There is a lot to be
said for the idea of introducing a running metaphor with which to motivate
the technical definitions and minutiae with which measure theory is riddled.
However, I' have not adopted this pedagogic device. Instead, I have attempted
to present measure theory as an essential branch of analysis, one that has merit
of its own. Thus, although I often digress to demonstrate how measure theory
answers questions whose origins are in other branches of analysis, this book
is about measure theory, unadorned.

In the first chapter I give a résumé of Riemann’s theory of integration, in-
cluding Stieltjes’s extension of that theory. My reason for including Riemann’s
theory is twofold. In the first place, when I turn to Lebesgue’s theory, I want
Riemann’s theory available for comparison purposes. Secondly, and perhaps
more important, I believe that Riemann’s theory provides many of the basic
tools with which one does actual computations. Lebesgue’s theory enables
one to prove equalities between abstract quantities, but evaluation of those
quantities usually requires Riemann’s theory. The final section of Chapter
1 contains an analysis of the rate at which Riemann sums approximate his
integral. In no sense is this section serious numerical analysis. On the other
hand, it gives an amusing introduction to the Euler-Maclaurin formula.

Modern (i.e., aprés Lebesgue) measure theory is introduced in Chapter
2. I begin by trying to explain why countable additivity is the sine qua
non in Lebesgue’s theory of integration. This explanation is followed by the
derivation of a few elementary properties possessed by countably additive
measures. In the second section of the chapter, I develop a somewhat primitive
procedure for constructing measures on metric spaces and then apply this
procedure to the construction of Lebesgue measure A\gx on R, the measure

IContrary to the convention in most modern mathematical exposition and the
wishes of the GTM editors, I often use the first person singular rather than
the “royal we” when I expect the reader to be playing a passive role. I restrict
the use of “we” to places, like proofs, where I expect the active participation
of my readers.
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1r on R determined by a distribution function F', and the Bernoulli measures
Bp on {0,1}Z+. Included here are a proof of the way in which Lebesgue
measure transforms under linear maps and of the relationship between A~
and (8 1

Lebesgue integration theory is taken up in Chapter 3. The basic theory is
covered in the first section, and its miraculous stability (i.e., the Monotone
Convergence and Lebesgue’s Dominated Convergence Theorems as well as
Fatou’s Lemma) is demonstrated in next section. The third section is a bit
of a digression. There I give a proof, based on Riesz’s Sunrise Lemma, of
Lebesgue’s Differentiation Theorem for increasing functions.

The first section of Chapter 4 is devoted to the construction of product
measures and the proof of Fubini’s Theorem. As an application, in the second
section I describe Steiner’s symmetrization procedure and use it to prove
the isodiametric inequality, which I then apply to show that N-dimensional
Hausdorff measure in RY is Lebesgue measure there.

In Chapter 5 I discuss several topics that are tied together by the fact that
they all involve changes of variables. The first of these is the application of
distribution functions to show that Lebesgue integrals can be represented as
Riemann integrals, and the second topic is polar coordinates. Both of these
are in §5.1. The second section contains a proof of Jacobi’s transformation
formula and an application of his formula to the construction of surface mea-
sure for hypersurfaces in RY. My treatment of these is, from a differential
geometric perspective, extremely inelegant: there are no differential forms
here. In particular, my construction of surface measure is concertedly non-
intrinsic. Instead, I have adopted a more geometric measure-theoretic point
of view and constructed surface measure by “differentiating” Lebesgue mea-
sure. Similarly, my derivation in §5.3 of the Divergence Theorem is devoutly
extrinsic and devoid of differential form technology.

Some of the bread and butter inequalities (specifically, Jensen’s, Holder’s,
and Minkowski’s) of integration theory are derived in the first section of Chap-
ter 6. In the second section, these inequalities are used to study some ele-
mentary geometric facts about the Lebesgue spaces LP as well as the mixed
Lebesgue spaces L(P9). The results obtained in § 6.2 are applied in § 6.3 to the
analysis of boundedness properties for transformations defined by kernels on
the Lebesgue space. Particular emphasis is placed on transformations given
by convolution, for which Young’s inequality is proved. The chapter ends with
a brief discussion of Friedrichs mollifiers.

In preparation for Fourier analysis, Chapter 7 begins with a cursory intro-
duction to Hilbert spaces. The basic L2-theory of Fourier series is given in
§7.2 and is applied there to complete the program, started in § 1.3 of Chapter
1, of understanding the Euler—-Maclaurin formula. The elementary theory of
the Fourier transform is developed in §7.3, where I first give the L!-theory
and then the L2-theory. My approach to the latter is via Hermite functions.
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The concluding chapter contains several vital topics that were either given
short shrift or entirely neglected earlier. The first of these is the Radon—
Nikodym Theorem, which I, following von Neumann, prove as an application
of Riesz’s Representation Theorem for Hilbert space. The second topic is
Daniell’s theory of integration, which I use first to derive the standard cri-
terion that says when a finite, finitely additive measure admits a countably
additive extension and second to derive the Riesz Representation Theorem
for non-negative linear functionals on continuous functions. The final topic
is Carathéodory’s method for constructing measures from subadditive func-
tions and its application to the construction of Hausdorff measures on RY.
Although my treatment of Hausdorff measures barely touches on the many
beautiful and deep aspects of this subject, I do show that the restriction of
(N — 1)-dimensional Hausdorff measure to a hypersurface in RY coincides
with the surface measure constructed in §5.2.2.

It is my hope that this book will be useful both as a resource for students
trying to learn measure theory on their own and as text for a course. I have
used it at M.I.T. as the text for a one semester course. However, M.I.T.
students are accustomed to abuse,? and it is likely that as a text for a one
semester course elsewhere some picking and choosing will be necessary. My
suggestion is that one be sure to cover the first four chapters and the first
sections of Chapters 7 and 8, perhaps skipping § 1.3, §3.3, and §4.2. Depend-
ing on the interests of the students, one can supplement this basic material
with selections from Chapters 5, 6, as well as from material that one skipped
earlier.

There are exercises at the end of each section. Some of these are quite
trivial and others are quite challenging. Especially for those attempting to
learn the subject on their own, I strongly recommend that, at the very least,
my readers look at all the exercises and solve enough of them to become facile
with the techniques they wish to master. At least for me, it is not possible to
learn mathematics as a spectator.

Daniel W. Stroock

It has been said that getting an education at M.I.T. is like taking a drink
from a fire hydrant.
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CHAPTER 1

The Classical Theory

I begin by recalling a few basic facts about the integration theory that is
usually introduced in advanced calculus. I do so not only for purposes of later
comparison with the modern theory but also because it is the theory with
which most computations are eventually performed.

§1.1 Riemann Integration
Let N € Z* (throughout Z* will denote the positive integers). A rectangle
in RY is a subset I of RV that can be written as the Cartesian product
l_ﬁv[al€7 bi] of compact intervals [ay, bg], where it is assumed that aj < by, for
each 1 < k < N. If I is such a rectangle, its diameter and volume are,
respectively,

N

Z(bk —ay)? and vol () =

k=1 k

=

diam(J) = sup{|ly—z| : x,y € [} = (br—ag).

1

For the purposes of this exposition, it will be convenient to also take the empty
set to be a rectangle with diameter and volume O.

Given a collection C,! T will say that C is non-overlapping if distinct
elements of C have disjoint interiors. In that its conclusions seem obvious, the
following lemma is surprisingly difficult to prove.

LEMMA 1.1.1. IfC is a non-overlapping, finite collection of rectangles each
of which is contained in the rectangle J, then vol (J) > > ;.- vol(I). On the
other hand, if C is any finite collection of rectangles and J is a rectangle that
is covered by C (i.e., J C|JC), then vol (J) <3, vol (I).

PROOF: Since vol(IN.J) < vol([), assume throughout that .J O (J; .. I. Also,

without loss in generality, we will assume that J £ .

The proof is by induction on N. Thus, suppose that N = 1. Given a
closed interval, use a; and by to denote its left and right endpoints. Choose
ay<cy<--<cg<bysothat

{er:1<k<tl}={ar: ITe€CtU{br: IeC},

I Throughout this chapter, C will denote a collection of rectangles.

D.W. Stroock, Essentials of Integration Theory for Analysis, Graduate Texts in Mathematics 262, 1
DOI 10.1007/978-1-4614-1135-2 1, © Springer Science+Business Media, LLC 2011



2 1 THE CLASSICAL THEORY

and set C, = {I € C : [ck—1,ck] C I}. Clearly, for each I € C, vol(I) =

Z{k: Ieck}(ck —cg-1).?
When C is non-overlapping, no C; contains more than one I € C, and so

¢
Zvol([) = Z Z (cp — Cp—1) = anrd(ck)(ck — Cp—1)

IeC I€T {k:I€Cy} k=1
J4
S (Ckfck_l) S (beaJ):VOI(J).
k=1

If J=UC, thency = ay, ce = by, and, for each 1 < k < ¢, thereisan I € C for
which I € Ci. To prove this last assertion, simply note that if € (cx—1, cx)
and x € I € C, then [cx_1,c;] € I and therefore I € C,. Knowing this, we
have

¢
ZVOI([) = Z Z (e —cp—1) = anrd(ck)(ck — Cp—1)

IeC IeC{k:IeCy} k=1
4
2 (Ck — Ckfl) = (bJ - a_]) = VOI(J)
k=1

Now assume the result for N. Given a rectangle I in RV*!, determine
ar, by € R and the rectangle R; in RY so that I = Ry x [a,b;]. Choose
aj <cy < - <cp <by as before, and define Cy accordingly. Then, for each
IeC,

vol(I) = vol(Ry)(br — ar) = vol(Rr) > (cx —cx1).
{k:IeCy}

If C is non-overlapping, then {R; : I € Cx} is non-overlapping for each k.
Hence, since (J; ¢, R € Ry, the induction hypothesis implies > ;. vol(Rr)
< vol(Ry) for each 1 < k < ¢, and therefore

> vol(I) =Y vol(Ry) Y (ck—cr-1)

IecC IecC {k: I€Ck}

4
<Y (ex —cx-1) Y vol(Ry) < (by — ay)vol(Ry) = vol(J).
k=1

IeCy

Finally, assume that J = UIeC' In this case, ¢cg = ay and ¢, = by. In
addition, for each 1 < kK < ¢, Ry = Uleck R;. To see this, note that if
x = (x1,...,xn41) € J and xn41 € (Cg—1,Ck), then I 3 x = [cp_1,¢] C

2 Here, and elsewhere, the sum over the empty set is taken to be 0.
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[ar,br] and therefore that I € Ci. Hence, by the induction hypothesis,
vol(Ry) < Zleck vol(Ry) for each 1 < k < ¢, and therefore

ZVOI(I) = ZVO](R[) Z (e — cp—1)

IeC IecC {k:I€Cy}

‘
= Z(Ck — Ck—1) Z vol(Ry) > (by — aj)vol(Ry) = vol(J). O

I€Cy

Given a collection C of rectangles I, say that & : C — |JC is a choice map
for C if £(I) € I for each I € C, and use =(C) to denote the set of all such
maps. Given a finite collection C, a choice map € € Z(C), and a function
f:UC — R, define the Riemann sum of f over C relative to £ to be

(1.1.2) R(f;C,€) = Zf ))vol (I
IeC

Finally, if J is a rectangle and f : J — R is a function, f is said to be
Riemann integrable on J if there is a number A € R with the property
that, for all € > 0, there is a § > 0 such that

IR(f;C.€) — Al <e

whenever £ € Z(C) and C is a non-overlapping, finite, exact cover of J (i.e.,
J = JC) whose mesh size |[C||, given by ||C|| = max{diam(I) : I € C}, is
less than §. When f is Riemann integrable on J, the associated number A is
called the Riemann integral of f on J, and I will use

R) /J f(z)dx
to denote A.

It is a relatively simple matter to see that any f € C(J;R) (the space of
continuous real-valued functions on J) is Riemann integrable on .J. However,
in order to determine when more general bounded functions are Riemann
integrable, it is useful to introduce the Riemann upper sum

Zbupf Yvol (I)

Tec xzel

and the Riemann lower sum

L(f;€) =) inf f(x)vol (I).

IeC

Clearly, one always has

L(f;C) <R(f;C,€) <U(f;C)
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for any C and & € Z(C). Also, by Cauchy’s convergence criterion, it is clear
that a bounded f is Riemann integrable if and only if

(1.1.3) H(%Oc(f;@ > ||éi|f30”(f;c)’

where the limits are taken over non-overlapping, finite, exact covers of J. My
goal now is to show that the preceding can be replaced by the condition®

(1.1.4) sup L(f;C) zirclfi/{(f;C)
c

where the C’s run over all non-overlapping, finite, exact covers of J.

To this end, partially order the covers C by refinement. That is, say that
C, is more refined than C; and write C; < Co, if, for every I5 € Co, there is
an I; € Cy such that I, C I;. Note that, for every pair C; and Cs, the least
common refinement C;VCs is given by CyVCe = {I1NI3 : I} € C; and I3 € Ca}.

LEMMA 1.1.5. For any pair of non-overlapping, finite, exact covers C; and
Co of J and any bounded function f : J — R, L(f;C1) <U(f;Cs). Moreover,
if C4 < Co, then L(f;C1) < L(f;C2) and U(f;Cy) > U(f;Cs). Finally, if f is
bounded, then (1.1.4) holds if and only if for every € > 0 there exists a C such
that*

(1.1.6) Z/I(f;C)—E(f;C):Z (st}pf—ir}ff) vol(I) < e.

IeC
ProoOF: We will begin by proving the second statement. Noting that
(1.1.7) L(f;C) = —U(=F;0),

one sees that it suffices to check that U(f;Cy) > U(f;Cs) if C; < Cq. But, for
each I € Cq,

sup f(x)vol (I1) > Z sup f(z)vol (1),

och {12€C2112211}w612

where Lemma 1.1.1 was used to see that

vol (I1) = > vol(I).

{I2€C2: I,C11 }

3 In many texts, this condition is adopted as the definition of Riemann integrability. Obvi-
ously, since, as is about to shown, it is equivalent to the definition that was given earlier,
there is no harm in doing so. However, when working in the more general setting studied
in § 1.2, the distinction between these two definitions does make a difference.

4 Here, and elsewhere, sup; f = sup,c; f(x) and inf; f = inf ey f(2).
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After summing the above over I; € C1, one arrives at the required result.
Given the preceding, the first assertion is immediate. Namely, for any C;
and CQ,
L(f;C1) < L(f;C1VCo) SU(f;C1VC o) SU(S;Co).

Finally, if for each € > 0 (1.1.6) holds for some C,, then, for each € > 0,

fU(f;C) —sup L(f;€) SU(f;Ce) = L(f;Ce) < e
C

and so (1.1.4) holds. Conversely, if (1.1.4) holds and € > 0, choose C; and Co
for which supe L(f;C) < L(f;C1) + 5 and infcU(f;C) > U(f;C2) — 5. Then
(116) holds with Ce = C1 V C2. O

Lemma 1.1.5 really depends only on properties of our order relation and
not on the properties of vol(I). On the other hand, the next lemma depends
on the continuity of volume with respect to the side-lengths of rectangles.

LEMMA 1.1.8. Assume that J # (), and let C be a non-overlapping, finite,
exact cover of the rectangle J. If f:J — R is a bounded function, then,
for each € > 0, there is a § > 0 such that

U(F;C) <U(f;C)+e and L(f;C") > L(f;C) —¢

whenever C' is a non-overlapping, finite, exact cover of J with the property
that |C'|| < 0.

PROOF: In view of (1.1.7), we need consider only the Riemann upper sums.
Let J = Hiv[ck, di]. Given a § > 0, a rectangle I = Hf[[ak, bi] and
1 <k < N, define I, (6) and I, (8) to be the rectangles

Jn 11 leindil | < lar —d,au + 01 x | [ les-ds]

1<j<k k<j<N

T T leod] | < ow—dbe+6]x | ] lesdil

1<j<k k<j<N

respectively. Then, for any rectangle I’ C J with diam(I’) < 4, either I’ C T
for some I € C or, for some [ € C and 1 <k < N, I' C I;F(5) or I' C I (6).

Now let C’ with ||C’|| < d be given. Then, by an application of Lemma 1.1.1,
we can write

Zsupfvol[’ ZZSuprOIIﬂI)

rec U recrec U
—ZZsupfvollﬂI —i—ZZ(supf—supf) vol(INT').
Tecrec 1N TecIec
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But clearly

ZZsuprOIIﬁI' <ZZsupfvollﬂI’) U(f;0),

Tec rec 1N Iec1ec

where the final step is another application of Lemma 1.1.1. Thus, it remains

to estimate
Z Z <supf — sup f> vol(INT).

Teclec I’ InI

However, by the discussion in the preceding paragraph, for each I’ € C’, either
I' C I for some I € C, in which case

Z (supf — sup f) vol(INI') =0,

o \r nr
or, forsome I € Cand 1< k< N, I' C I,j(é) or I' C I,/ (6). Thus, if

Bk, )X ={I'eC: I CI;(5)},

then
Z Z (supf — sup f) vol(INTI')
Iec rec mnr

N
<Y DY vaanr)y+ > val(InT)

k=1IeC \I1'eB(k,I)* I'eB(k,I)~

(In the preceding, I have introduced the notation, to be used throughout, that
I fllu denotes the uniform norm of f: the supremum of |f| over the set on
which f is defined.) Finally, by Lemma 1.1.1, for each 1 <k < N and I € C,
vol(J)

Z vol(INTI') < VO](II?(é)) = 26dk —

IeB(k,1)*

and so we have now proved that, whenever ||C’|| < 6,

U(f;C —U(f;C) <Z Z (supf—supf) vol(INT") < K| f]|u0,

Tec I'ec Inr

where

K =4Ncard(C) max vol(J) O

1<k<N dy — ¢p

As an essentially immediate consequence of Lemma 1.1.8, we have the fol-
lowing theorem.
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THEOREM 1.1.9. Let f: J — R be a bounded function on the rectangle
J. Then

Hchurgoﬁ(f ;C) = supﬁ(f C) and Hchlgou(f :C) = mfU(f:C),

where C runs over non-overlapping, finite, exact covers of J. In particular,
(1.1.4) is a necessary and sufficient condition that a bounded f on J be
Riemann integrable, and so every f € C(J;R) is Riemann integrable.

PROOF: First note that, by Lemma 1.1.8, for every C and € > 0 there exists
a 0 > 0 for which

ICl <6 = U(f;C) < mfU(f;C) + e and L(f;C') = sup L(f;C) — €.
C

Hence,

”ChHIgOM(f :C) < 1an/I(f C) and Hélurioﬁ(f :C) > supﬁ(f C).

Since

lim U(f;C) >1nfU(f C) and lim L(f C) < supﬁ(f C)
IeINo ™

trivially, the first assertion follows. Given this, it is obvious that (1.1.3) is
equivalent to (1.1.4) and therefore that f is Riemann integrable if and only if
(1.1.4) holds. Finally, if f € C'(J;R), then for each € > 0 there is a § > 0 such
that® maxec (sup; f — infy f) < € and therefore U(f;C) — L(f;C) < evol(J)
for any C with ||C|| <. O

Exercises for §1.1

EXERCISE 1.1.10. Suppose that f and ¢ are bounded, Riemann integrable
functions on J. Show that fV g = max{f,g}, f Ag=min{f, g}, and, for any
a, B €R, af + Bg are all Riemann integrable on J. In addition, check that

® [V sz (w0 [ @)y (m [ owar),
@ [ ra@ s < (@) [ f@ac)r (@) [ o).

) [ (@7 + Bo)e)ds = (@ [ s@ras) +5 (@ [ ato)ic).

Conclude, in particular that if f and ¢ are Riemann integrable on J and
f < g, then (R) [, f(x) dz < (R) [, g(c) du

and

5 Recall that a continuous function on a compact set is uniformly continuous there.
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EXERCISE 1.1.11. Show that if f is a bounded real-valued function on the
rectangle J, then f is Riemann integrable if and only if, for each € > 0, there
is a 6 > 0 such that

IC]| <6 = Z vol (I) < e.

{I€C:sup; f—inf; f>e€}

In fact, show that f will be Riemann integrable if, for each € > 0, there exists
some C for which } ;e point; fep VOUI) <€

EXERCISE 1.1.12. Show that a bounded f on J is Riemann integrable if it is
continuous on J at all but a finite number of points. See Theorem 5.1.4 for
more information.

§1.2 Riemann—Stieltjes Integration

In Section 1.1 I developed the classical integration theory with respect to the
standard notion of Euclidean volume. In the present section, I will extend the
classical theory, at least for integrals in one dimension, to cover more general
notions of volume.

Let J = [a, b] be an interval in R and ¢ and 1 a pair of real-valued functions
on J. Given a non-overlapping, finite, exact cover C of J by closed intervals
I and a choice map & € Z(C), define the Riemann sum of ¢ over C with
respect to i relative to £ to be

R(pl;C.&) =D o(&(D) A,

IeC

where Ayip = (1) —4(I7) and It and I~ denote, respectively, the right-
and left-hand endpoints of the interval I. Obviously, when ¢ (z) = z,2 € J,
R(p|;C, &) = R(p;C,&). Thus, it is consistent to say that ¢ is Riemann
integrable on J with respect to 1, or, more simply, ¥-Riemann inte-
grable on J, if there is a number A with the property that, for each € > 0,
there is a § > 0 such that

(1.2.1) sup |R(p|1h;C. &) — Al <e
£€E(0)

whenever C is a non-overlapping, finite, exact cover of J satisfying ||C| < .
Assuming that ¢ is ¥-Riemann integrable on J, the number A in (1.2.1) is
called the Riemann—Stieltjes integral of ¢ on J with respect to 1, and
I will use

(R) / () dip(z)

to denote A.
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ExAMPLES 1.2.2. The following examples may help to explain what is going
on here. Throughout, J = [a, b] is a compact interval.

(i) If p € C(J;R) and ¥ € C1(J;R) (i.e., 1 is continuously differentiable on
J), then one can use the Mean Value Theorem to check that ¢ is 1)-Riemann
integrable on J and that

®) /J o(z) dib(z) = (R) /J oy (z) do.

(ii) If there exist a = ap < a; < -+ < a, = b such that ¢ is constant on
each of the intervals (a,,—1,am), then every ¢ € C’([a,b];R) is ¢-Riemann
integrable on [a, b], and

R) [ plz)di(z) = ) plam)dm,
where dy = ¥(a+) — ¥(a), dm = Y(am~+) — Y(am—) for 1 <m < n —1, and
dp, = (b)) —1(b—). (Tuse f(x+) and f(z—) to denote the right and left limits
of a function f at x.)

(iii) If both (R) [, ¢1(x)di(x) and (R) [, @a(x) dip(z) exist (ie., o1 and
2 are both ¢-Riemann integrable on J), then, for all real numbers « and 3,
(ap1 + Byp2) is Y-Riemann integrable on J and

®) /J (a1 + Bipa) (&) dib(a)

s ((R) [ dzb(x)) 18 ((R) | eata) dw<w>> :

(iv) If J = J1 U J3 where Jol N jg = () and if ¢ is ¢¥-Riemann integrable on
J, then ¢ is ¥-Riemann integrable on both J; and Js, and

®) / () di(z) = (R) / o(x) di(x) + (R) / () dip(a).

J2

All the assertions made in Examples 1.2.2 are reasonably straightforward
consequences of the definition of Riemann integrability.

§1.2.1. Riemann Integrability: Perhaps the most important reason for
introducing the Riemann—Stieltjes integral is the following theorem, which
shows that the notion of Riemann—Stieltjes integrability possesses a remark-
able symmetry.

THEOREM 1.2.3 (Integration by Parts). If ¢ is ¢-Riemann integrable on
J = [a,b], then v is ¢-Riemann integrable on J and

(124)  (R) /J b(x) do(z) = B(B)p(b) — b(a)p(a) — (R) /J () dip(z).
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Proor: Let C = {[am_l,ozm] 1<m< n}, where a = g < -+ < a, = b;
and let & € Z(C) with &([m—1,am]) = Bm € [am—1,am]. Set Sy = a and
Brs1 = b. Then

1/}'9076 £ = Z "/} )_ @(amfl))

= Z UJ 5m Z w ﬁm-&-l )
- Z ¥(Bm+1) = ¥(Bm)) = ¥(B1) ()

= (b)p(b) —v(a)p(a) = D (o) (¥(Bm+1) —¥(Bm))

= 1(b)(b) — (a)p(a) — Rl C', &),

where €' = {[Bm-1,6m] : 1 < m < n+1} and & € E(C’) is defined by
& ([Bms Bm+1]) = am for 0 < m < n. Noting that ||C’|| < 2||C||, one now sees
that if ¢ is ¢-Riemann integrable then 1 is p-Riemann integrable and that
(1.2.4) holds. O

It is hardly necessary to point out, but notice that when ¢ = 1 and ¢ is
continuously differentiable, then, by (i) in Examples 1.2.2, (1.2.4) becomes
the Fundamental Theorem of Calculus.

Although the preceding theorem indicates that it is natural to consider ¢
and ¢ as playing symmetric roles in the theory of Riemann—Stieltjes integra-
tion, it turns out that, in practice, one wants to impose a condition on ¢ that
will guarantee that every ¢ € C(J;R) is Riemann integrable with respect to
¢ and that, in addition (recall that ||¢l|y is the uniform norm of ¢),

(12.5) ‘(R) [ e aut

for some K, < oo and all ¢ € C(J;R). Example (i) in Examples 1.2.2 tells
us that one condition on v that guarantees the i-Riemann integrability of
every continuous ¢ is that ¢ € C'(J;R). Moreover, from the expression
given there, it is an easy matter to check that in this case (1.2.5) holds with
Ky = ||¢']|u(b — a). On the other hand, example (ii) makes it clear that ¢
need not be even continuous, much less differentiable, in order that Riemann
integration with respect to ¥ have the above properties. The following result
emphasizes this same point.

< Kyl

THEOREM 1.2.6. Let ¢ be non-decreasing on J. Then every ¢ € C(J;R) is
1-Riemann integrable on J. In addition if v is non-negative and -Riemann
integrable on J, then (R) [, p(x ) > 0. In particular, (1.2.5) holds with
Ky = A
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PROOF: The fact that (R) [, ¢(x)dip(z) > 0 if ¢ is a non-negative function
that is 1-Riemann integrable on J follows immediately from the fact that
R(p|y;C, &) > 0 for any C and € € E(C). Applying this to the functions |||, £
¢ and using the linearity property in (iii) of Examples 1.2.2, we conclude that
(1.2.5) holds with Ky = Ajyi. Thus, all that we have to do is check that
every ¢ € C(J;R) is ¢-Riemann integrable on J.

Let p € C(J;R) be given and define

Ulpl:0) =D _(supp) Ay and  L(p[$:C) =D (inf o) Ay

rec ! Iec

Then, just as in §1.1,

L(plh;C) < R(pl;C, &) <U(p|y;C)

for any € € Z(C). In addition (cf. Lemma 1.1.5), for any pair C; and Cy, one
has that L(p[;C1) < U(p|h;Cz). Finally, for any C,

U(elth; C) = L(elh; C) < w(lIC) A,

where

w(8) = sup {|¢(y) — ¢(z)| : 2,y € J and |y — z| < &}
is the modulus of continuity of ¢. Hence, since, by uniform continuity,
limg\‘o w(é) = 0,

”g‘go(umw;a — L(ply:C)) =0.

But this means that, for every € > 0, there is a 6 > 0 for which

Ul C) —U(pl; C') < Ul C) — L(pl1h;C) <€

no matter what C’ is chosen as long as ||C|| < §. From the above it is clear
that

infU(p;C) = lim U(plh;C) = lim L(p|¢h;C) = sup L(;C)
¢ lcii—o lcii—o c
and therefore that ¢ is -Riemann integrable on J and (R) [, ¢(x) dy(x)
=infeU(p;C). O
One obvious way to extend the preceding result is to note that if ¢ is
Riemann integrable on J with respect to both 11 and 19, then it is Riemann
integrable on J with respect to ¥ = ¥y — 11 and

®) /J o(z) di(x) = (R) /J o(z) dipa(z) — (R) /J (@) dih ().

(This can be seen directly or as a consequence of Theorem 1.2.3 combined
with (iii) in Examples 1.2.2.) In particular, we have the following corollary
to Theorem 1.2.6.
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COROLLARY 1.2.7. If @ = 19 — 11, where 11 and s are non-decreasing
functions on J, then every ¢ € C(J;R) is Riemann integrable with respect to
1 and (125) holds with Ky = Ajip + Aghs.

§1.2.2. Functions of Bounded Variation: In this subsection I will carry
out a program that will show that, at least among 1’s that are right-continuous
on J\ {J*} and have left limits at each point in J\ {J ™}, the ¢ ’s in Corollary
1.2.7 are the only ones with the properties that every ¢ € C(J;R) is 9-
Riemann integrable on J and (1.2.5) holds for some K, < oc.

The first step is to provide an alternative description of those v ’s that can
be expressed as the difference between two non-decreasing functions. To this
end, let ¢ be a real-valued function on J and define

SW;C) = 1A

IeC

for any non-overlapping, finite, exact cover C of J. Clearly
S(ay;C) = |alS(;C)  for all « € R,

S(h1 4 12;C) < S(1h1;C) + S(1h2;C)  for all ¥y and o,

and

S C) = [AsY]
if ¢ is monotone on J. Moreover, if C is given and C’ is obtained from C
by replacing one of the I'’s in C by a pair {I1, >}, where I = I; U I, and
I, NIy = 0, then, by the triangle inequality,

S(;C") = S(y;0)
= [p(I1) = YUID)| + [W(I) = (I3 = [p(IH) = ()] > 0.

Hence, ¢ <" = S(¢;C) < S(¢; 7).
Define the variation of ¢» on J to be the number (possibly infinite)

Var(i; J) = sup S(¥;C),
C

where the C’s run over all non-overlapping, finite, exact covers of J. Also, say
that ¢ has bounded variation on J if Var(y;J) < oo. It should be clear
that if ¢ = ¥y — 17 for non-decreasing 1 and 15 on J, then v has bounded
variation on J and Var(¢;J) < Ay + A jihe. What is less obvious is that
every 1 having bounded variation on J can be expressed as the difference of
two non-decreasing functions. In order to prove this, introduce the quantities

Sp(i€) =Y "(Ar)" and S_(;0) =D (Arp) ",

IeC IeC
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where a™ =a V0 and a” = —(aA0) for o € R, and call

Vary (¢; J) =sup Sy (¢;C) and Var_(¢;J) =supS—(¥;C)
c c

the positive variation and the negative variation of ¢ on J. Clearly
C<C = Si(h;C) <SL(¥: (),
and, after noting that
28:(1h;C) = S(4;C) £ Ayy

(1.2.8) S1(1;C) = S-(4;C) = Ay
S+ (¥;C) +S_(¥;C) = S(¥;C)

for any C, one sees that
Var, (¢; J) < 0o <= Var(¢; J) < oo <= Var_(¢; J) < oc.
LEMMA 1.2.9. If Var(y; J) < oo, then

(1.2.10) Vary (¢; J) + Var_(y; J) = Var(y; J)
and
(1.2.11) Var (v; J) — Var_(¢; J) = A ji.

PRrOOF: By the middle relation in (1.2.8), we see that
S:t (wa C) < Varq:(l/]; J) + AJ’(ﬂ

Hence
Vary (¢; J) < Var (; J) + A

and so (1.2.11) has been proved. Moreover, (1.2.11) combined with the middle
relation in (1.2.8) leads to

Var (v;J) — Sy (¢;C) = Var_(¢; J) — S—(¥;C)

for any C. In particular, there is a sequence {C, : n > 1} such that Sy (¢;C,)
— Vary (¢;J) as n — oo and, at the same time, S_(¢;C,) — Var_(¢; J).
Hence, by the last relation in (1.2.8), we see that

Vary (;J) + Var_ () < lim S(3;C,) < Var(e; J).
On the other hand, by that same relation in (1.2.8),
S(h;€) = 84 (¥:€) + 8- (h;C) < Vary (¢;J) + Var_(¢; J)

for every C. When combined with the preceding, this completes the proof of
(1.2.10). O
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LEMMA 1.2.12. If ) has bounded variation on [a,b] and a < ¢ < b, then
Varz (¢ [a, b]) = Var+(¢; [a, c]) + Var (¢; [c, b]),

and therefore also Var(1; [a,b]) = Var(v; [a, c]) + Var(¢; [c, b]).

PROOF: Because of (1.2.10) and (1.2.11), it suffices to check the equality only
for “Var” itself. But if C; and C; are non-overlapping, finite, exact covers of
[a,c] and [c,b], then C = C; U Cy is a non-overlapping, finite, exact cover of
[a, b]; and so

S(¥;C1) + S(¥;C2) = S(¥;C) < Var(y; [a, b]).

Hence Var(y; [a, ¢]) + Var(¢; [c, b]) < Var(¢; [a,b]). On the other hand, if C
is a non-overlapping, finite, exact cover of [a, ], then it is easy to construct
non-overlapping, finite, exact covers C; and Cs of [a,c] and [c,b] such that
C < C1 UCs. Hence,

S(;C) < S(;CLUC) = S(¢;C1) + S(¥;C2) < Var(i; [a, c]) + Var(y); [c, b]).

Since this is true for every C, the asserted equality is now proved. [

We have now proved the following decomposition theorem for functions
having bounded variation.

THEOREM 1.2.13. Let 1 : J — R be given. Then v has bounded variation
on J if and only if there exist non-decreasing functions ¥, and s on J such
that ¢ = 19 — 1. In fact, if ¢ has bounded variation on J = [a,b] and we
define ¥4 (x) = Vary (¢; [a, z]) for x € J, then ¢4 and 1_ are non-decreasing
and Y(z) = Y(a) + ¢4 (x) —_(z), € J. Finally, if ¢ has bounded variation
on J, then every ¢ € C(J;R) is Riemann integrable on J with respect to v
and

'(R) [ eta) avta)| < Varwi Dl

In order to complete our program, we need to establish a couple of elemen-
tary facts about functions ¢ : R — R with discontinuities. Discontinuities
of functions on R can be of two types. The first type is a jump discontinu-
ity: one that arises because both the right limit limy\ s ¢(¢) and the left limit
limy ~, 1 (t) exist but one or both are not equal to ¥(s). The second type of
discontinuity is an oscillatory discontinuity: one that occurs because either
or both the left and right limits fail to exist. All discontinuities of monotone
functions, and therefore also of all functions having bounded variation, are
jump discontinuities. An example of a 1 with an oscillatory discontinuity is
the one for which ¢(t) equals sin § when ¢ # 0 and 0 when ¢ = 0. The following
lemma contains evidence that functions that have only jump discontinuities
cannot be too wild.
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LEMMA 1.2.14. If ¢ :JJ — R has a right limit in R at every x € J\ {J "}
and a left limit in R at every « € J \ {J~}, then v is bounded and

card({z € J () — (@) V(@) — p(z—)| > €}) < oo for eache > 0.

In particular, v has at most countably many discontinuities. Also, if @(x) =
Y(az+) forx € J and (z) = (z) forz € {J~, J}, then ) is right-continuous
on J, has a left limit in R at every z € J\ {J~}, and coincides with 1 at
all points where v is continuous. Thus, 1f c,o is R1emann mtegrab]e on J with
respect to both 1 and 1), then (R ) [ ez R) [, oz ). Finally,
if ¢ € C(J;R) is Riemann mtegrab]e on J W1th respect to 1/), then it is also
Riemann integrable on J with respect to 7];

PROOF: Suppose that ¢ were unbounded. Then we could find a sequence
{z,, : n > 1} C J for which [¢(x,)] — o0 as n — oo; and clearly there
is no loss of generality to assume that either z,41 < x, or z,41 > z, for
all n > 1. But, in the first case, this would mean that [)(x+)| = oo, where
x = lim,,_, o, x,, and so no such sequence can exist. Similarly, the second case
would lead to the non-existence of ¢(z—) in R. Thus ¥ must be bounded.

The proof that card({z € J i () — ()| V |(z) — ¥(a—)| > €}) <
is very much the same. Namely, if not, we could assume that there exists a
sequence {z, : n > 1} C J that converges to some x € J, is either strictly
decreasing or strictly increasing, and has the property that

[(xn) = Y(@n+)| V [(zn) — Y(zn—)| > € for each n > 1.

But, in the decreasing case, for each n > 1, we could find z], € (x,x,) and
2l € (¥, zn + 2) N J so that

[W(@n) = (@) V [$(zn) — ()] =

l\')lm

and clearly this would contradict the existence in R of ¢)(x+). Essentially the
same argument shows that 1¥)(z—) cannot exist in R in the increasing case.

The preceding makes it obvious that 1 can be discontinuous at only count-
ably many points. In addition it is clear that ¢ (z4) = ¢(z+) for all z € J.
To prove the equality of Riemann integrals with respect to ¢ and 1/; of ©’s
that are Riemann integrable with respect to both, note that because ¥ co-
incides with ¢ on {J~, JT} as well as on a dense subset of .J, we can always
evaluate these 1ntegrals using Riemann sums that are the same whether they
are computed with respect to ¢ or to z/;

Finally, we must show that if ¢ € C(J;R) is Riemann integrable with
respect to 1, then it also is with respect to 1/~J To do this, it clearly suffices to
show that for any C, choice map & € Z(C), and € > 0, there exit aC’ and a &’ €
Z(C’) such that ||C’|| < 2||C|| and |R(p|1;C, &) — R(p|1h:C",€")| < e. To this
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end, assume, without loss in generality, that C = {[cg,cr11] : 0 < k < n}

where J~ =¢p < -+ < ¢pp1 = JT. For 0 < a < ming<g<n(crr1 — cx), set
Ck if ke {07TL+1}
Ck.a = .
cp+a if 1<k<n,

and let Co = {[ck,a,Crt1,0] : 0 < k < n}. Clearly ||Coll < 2[C||. Moreover,
Cha < Chy1 < Cry1,q for each 0 < k < n, and so we can take

Ea([Chas Cht1,a)) = Cra V E([chs chpal])-
Then, because ¢ is continuous and 1 is right-continuous on .J \ {J*},
R(l:C.€) = lim R(lt: Ca €a).
At the same time,

R(Qpl'&; Cas ga) = R(‘P|¢7 Cas Sa)

for all but a countable number of a’s. Thus, for any € > 0, there is an
a > 0 for which [R(¢[);C, &) — R(#[¥);Cas &)l < € and R(p[),Ca, &) =
R(plY,Ca.€a). O

THEOREM 1.2.15.  Let ¢ be a function on J that satisfies the hypotheses
of Lemma 1.2.14, and define ¢ accordingly. If every ¢ € C(J;R) is Riemann
integrable on J with respect to v, and if there is a K < oo such that

(1.2.16) kuﬁﬂ@wm>§me, o€ C(JiR),

then v has bounded variation on J and

Var(z/;;,]) = sup{(R)/Jgo(x) di(z) : o € C(J;R) and ||¢|lu = 1}

=sup 3 (R) [ w(@)di(z): ¢ € C(J;R) and ollu =1,
(o) |

In particular, if 1 itself is right-continuous on J , then v has bounded variation
on J if and only if every ¢ € C(J;R) is ¢-Riemann integrable on J and
(1.2.16) holds for some K < oo, in which case Var(iy; J) is the optimal choice
of K.
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PROOF: In view of what we already know, all that we have to do is check
that for each C and e > 0 there is a ¢ € C(J;R) such that ||¢|, = 1 and
S(4;C) < (R) [; (@) dip(x) + €. Moreover, because ¢ is right continuous
and continuous at a dense set of points, we may and will assume that C =
{lek,cpa1] : 0 <k <n} where J~ =c¢y < -+ < ¢pr1 = JT and ¢ is a point
of continuity of ¥ for each 1 < k < n.

Given 0 < o < ming<g<n, 25—*, define ¢, € C(J;R) so that

Sgn(A[CO’cl}w) for = € [eo, 1 — a,
Yalz) = sgn(A[ck’cHl]z/)) for z € [er, + a,cpp1 —a] and 1 < k < n,
sgn(A[cmanW) for x € [¢, + @, ¢y,

and ¢, is linear on each of the intervals [c; — o, ¢ + ], 1 < k < n. (The
signum function ¢ € R —— sgn(¢) is defined so that sgn(¢) is —1 or 1
according to whether ¢t < 0 or ¢ > 0.) Then, by (iv) in Examples 1.2.2,

®) / o () dib(z) — S(5;C)

®) /[ (Pa(@) 5B 89) ()

k=0

=> {<R> /[ ) ](%(x) — palor — ) dio(z)

k

=

L (R) /[ . (pa@) ~ palen + ) di@)|

For each 1 < k < n, either ¢, = ¢a(cr — @) on ¢ — a, ¢ + o, in which
case the integrals over [cx — «, ¢g] and [c, ¢k + o] do not contribute to the
preceding sum, or ¢, (cx) = 0 and ¢}, = (@a(ck + @) — palcy — a))/2a on
[k — a, ¢, + a. In the latter case, we apply Theorem 1.2.3 and the equation
in part (i) of Examples 1.2.2 to show that

B [ (pal@) = paler ) dbte)

+(R) (a() = paler + o)) dy ()

[ek,cr+al

= [paler + @) = paler — )|y (cr)

- pela ) el gy [
ek —a,cr+al

2

which, since 1 is continuous at ¢, clearly tends to 0 as o \, 0. In other
words, we now see that

S5:0) = lm(®) [ pa(w) dvie),
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which is all that we had to prove. [J
Theorem 1.2.13 can be viewed as a very special case of the Riesz Repre-

sentation Theorem for continuous linear functionals on spaces of continuous
functions. See Theorem 8.2.16 and Remark 8.2.17 for further information.

Exercises for §1.2

EXERCISE 1.2.17. Check all of the assertions in Examples 1.2.2. The only one
that presents a challenge is the assertion in (iv) that ¢ is Riemann integrable
on both J; and J, with respect to 1.

EXERCISE 1.2.18. Define 1 : [0,1] — R so that ¥(0) = 0 and (t) = t cos 1
for ¢ € (0,1]. Show that 1) is a continuous function with unbounded variation.

Also, give an example of a 1 having bounded variation on [0, 1] for which

sup {(R) /[0 ; p(x)dip(x) : p € C(J;R) and |¢llu = 1} < Var(y; J).

EXERCISE 1.2.19. This exercise is a variation on Exercise 1.1.11. If ¢ is non-
decreasing on J, show that a bounded function ¢ is Riemann integrable on J
with respect to v if and only if, for every € > 0, there is a § > 0 for which

(1.2.20) > App < e

{I€C:sup; p—inf; p>€}

whenever C is a non-overlapping, finite, exact cover of J satisfying [|C|| < 4.
Also, show that when, in addition, ¢ € C'(J;R), the preceding can be replaced
by the condition that, for each ¢ > 0, (1.2.20) holds for some C.

Hint: For the last part, compare the situation here to the one handled in
Lemma 1.1.8.

EXERCISE 1.2.21. If ¢p € C(J;R), show that

Vars (;J) = lim Se(¥; €) (€ [0, 00))
and conclude that Var(y,J) = limjcj—oS(¥;C). Also, show that if ¢ €
C*(J;R), then

Vars (5.7 / e

and therefore Var(¢; J) = (R) [, [¢/(z)| dz.

EXERCISE 1.2.22. Let z/J be a function of bounded variation on the interval
J = [a, b], and define the non-decreasing functions ¢4 and ¢ accordingly, as
in Theorem 1.2.13. Given any other pair of non-decreasing functions v, and
1y on J satisfying 1 = 19 — 11, show that 1y — 14 and 1 — ¢_ are both
non-decreasing functions. In particular, this means that ¢4 < 13 — 9 (a) and
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P_ < 1py — 1 (a) whenever o and 1)1 are non-decreasing functions for which
1) = 1y — 1p1. Using Lemma 1.2.12 and the preceding, show that

+

balat) = ba(2) = (V(a+) — ¥(@)), @€ led),
and N

ba(@) = va(o-) = (V@) —(e-)), @€ (a,0]
Conclude, in particular, that the jumps in  — Var(v¢; [a, z]), from both the
right and left, coincide with the absolute value of the corresponding jumps in
1. Hence, v is continuous if x € J —— Var (w; [a, x]) is; and if v is continuous,
then so are ¢, ¥_, and therefore also Var (z/J; [a, ]) See Exercise 8.1.4 for
further information about the functions .
Hint: In order to handle the last part, show that it is enough to check that
Vi(at+) = (Y(at) — w(a))+. Next, show that this comes down to checking
that 8 = ¢y(a+) A ¥_(a+) = 0. Finally, define 91 and 5 on [a,b] so
that 11(a) = 0, ¥2(a) = ¥(a), and, for x € (a,b], ¥1(x) = Y_(z) —  and
Pa(x) = YP(a) + 14 (x) — B, and apply the first part of this exercise to see that
P <.
EXERCISE 1.2.23.

(i) Suppose that v is a right-continuous function of bounded variation on
the finite interval J = [¢,d], and set D(¢) = {z € (¢, d] : ¥(x) # Y (z—)}. As
a consequence of Lemma 1.2.14, one knows that D is countable. Show that

S (@le) = v(w—)) " < Vars(ys ),
z€D ()

(ii) Say that ¢ : J — Ris a pure jump function if it is a right-continuous
function of bounded variation with the property that

Ya)= Y (Y& —¢(E) forallwe ],
geD(P)N(c,x]
in which case show that
Vars(v;0) = Y (0(z) — d(a—))™
x€D(y)

(iii) Given a right-continuous function ¢ : J — R of bounded variation,
define ¢4 : J — R by

va@) = Y () —w(Er)
{€eD()N(c,al}
Show that g is a pure jump function and that
Vari (g J) = > (&(z) —(e—))" < Varg (4; ).
z€D(Y)

(iv) Continuing (iii), show that 14 is the one and only pure jump function
@ with the property that ¥ — ¢ is continuous. For this reason, ¥, = b — /g4
and 14 are called the continuous and discontinuous parts of .
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(v) Show that
Var:(¢;J) = Vary (¢e; J) + Vars (da; J).
EXERCISE 1.2.24. Given —oo < ¢ < d < oo and a function ¢ : J = [¢,d] —

R of bounded variation, define the arc length Arc (1/1, e, d]) of the graph of
1 to be the supremum of

Z \/VOI + (Ary)?

IeC

as C runs over all finite, exact covers of [¢,d] by non-overlapping intervals.

(i) Show that Arc(w; (¢, d]) lies above \/(d — ¢)2 4 Var(¢; [c, d])2 and below
(d —¢) + Var (s [c, d]).

(ii) Show that the lower bound in (i) is achieved when %) is linear and that
the upper bound is achieved when v is pure jump. In Exercise 3.3.18 below, it

will be shown that, counter to intuition, there are continuous, non-decreasing
functions for which the upper bound is achieved.

(iii) When % is continuous, show that

Arc(¢; (¢,d]) = lim Z\/Vol + (Ary)2.

ClI\O
leINo £

§1.3 Rate of Convergence

This section! probably should be skipped by those readers whose primary
interest is Lebesgue’s theory and who would prefer not to waste any more
time getting there. On the other hand, for those interested in knowing how
fast Riemann approximations can converge, the contents of this section may
come as something of a surprise.

For the purposes of this section, it is convenient to consider complex-valued
integrands. Notice that there is no trouble doing so since, by applying the
theory developed for real-valued integrands to the real and imaginary parts,
no new ideas are involved. See Exercise 1.3.18.

§1.3.1. Periodic Functions: Suppose that f € C'! ([O, 1]; (C). Then, for any
non-overlapping, finite, exact cover C of [0, 1] and any choice map & € Z(C),

(1.3.1) R) f@)dz = R(f:C, )| < [f'[lullC].

0,1]

I The contents of this section are adapted from the article “Some Riemann sums are better
than others,” that I wrote with V. Guillemin and which appeared in the book Represen-
tations, Wavelets, and Frames, edited by P. Jorgensen, K. Merrill, and J. Packer and
published in 2008 by Birkhauser.
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Moreover, at least qualitatively, (1.3.1) is optimal. To see this, take f(z) = z,
and observe that

_nn+1) 1 1 1
_Zf< ) —2 §+%—(R) [071]f(1')d$+%

m=1

Hence, in this case,

®) [ @) de —R(f;Cor )| = 1L lCnll
0,1 2

where C,, {[mnl,’::] 1<m<n} and{n([Tl m])_m

In spite of the preceding, in this subsection we will see that (1.3.1) is very
far from optimal when f is a smooth (i.e., C°°), periodic function. That is,
when f is the restriction to [0, 1] of a smooth function on R that has period

1. In fact, I will show that if

(1.3.2) )= 1 Z £(m)

=1

3

and f on [0, 1] is a smooth, periodic function, then

(1.3.3) lim n* =0 forallleZ".

n—oo

Rn(f) = (R) f(z)dzx

(0,1]

Before proceeding, one should recognize how essential both periodicity and the
selection of the choice map are. Indeed, the preceding example shows that
periodicity cannot be dispensed with. To see the importance of the choice
map, take f(z) = 2™, where i = \/_1 This function is certainly smooth
and periodic. Next, take a,, =1 — =. Then [mT_l, %] €Cp— 2 e Ris
an allowable choice map &,, and

61'27\’(“,,—1l 1— ei27rocn

R(fac’na 577,) = n 1 _ eigﬂ-% °

Thus, since

wn 1 — 61271'04”

(R) f(x)de =0 and lim ™=

[0,1] n—00 1 — QZQTFT

= —]_7
we conclude that

(R) f(x)de —R(f;Cn,&n)| =1

[0,1]

lim n
n—oo
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Turning to the proof of (1.3.3), let f be a smooth, periodic function, and
note that

n

®) [ fade-RU =D ®) [ (5~ £(2))d,

[071] m=1 m,mn

where I, , = [—_1, %] Integrating by parts, one finds that the mth sum-

n
mand equals

and so

®) [ f@)de—Ra(f) = -3 (R) / [z — =11 f'(z) da.
m=1 I

[0,1]

m,n

So far, we have used only smoothness but not periodicity. But we now use
periodicity to see that the integral of f" over [0,1] is 0 and therefore that the
sum is unchanged when [x — mTl] is replaced by [m — T — c] for any ¢ € R.
In particular, by taking ¢ = %, which is the average value of = — mTl on

Iy n, each of the summands can be replaced by

®) [ [ - )@ ds,

m,n

in which case f’(x) can be replaced by f’(z) — f’' (). After making these
replacements, one arrives at

n

® [ fe) R ==Y 0 [ (F@-r (@) [e-m2o ] i

[0,1] m=1 T n

To see that we have already made progress toward (1.3.3), note that the
absolute value of each summand in the preceding expression is dominated by

% and therefore that we have shown that

1"l

An2?

(R) flx)de —Rn(f)] <

(0,1]

Before attempting to go further, it is best to introduce the following nota-
tion. For £ > 1, let C’f([O, 1];@) be the space of f € C’e([O,l];(C) with the
property that f(*) = 9% f takes the same value at 0 and 1 for each 0 < k < ¢,
and set C°([0,1];C) = N,2, C{([0,1];C). Next, given k € N, set

134 AP() - LY ® [ =) (- s () a

Im,n
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Then
AO(f)=®R) [ fla)dz—Ru(f),

[(0,1]
and the preceding calculation shows that
AP () = 5-AO () — AV (),
n

More generally, integration by parts shows that the mth term in the expression
for A®)(f) equals

(k i ™) /I o=t @

m,n

Next, assuming that f € C} ([O, 1]; (C) and using periodicity in the same way
as we did above, one sees that the sum of these is the same as the sum of

"k +1 1);(R) /Im {(w I W} (f’(a:) —f (%)) d
:W@»)/Im(f() 7)) da
- (k+11) / [ v rﬂ(f’(w)—f’ (%))dx.

Hence, we have now shown that

1
1.3. A(k) —A(O) / _A(k-‘rl) /
(135) () = Gy A () - Al ()
for any f € C1([0,1];C).

Working by induction on £ € N, one can use (1.3.5) to check that, for any
feci([o,15C),

l
(1.3.6) AO(f nf+ Z Vebg_pnF AR ()
k

where {by, : k > 0} is determined inductively by

4

_ _ (—1)k
(1.3.7) bo=1 and by = kZ:O (k‘TQ)!bL]_k'
Noting that
/
(1.3.8) nE AW ()] < [ERI

(k+2)
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it follows from (1.3.6) that, for any f € Cf“([O, 1];C),

K,
(1.3.9) (R) o f(x)de —Ru(f)] < ne—ifllf‘“”llu,
where
C b
1.3.1 K, = —_—
(1.3.10) e+1 kzz()(k+2)!

Obviously, (1.3.9) does more than just prove (1.3.3); it even gives a rate.
To get a more explicit result, one has to get a handle on the numbers b, and
the associated quantities Kyy1. As we will see in §7.2.2, the numbers by, are
intimately related to a famous sequence known as the Bernoulli numbers (so
named for their discoverer, Jacob Bernoulli). However, here we will settle for
less refined information and be content with knowing that

)=

. 1
(1.3.11) lim K = —.

{— 00 2

To prove (1.3.11), first observe if f(z) = €7@ then AV (f) = —1, || £ @],
= (27)f, and so (1.3.9) shows that K,,; > (27)"“"! and therefore that
lim, . KZ% > (27)~!. To prove the corresponding upper bound, begin by
using (1.3.7) to inductively check that |by| < 37F, where 3 is the element of
(0,00) that satisfies e’ = 1 4 2. As a consequence, we know that the gen-
erating function B(\) = Y77, bp A"~ ! is well defined for A € C with |A| < 8.
Moreover, from (1.3.7), for || < 3,

00 0o ) L 00 A 1 \
BN =) beaX =3 % D b TR = (14 AB(A))%v
£=0 k=0 T =k

and therefore

B 1—e*+ Xt

(1.3.12) BO) = a1

where it is to be understood that the expression on the right is defined at 0

by analytic continuation. In other words, it equals % at A\ = 0. Since e* # 1

for 0 < [A] < 27 and €™ = 1, it follows that 2 is the radius of convergence
for B(A) and therefore that

— 1
1.3.1 Ii < —.
(1.8.13) 0l < 5
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Finally, plugging this into (1.3.10), we see that, for each 6 € (0,1), 1 > ¢ >
(2m)~1, and sufficiently large ,

1 eM?

1
KZ 1 S 0(179)5 - _|_MZ S 66(170)2 4 R
w2 17

where M = sup,. > lbe|* € [1,00), |£] denotes the integer part of t € R (i.e.,
the largest integer dominated by t¢), and Taylor’s remainder formula has been
applied to see that

1 n 1 1 n_t ¢
Zk;!:e_zk!:n!(m/[o,ﬂ(l e dt<(n+1)!.

Using the trivial estimate n! > (%) 2 one can pass from the preceding to

2v8 M \*
Kngl <e (1 + ((%) 2 619) ) C(l_e)Z,

_ 1
from which it is clear that limy_, o K/ < c'=? for every 6 € (0,1) and 1 >
_ 1
> (2m)~'. Thus, lim, oo K/ < (27)7! follows after one lets 6 \, 0 and
e\ (2m)7t

These findings are summarized in the following.

THEOREM 1.3.14. If¢ € N and f € C{™([0,1];C), then (1.3.9) holds. In
particular, if f € C$°([0,1];C) and n € Z*, then

T /O < 2mn = (R) / f(x) dz = R (f).
{— 00 [0’1]

PROOF: The first assertion needs no further comment. As for the second, it
is an immediate consequence of the first combined with (1.3.11). O

At first sight, the concluding part of Theorem 1.3.14 looks quite striking.
However, as will be shown in §7.2.2, it really only reflects the fact that there
are relatively few smooth, periodic functions whose successive derivatives grow
at most geometrically fast.

§1.3.2. The Non-Periodic Case: It is interesting to see what can be said
when the function f is not periodic. Thus, define A%k)(f) as in (1.3.4). Then

I i /m . [m— mT*er’(x) dx

=1

AP(f) =
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still holds. Now add and subtract 2= ©Q rom the right-hand side to arrive

(k+2)Ink+1
first at
o\ A 1 ,
AB)(f) = k+1 .Z / [(x_ 1) _m}f@)dm
B f(l)—f(O)
(k + 2)Ink+1
and then at

AB)(f) = W{A(O)(Jﬂ) = (F() = F(0)] = AL (),

Finally, proceed by induction on ¢ € N to show that, for any f € C*([0,1];C),

L
(R) [ fla)dn = Ralf) =gz S (1) b gnt AW (£)
(1.3.15) 01 h=0

14
=30 R () - D)),
k=1

where {by : k > 0} is the sequence described in (1.3.7). Since (1.3.8) did not
require periodicity, (1.3.15) yields

y4
® [ f)ds = Ra($) 2 (1501) — 40 (o)

[0,1]

(1.3.16)
Ke+1\|f(@r1 ||
n[+1 ’

where Ky is the constant in (1.3.10). Just as before, (1.3.15) together with
(1.3.11) implies that

oo

r=TR _k flE=1) (k—1)
(1.3.17) ®) [0,1] fz)d Z k —f (0))

for f € C>([0,1];C) w1th im [|f©]], < 27n.
l— 00

In fact, by (1.3.13), the series in (1.3.17) will be absolutely convergent.

The formulas (1.3.15) and (1.3.17) are examples of what are called the
Euler—-Maclaurin formula. Although they are of theoretical value, they do
not, in practice, provide an efficient tool for computing integrals.
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Exercises for §1.3

EXERCISE 1.3.18. Given a rectangle J in RY and an f : J — C, define
R(t;C, &) for a non-overlapping cover C and a 5 € Z(C) as before, and say
that f is Riemann integrable on J if (R) [, f(z)dz = hmHCH%Q R(f;C,€)
exists in the same sense as when f is R valued Show that f is Riemann
integrable if and only if both f1 = MRe(f) and fo = Im(f) are, in which case

R) [, f(z)dx = (R) [, fi(z)dz +i(R) [, fo(z)dx

EXERCISE 1.3.19. The usual statement of the Euler-Maclaurin formula is
not the one in (1.3.15) but instead the formula

n ¢
(R) /[0 ]f(x) dr — " fm) + 3 b (F* D (n) — £ (0))

m=1 k=1
(1.3.20) = (R) /[0 ]Pe(x— LxJ)(f“)(:c) - f“)(m)) da
- ‘ kb/ E ok
with Py(z) = Z
k=0

where [z] is the smallest integer greater than or equal to . Derive (1.3.20)
from (1.3.15).

EXERCISE 1.3.21. Continuing Exercise 1.3.19, show that the sequence of
polynomials Py is uniquely determined by the properties

(1.3.22) Py=1, P, =P forfeN, and Py(1)= Py(0) for £>2.

Here are steps that you might want to take.

(i) First show that there is exactly one sequence of polynomials satisfying
the properties in (1.3.22).

(ii) It is easy to check that Py = 1 and that Pj_, = —F;. To see that
Py(1) = P;(0) when ¢ > 2, use (1.3.7).

The periodicity property of the P,’s for £ > 2 is quite remarkable. Indeed,
it is not immediately obvious that there exist ¢th order polynomials that,
together with their derivatives up to order ¢ — 2, are periodic on [0, 1].

EXERCISE 1.3.23. Show that bgpy; = 0 for £ > 1.

Hint: Let B()\) be the function in (1.3.12), and show that it suffices to check
that B'(—=)\) = B'()\).



CHAPTER 2

Measures

In this chapter I will introduce the notion of a measure, give a procedure for
constructing one, and apply that procedure to construct Lebesgue’s measure
on RY as well as the Bernoulli measures for coin tossing.

§2.1 Some Generalities

In this section I give a mathematically precise definition of what a measure is
and prove a few elementary properties that follow from the definition. How-
ever, to avoid getting lost in the formalities, it will be important to keep the
ultimate goal in mind, and for this reason I will begin with a brief summary
of what that goal is.

§2.1.1. The Idea: The essence of any theory of integration is a divide and
conquer strategy. That is, given a space I and a family B of subsets I' C E for
which one has a reasonable notion of measure assignment I' € B +—— u(I") €
[0, o], the integral of a function f : E — R with respect to p is computed by
a prescription that contains the following ingredients. First, one has to choose
a partition P of the space E into subsets I' € B. Second, having chosen P,
one has to select for each I' € P a typical value ar of f on I'. Third, given
both the partition P and the selection

I'e P+ ar € f(I) =Range(f | T),
one forms the sum

(2.1.1) > ar p(I).
rep

Finally, using a limit procedure if necessary, one removes the ambiguity (in-
herent in the notion of typical) by choosing the partitions P in such a way
that the restriction of f to each I' is increasingly close to a constant.

Obviously, even if one ignores all questions of convergence, the only way
in which one can make sense out of (2.1.1) is to restrict oneself to partitions
P that are either finite or, at worst, countable. Hence, in general, the final
limit procedure will be essential. Be that as it may, when F is itself countable
and {z} € B for every x € E, there is an obvious way to avoid the limit step;
namely, one chooses P = {{z} : z € E} and takes

(2.1.2) > f@u{z})

z€E

D.W. Stroock, Essentials of Integration Theory for Analysis, Graduate Texts in Mathematics 262, 28
DOI 10.1007/978-1-4614-1135-2_2, © Springer Science+Business Media, LLC 2011
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to be the integral. (I continue, for the present, to systematically ignore all
problems arising from questions of convergence.) Clearly, this is the idea on
which Riemann based his theory of integration. On the other hand, Riemann’s
is not the only obvious way to proceed, even in the case of countable spaces
E. For example, again assume that F is countable, and take B to be the set
of all subsets of E. Given f: E — R, set I'(a) ={z € F: f(z) =a} €B
for every a € R. Then Lebesgue would say that

(2.1.3) > ap(T(a)

a€Range(f)

is an equally obvious candidate for the integral of f.

In order to reconcile these two obvious definitions, one has to examine the
assignment I' € B +—— u(T") € [0, oo] of measure. Indeed, even if F is countable
and B contains every subset of E, (2.1.2) and (2.1.3) give the same answer
only if one knows that, for any countable collection {Fn} C B,

(2.1.4) 1 <U Fn> = Zu(Fn) when T, N T,, = 0 for m # n.

The property in (2.1.4) is called countable additivity, and, as will become
increasingly apparent, it is crucial. When E is countable, (2.1.4) is equivalent
to taking

wT)=> p({z}), TCE.

zel

However, when E is uncountable, the property in (2.1.4) becomes highly non-
trivial. In fact, it is unquestionably Lebesgue’s most significant achievement
to have shown that there are non-trivial assignments of measure that enjoy
this property.

Having compared Lebesgue’s ideas to Riemann’s in the countable setting, I
close this introduction to Lebesgue’s theory with a few words about the same
comparison for uncountable spaces. For this purpose, suppose that E = [0, 1]
and, without worrying about exactly which subsets of E are included in B,
assume that I' € B — p(I') € [0,1] is a mapping that satisfies (2.1.4).

Now let f : [0,1] — R be given. In order to integrate f, Riemann says that
one should divide up [0, 1] into small intervals, choose a representative value
of f from each interval, form the associated Riemann sum, and then take the
limit as the mesh size of the division tends to 0. As we know, his procedure
works beautifully as long as the function f respects the topology of the real
line: that is, as long as f is sufficiently continuous. However, Riemann’s
procedure is doomed to failure when f does not respect the topology of R.
The problem is, of course, that Riemann’s partitioning procedure is tied to
the topology of the reals and is therefore too rigid to accommodate functions
that pay little or no attention to that topology. To get around this problem,
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Lebesgue tailors his partitioning procedure to the particular function f under
consideration. Thus, for a given function f, Lebesgue might consider the
sequence of partitions P,, n € N, consisting of the sets

Lie={z€E: f(z)e k27", (k+1)27")}, kel

Obviously, all values of f restricted to any one of the I, ;’s can differ from
one another by at most 2% Hence, assuming that I, ;, € B for every n € N
and k € Z and ignoring convergence problems,

. k
Jim > 55 n(Ta)

kEZ

simply must be the integral of f!

When one hears Lebesgue’s ideas for the first time, one may well wonder
what there is left to be done. On the other hand, after a little reflection,
some doubts begin to emerge. For example, what is so sacrosanct about
the partitioning suggested in the preceding paragraph and, for instance, why
should one not have done the same thing relative to powers of 3 rather than 2?7
The answer is, of course, that there is nothing to recommend 2 over 3 and that
it should make no difference which of them is used. Thus, one has to check
that it really does not matter, and, once again, the verification entails repeated
application of countable additivity. In fact, it will become increasingly evident
that Lebesgue’s entire program rests on countable additivity.

§2.1.2. Measures and Measure Spaces: With the preceding discussion
in mind, the following should seem quite natural.

Given a non-empty set F, the power set P(E) is the collection of all
subsets of E, and a o-algebra B is any subset of P(E) with the properties
that E € B, B is closed under countable unions (i.e., {B, : n > 1} C
B = U,_, B, € B), and B is closed under complementation (i.e.,
BeB — BY=E\ B e B). Observe that if {B, : n > 1} C B, then

[ee] (oo} E
n=1 n=1
and so B is also closed under countable intersections. Given E and
a o-algebra B of its subsets, the pair (E, B) is called a measurable space.
Finally, if (E, B) and (E’, B) are measurable spaces, then a map & : E — E’
is said to be measurable if (cf. Exercise 2.1.19 below) ®~1(B’) € B for every
B’ € B’. Notice the analogy between the definitions of measurability and
continuity. In particular, it is clear that if ® is a measurable map on (E1, B;)
into (Fa,Bz) and ¥ is a measurable map on (FE2, By) into (Es5, B3), then ¥ o ®
is a measurable map on (E,B;) into (E3, B3).
Obviously both {(), E} and P(FE) are o-algebras over E. In fact, they are,
respectively, the smallest and largest o-algebras over FF. More generally, given



§2.1 Some Generalities 31

any! C C P(E), there is a smallest o-algebra over E, denoted by o(C) and
known as the o-algebra generated by C. To construct o(C), note that there
is at least one, namely P(FE), o-algebra containing C, and check that the in-
tersection of all the g-algebras containing C is again a o-algebra that contains
C. When F is a topological space, the g-algebra generated by its open subsets
is called the Borel o-algebra and is denoted by Bg.

Given a c-algebra B over E, the reason why the pair (F,B) is called a
measurable space is that it is the natural structure on which measures are
defined. Namely, a measure on (F, B) is a map u : B — [0, 00] that assigns
0 to 0 and is countably additive in the sense that (2.1.4) holds whenever {I';, }
is a sequence of mutually disjoint elements of B. If y is a measure on (E, B),
then the triple (E, B, ) is called a measure space. A measure y on (E,B)
is said to be finite if u(F) < oo, and it is said to be a probability measure
if (E) =1, in which case (E, B, u) is called a probability space.

Note that if B, C € B, then BUC = BU (C'\ (BN C)) and therefore

(2.1.5)  wu(B) < u(B)+pu(C\ B)=u(C) forall B,C € B with BC C.
In addition, because C' = (BNC)U(C\(BNC)) and BUC = BU(C\(BNC)),

1(B) +u(C) = w(B) + u(BNC) + u(C\ (BNCO)) = p(BUC) + (BN O),

and so

(2.1.6) w(BUC) = pu(C)+ pu(B) — n(BNC)
. for all B, C' € B with u(BNC') < oo

and

(2.1.7) u(C\ B) = u(C) — u(B)

for all B, C € B with B C C' and u(B) < .

Finally, 1 is countably subadditive in the sense that

(2.1.8) i (D Bn> < iu(Bn) for any {B,, : n>1} C B.
n=1

n=1

To check this, set A1 = By and A1 = Bpt1 \ U:;Zl B,,, note that the A,,’s
are mutually disjoint elements of B whose union is the same as that of the
B,,’s, and apply (2.1.4) and (2.1.5) to conclude that

ﬂ<u Bn) :u(u An) S A0 < 3 uB)

I Even if E = RY, the elements of C need not be rectangles.
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As a consequence, the countable union of B,’s with p-measure 0 again has
p-measure 0. More generally,

(2.1.9) a (Ul B”> =2 n(By)

n=1

for any {B,, : n > 1} C B with u(B,, N B,) = 0 when m # n.

To see this, take C' = |J{B,, N B, : m # n}, use the preceding to see that
w(C) =0, set B, = B, \ C, and apply (2.1.4) to {B], : n > 1}.

Another important property of measures is that they are continuous un-
der non-decreasing limits. To explain this property, say that {B, : n > 1}
increases to B and write B, / B if B,1 2 B, for all n € ZT and
B =J;_, B,. Then

(2.1.10) {B,:n>1}CBand B, /B = u(B,) / u(B).

To check this, set A1 = By and A,,11 = Bp41 \ By, note that the A,’s are
mutually disjoint and B,, = !, _, A, and conclude that

m=1

n

N(Bn) = Z N(Am) / Z M(Am) = M(B)-

m=1 m=1

Next say that {B,, : n > 1} decreases to B and write B, \, B if B,+1 C B,
for each n € Z* and B = (\,_, B,. Obviously, B, \, B if and only if
B\ B, /* B; \ B. Hence, by combining (2.1.10) with (2.1.7), one finds that

(2.1.11) {Bp,: n>1} C B, B, \¢ B, and u(B;) < co = u(B,) \, 1(B).

To see that the condition p(Bj) < oo cannot be dispensed with in general,
define p on (ZT,P(Z")) to be the counting measure (i.e., u(B) = card(B)
for B C Z7T), and take B,, = {n € Z* : n > m}. Clearly B,, \( 0, and yet
w(B,,) = oo for all m.

Very often one encounters a situation in which two measures agree on a
collection of sets and one wants to know that they agree on the o-algebra
generated by those sets. To handle such a situation, the following concepts
are sometimes useful. A collection C C P(F) is called a II-system if it is
closed under finite intersections. Given a Il-system C, it is important to know
what additional properties a II-system must possess in order to be a o-algebra.
For this reason one introduces a notion that complements that of a II-system.
Namely, say that H C P(F) is a A-system over F if

(a) E€™H,

(b) T,TV e Hand TNT' =0 — TUT’ € H,
(c) N\TVeHand T CIV = T'\T €A,

(d) {I,:n>1}CHand I, "T = I' e H.
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Notice that the collection of sets on which two finite measures agree satisfies
(b), (c), and (d). Hence, if they agree on E, then they agree on a A-system.?

LeEMMA 2.1.12. The intersection of an arbitrary collection of II-systems or
of A-systems is again a Il-system or a A-system. Moreover, B C P(E) is a
o-algebra over E if and only if it is both a II-system and a A-system over E.
Finally, if C C P(E) is a Il-system, then o(C) is the smallest A-system over
FE containing C.

PRrROOF: The first assertion requires no comment. To prove the second one,
it suffices to prove that if B is both a II-system and a A-system over E, then
it is a o-algebra over E. To this end, first note that A® = E\ A € B for
every A € B and therefore that B is closed under complementation. Second,
if I7,Iy € B, then IT UL, =T U (FQ \Fg) where I's; = It NIy, Hence B is
closed under finite unions. Finally, if {I), : n > 1} C B, set 4,, = [J] [, for
n > 1. Then {4, : n > 1} C Band A, /J{" y. Hence J° I, € B, and
so B is a o-algebra.

To prove the final assertion, let C be a Il-system and H the smallest A-
system over E containing C. Clearly o(C) 2 H, and so all that we have to do
is show that H is II-system over E. To this end, first set

Hi={TCE:TNAe€Hforal AeC}.

It is then easy to check that H; is a A -system over E. Moreover, since C is a
IT-system, C C H1, and therefore H C H;. In other words, ' N A € H for all
I'e H and A € C. Next set

Ho={T CE:TNA€Hforal A eH}.

Again it is clear that Hs is a A-system. Also, by the preceding, C C Has.
Hence H C H,, and so H is a II-system. O

As a consequence of Lemma 2.1.12 and the remark preceding it, one has
the following important result.

THEOREM 2.1.13. Let (E, B) be a measurable space and C is II-system that
generates B. If i and v are a pair of finite measures on (E, B) and u(I') = v(I)
for allT' € {E} UC, then u = v.

PROOF: As was remarked above, additivity, (2.1.7), and (2.1.10) imply that
H={TeB: ul)=v)}is a A-system. Hence, since B DO H D C, it follows
from Lemma 2.1.12 that H=5. O

A measure space (F, B, u) is said to be complete if I' € B whenever there
exist C, D € B such that C C T C D with p(D\ C) = 0. The following simple
lemma shows that every measure space can be “completed.”

21 learned these ideas from E.B. Dynkin’s treatise on Markov processes. In fact, the A-
and Il-system scheme is often attributed to Dynkin, who certainly deserves the credit for
its exploitation by a whole generation of probabilists. On the other hand, Richard Gill
has informed me that, according to A.J. Lenstra, their origins go back to W. Sierpinski’s
article Un théoréme général sur les familles d’ensembles, which appeared in Fund. Math.
12 (1928), pp. 206-210.
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LEMMA 2.1.14. Given a measure space (F, B, 1), define B" to be the set of
I’ C E for which there exist C, D € B satisfying C CT' C D and u(D\C) = 0.
Then B" is a o-algebra over E and there is a unique extension [i of i to B" as
a measure on (E,EM). Furthermore, (E,Eu, @) is a complete measure space,
and if (E, B, u) is complete, then B =B.

PRrROOF: To see that B" is a o-algebra, suppose that {T,:n>1}C B", and
choose {C,, : n > 1} U{D,, : n > 1} C B accordingly. Then C = [J;2, C,
and D = |J,—_, D, are elements of B, C C |J;—, I, C D, and u(D \ C) = 0.
Also, if T € B" and C and D are associated elements of B, then DE, ct e B,
DE c 1t c P and pu(Ct\ DY) = WD\ C) =0.

Next, given I' € B, suppose that C, C’, D, D' € B satisfy CUC’ C T C
DND and u(D\C) =0 = pu(D'\C"). Then u(D'\ D) < u(D'\C") =0
and so pu(D') < p(D) + pw(D’'\ D) = p(D). Similarly, u(D) < p(D’), which
means that p(D) = u(D’), and, because u(C) = u(D) and p(C’) = u(D'),
it follows that p assigns the same measure to C, C’, D and D’. Hence, we
can unambiguously define ji(T') = u(C) = (D) when T' € B and C, D € B
satisfy C C T' C D with u(D \ C) = 0. Furthermore, if {T',, : n > 1} are
mutually disjoint elements of B" and {C,, : n > 1} U{D, : n > 1} C B are
chosen accordingly, then the C),’s are mutually disjoint, and so

#(Un)=u(Uen) - Suc - Sam

n=1

Hence, [i is a measure on (E7EH) whose restriction to B coincides with p.

Finally, suppose that v is any measure on (E,EH) that extends p. If T' is
a subset of E for which there exist IV, I'" € B" satisfying IV € T € T and
v(I”\T") = 0, there exist C, D € B satisfying C' C TV and T C D such that
v(D\T"”)=0=vp(I"\ C) and therefore

W(D\C) =v(D\C) = v(D\T") + (I \T') + v(I" \ C) = 0.

Hence, ' € B" and v(I') = u(C) = @(T). Thus, we now know that f is the
only extension of y as a measure on (E,B") and that B" = B if (E, B, ) is
complete. [

The measure space (E,E“,ﬁ) is called the completion of (E, B, ), and
Lemma 2.1.14 says that every measure space has a unique completion. Ele-
ments of B are said to be p~-measurable.

Given a topological space E, use &(FE) to denote the class of all open
subsets of E and ®;(E) the class of subsets that can be written as the
countable intersection of open subsets. Analogously, §(E) and §,(E) will
denote, respectively, the class of all closed subsets of E and the class of sub-
sets that can be written as the countable union of closed subsets. Clearly
B e 6E) <« B e §E), B e &(E) <« Bt e §,(E), and
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®5(FE) UF,(FE) C Bg. Moreover, when the topology of E admits a met-
ric p, it is easy to check that §(E) C &4(F) and therefore (F) C §,(E).
Indeed, if F' € F(E), then

SE)>{z: plx,F) <L} F asn— oo

Finally, a measure p on (E, Bg) is called a Borel measure on F, and if i is a
Borel measure on F, aset I' C F is said to be y-regular when, for each ¢ > 0,
there exist F' € §(E) and G € &(F) such that F CT'C G and u(G\ F) < e.
A Borel measure p is said to be regular if every element of By is u-regular.

THEOREM 2.1.15. Let E be a topological space and i a Borel measure on
E. IfT' C E is p-regular, then there exist C' € §,(F) and D € &5(E) for
which C CT' C D and u(D\ C) = 0. In particular, T' € Bg" if T is p-regular.
Conversely, if u is regular, then every element of Bg" is p-regular. Moreover,
if the topology on E admits a metric space and y is a finite Borel measure on
E, then  is regular. (See Exercise 2.1.20 for a small extension.)

PRrROOF: To prove the first part, suppose that I' C E' is p-regular. Then, for
each n > 1, there exist F;, € §(E) and G,, € &(F) such that F,, CT' C G, and
1w(Gy \ F) < L. Thus, if C =, F, and D =(,", G, then C € §,(E),
D e ®s(FE),C CT C D, and, because D\C C G,,\ F, for all n, u(D\C) = 0.
Obviously, this means that I' € By . Conversely, if 1 is regular and I € By,
then there exist IV, I € Bg for which I C T" C I, u(I"\I) = 0. By
regularity, for each € > 0, there exist F' € F(E), G € &(E) such that FF C T,
I'" C G, and p(G\I") v (" \ F) < §. Hence, F CT'C G and

G\ F) = p(G\T") + p(T"\T) + p(T"\ C) < e

and so I' is p-regular.

Now suppose the E admits a metric and that pu is finite, and let R be the
collection of B € Bg that are p-regular. If we show that R is a o-algebra
that contains &(E), then we will know that R = Bg and therefore that p is
regular. Obviously R is closed under complementation. Next, suppose that
{B,:n>1} C R, and set B = J;2| B,. Given € > 0, for each n choose
F, € §(E) and G,, € &(FE) such that F,, C B, C G,, and pu(G, \ F,,) <
27" le. Then 8(E) > G =_,Gn 2 B, 3,(E)>C=_ F, C B,

and
o0

G\ C) w(U <Gm\Fm>> Z G \ F) < 5.
m=1
Finally, because u(C) < oo and C\U:; 1 Fo N\ 0, (2.1.11) allows us to choose
an n € ZT for which u(C'\ F) < § when F = J! _, F, € §(E). Hence, since
WG\ F) = pu(G\C)+ u(C\ F) < ¢, we know that B € R and therefore that
R is a o-algebra.
To complete the proof, it remains to show that &(E) C R, and clearly
this comes down to showing that for each open G and € > 0 there is a closed
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F C G for which u(G\ F) < e. But, because E has a metric topology, we know
that &(F) C §,(FE). Hence, if G is open, then there exists a non-decreasing
sequence {F), : n > 1} C F(F) such that F,, /G, which, because ;(G) < oo,
means that p(G \ F,,) N\, 0. Thus, for any ¢ > 0, there is an n for which
WG\ F,) <e. O

Exercises for §2.1

EXERCISE 2.1.16. The decomposition of the properties of a c-algebra in
terms of Il-systems and A-systems is not the traditional one. Instead, most
of the early books on measure theory used algebras instead of II-systems as
the standard source of generating sets. An algebra over E is a collection
A C P(E) that contains E and is closed under finite unions and complemen-
tation. If one starts with an algebra A, then the complementary notion is
that of a monotone class: M is said to be a monotone class if I' € M
whenever there exists {I}, : n > 1} C M such that I}, /' T'. Show that B is a
o-algebra over E if and only if it is both an algebra over E and a monotone
class. In addition, show that if A is an algebra over E, then o(A) is the
smallest monotone class containing A.

EXERCISE 2.1.17. If f : R — R is either right continuous or left continuous,
show that f is Bgr-measurable.

EXERCISE 2.1.18. Given a measurable space (F,B) and ) # E’ C FE, show
that B[E'] = {BNE': B € B} is a o-algebra over E’. Further, show that
if E is a topological space, then Bg[E'] = Brs when E’ is given the topology
that it inherits from E. Finally, if ) # E’ € B, show that B[E'] C B and that
the restriction to B[E'] of any measure on (E, B) is a measure on (E’, B[E']).
In particular, if F is a topological space and p is a Borel measure on E, show
that p | Bgs is a Borel measure on E’ and that it is regular if u is regular.

EXERCISE 2.1.19. Given a map ® : F — E’, define ®(T') = {®(z) : z € T'}
forFCEand @ '(I")={z € E: ®(z)el"} for ' C F'.

(i) Show that ® and ®~' preserve unions in the sense that ® (|, Ba)
U, ®(By) and @ (U, B,) = U, @ H(B,). In addltIOIl show that &~
preserves differences in the sense that ®~1(B’\ A') = &~ }(B/)\ &~ (4’). On
the other hand, show that ® need not preserve differences, but that it will if
it is one-to-one.

Ll

(ii) Suppose that B and B’ are o-algebras over, respectively, E and E’ and
that ® : E — E'. If B’ = o(C’) and ®~1(C") € B for every C’ € C', show
that ® is measurable. In particular, if £ and E’ are topological spaces and ®
is continuous, show that ® is measurable as a map from (E,Bg) to (E’, Bg/).
Similarly, if ® is one-to-one and B = ¢(C), show that ®(B) € B’ for all B € B
it ®(C) € B for all C € CU{E}.

(iii) Now suppose that u is a measure on (E, B) and that ® is a measurable
map from (E,B) into (E’,B'). Define p/(B’) = pu(®~(B')) for B’ € B,
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and show that p’ is a measure on (E’,B’). This measure p’ is called the
pushforward or image of i under ® and is denoted by either ®,p or po®~1.
Similarly, if ® : E — E’ is one-to-one and takes elements of B to elements of
B’ and if ;i is a measure on (E', B'), show that I' € B+ p/(®(T")) € [0, 0]
is a measure on (E, B). This measure is the pullback of x/ under .

EXERCISE 2.1.20. Let E be a topological space and p a Borel measure on
FE. Show that p is regular if, for every I' € Bg and € > 0, there is an open
G DT for which u(G\T) < e. In addition, if E is a metric space and there
exists a non-decreasing sequence {G,, : n > 1} of open sets such that G,, * FE
and u(G,,) < oo for each n € Z™, show that p is regular.

EXERCISE 2.1.21. Let (F, B, ) be a finite measure space. Given n > 2 and
{Tin: 1 <m <n} C B, use (2.1.6) and induction to show that

p(Ty U+ UT,) = = S (1)1,

F

where the summation is over non-empty subsets F of {1,...,n} and I'r =
Nicr i Although this formula is seldom used except in the case n = 2, the
following is an interesting application of the general result. Let E be the group
of permutations of {1,...,n}, B = P(E), and u({r}) = 2 for each 7 € E.
Denote by A the set of 7 € E such that 7(i) # ¢ for any 1 < i < n. Then
one can interpret p(A) as the probability that, when the numbers 1,...,n
are randomly ordered, none of them is placed in the correct position. On the
basis of this interpretation, one might suspect that pu(A) should tend to 0 as
n — oco. However, by direct computation, one can see that this is not the case.
Indeed, let T; be the set of 7 € F for which 7(i) = 4. Then A = (F1U~ . -UI‘n)G,
and therefore

pA)=1-plU- =1+ Z 1)) 1y (T ).

Show that p(Tr) = (";’!n)! if card(F) = m, and conclude from this that
w(A) = n(nll), — Lasn — .

EXERCISE 2.1.22. Given a sequence {B,, : n > 1} of sets, define their limit

inferior to be the set
lim B, = J [ Bu,

n—oo m=1n=m

or, equivalently, the set of z € F that are in all but finitely many of the B,,’s.
Also, define their limit superior to be the set

m=1n=m
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or, equivalently, the set of x that are in infinitely many of the B,’s. Show
that lim . B, C lim,, o0 By, and say that the sequence {B,, : n > 1} has
a limit if equality holds, in which case lim oo Bn = lim,, o0 By is said to
be the limit lim,, o, By, of {B,, : n > 1}. Show that if (E, B, 1) is a measure
space and {B,, : n > 1} C B, both lim B, € B and lim . __ B, are

—n—00 —
elements of B. Further, show that

(2.1.23) 1 < lim Bn> < lim p(By)
n—oco n—00
and that
lim >
(2.1.24) I (nh—>nolo Bn) nh_)IrOlou (Bn) ifpu (UlB >
n

Conclude that

n—oo n— o0 n—oo

(2.1.25) lim B, exists & u (U B ) <oo = u(lim Bn> = lim p(By,).

n=1

Hint: Note that -
m — 0.

B, ' lim B, and |02 B, \(lim, ,o B, as

n=m —n—0o0 n=m

EXERCISE 2.1.26. Let (E,B, 1) be a measure space and {B,, : n > 1} C 5.
Show that

M8

w(Bp) < oo = u(m Bn) =0.
n— o0

n=1

This useful observation is usually attributed to E. Borel. More profound
is the following converse statement, which is due to F. Cantelli. Assume
that p is a probability measure. Sets {B, : n > 1} C B are said to be
independent under p or py-independent if, for all n > 1 and choices of
Crm € {Bm,BE}, 1 <m <n, p(CiN---NCp) = pu(Ch)--- u(Cp). Cantelli’s
result says that if {B,, : n > 1} C B are p-independent sets, then

gu(Bn) =00 = u(nli_TI;OBn) =

Thus, for p-independent sets, p (ﬂnﬁoo Bn) is either 0 or 1 according to
whether > | u(B,) is finite or infinite, a result that is referred to as the
Borel-Cantelli Lemma. Give a proof of Cantelli’s result. In doing so, the
following outline might be helpful.

(i) Show that it suffices to prove that limy_, o0 f (ﬂ BE) = 0 for each
meZt.
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(ii) Show that 1 —x < e~ for all > 0, and use this to check that

N
N
I ( ﬂ Bg) <e 2onem MBn) for N >m.

n=m

EXERCISE 2.1.27. Given a pair of measures p and v on a measurable space
(E,B), one says that u is absolutely continuous with respect to v and
writes u < v if, for all B € B, v(B) =0 = p(B) = 0. Assuming that yx is
finite and that p < v, show that for each € > 0 there exists a § > 0 such that
u(B) < e whenever v(B) < ¢. Next, assume that E is a metric space, that
both p and v are regular Borel measures on E, and that p is finite. Show
that ¢ < v if and only if for every € > 0 there exists a § > 0 for which
v(G) <6 = u(G) < e whenever G € B(E).

EXERCISE 2.1.28. A pair of measures u and v on a measurable space (E, B)
are said to be singular to one another and one writes ;1 L v if there exists a
B € B such that u(B) = 0 = v(BY). In words, x and v are singular to one
another if they live on disjoint parts of . Assuming that E is a metric space,
that v is regular Borel measure on F, and that u is finite, show that u 1 v
if and only if for every § > 0 there is a G € &(F) for which v(G) < § and
u(GP) =o.

§2.2 A Construction of Measures

In this section I will first develop a procedure for constructing measures and
will then apply that procedure to three important examples.

§2.2.1. A Construction Procedure: Suppose that R is a collection of
compact subsets I of a metric space (E,p) and that V is a map from R to
[0, 00) that satisfy the following conditions:

(1) DeRand I, I' e R — INT € R

(2) V(O)=0and V(I) < V(J)if I, J€R and I C J.

(3) Forany J € R, n € Z*, and {I1,...,I,} CR, V(J) <> " _ V(1) if
JCUr _ Lnand V(J) > 3" | V(1) if the I,,,’s are non-overlapping
(i.e., their interiors are mutually disjoint) and J 2 (JI! _; I,y,.

(4) For any I € R and ¢ > 0, there exist I’, I” € R such that I” C I,
ICT, and V(I') < V(I") +e

(5) For any G € B(E), there is a sequence {I,, : n > 1} of non-overlapping
elements of R such that G = J,—, I,,.

An example to keep in mind is that for which £ = RY, R is the collection
of all closed rectangles in R (one should consider () to be a rectangle), and
V(I) = vol(I).

The goal of this subsection is to prove that there is a unique Borel measure
pwon E such that u(I) = V(I) for all T € R. Before getting started with the
proof, recall the following elementary fact about double sums of non-negative
numbers.
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LEMMA 2.2.1. If {amn : (m,n) € (Z)*} C[0,00), then

oo o0 oo oo
E § m,n = E Am,n = § E Am,n-

m=1n=1 (m,n)e(z+)? n=1m=1

PRroor: For each M, N € Z™,

(ESe)(E5e): ¥

m=1n=1 n=1m=1 (m,n):m<M & n<N}

and therefore

(S5e) (E85): ¥

m=1n=1 (m,n)€(z+)?

Similarly,

> > (i iam,n> v (i i am,n> :

(m,n)e(z+)? m=1n=1 n=1m=1

and so all three must be equal. [

Now define ji(T') for I' C E to be the infimum of > ~_, V/(I,,) for all choices
of {I, : m > 1} C R that cover I (i.e., ' C |Jo-_, I,n). My strategy is to
find a o-algebra £ O By for which the restriction p of & to £ is a measure.
Thus, the first thing that I have to check is that f(I) = V(1) for all I € fR.

LEMMA 2.2.2. If L € ZT and T = UeL:1 Jy where the J,,’s are non-
overlapping elements of R, then fi(T') = Zle V(J¢). In particular, i(I) =
V(I) for all T € R.

PrOOF: Obviously a(T") < Ze 1 V(Jg). To prove the opposite inequality, let
{I, : m > 1} be a cover of I' by elements of . Given an € > 0, choose I,
for each m € Z* so that I,,, C I/, and V(I},) < V(I,,) + 2~ ™e. Because I is

compact, there exists an n € Z* such that {I{,..., I/} covers I'.
Next, set Ly, ¢ = I, NJyfor 1 <m <mn and 1 < ¢ < L. Then, for each ¢,
Jy = U 1 dm,e, and, for each m, the I, ;’s are non-overlapping elements of

R with Ue:1 m.e C I,. Hence, by (3),

00 n n L L
S V(In)+e= Y V( V(Ine) =Y V(). O
m=1 m=1 m=1 (=1 (=1

In view of Lemma 2.2.2, T am justified in replacing V(I) by (1) for I € R.
The next result shows that half the equality in (2.1.4) is automatic, even
before one restricts to I'’s from L.
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In fact, if T CJ;2, I, then

LEMMA 2.2.3. If T C TV, then a(T) < a(T).
I C U2, L, and (T, )—Oforeach

al) < > aT,). In partwular if
n > 1, then a(T") = 0.
PROOF: The first assertion follows immediately from the fact that every cover
of T is also a cover of T

In order to prove the second assertion, let € > 0 be given, and choose for
each n > 1 a cover {I,,,, : m > 1} C R of I, satisfying >~ | V(Inn) <
a(L,) + 27 "e. It is obvious that {I,,, , : (m,n) € (ZT)?} is a countable cover
of I'. Hence, by Lemma 2.2.1,

/1(1—‘) < Z V(]m,n) = Z Z V<Im,n) < Zﬂ(r

(m,n)e(Z+)2 n=1m=1

As a consequence of Lemma 2.2.3, one has that
(2.2.4) ) =inf{i(G): T C G e B(E)}.
To see this, note that the left-hand side is certainly dominated by the right.
Thus, it suffices to show that if {I,, : m > 1} is a cover of " by elements of R
and € > 0, then there is a &(E) 3 G D T such that fi(G) < Zm V(Im) +e

To this end, for each m choose I/, E R such that I,, C I’ and V(I) <
V(L) +2 ™€, and take G = |- Clearly I' C G € &(F) and

mlm

@) < SV < S Vi) +e
m=1 m=1

One important consequence of (2.2.4) is that it shows that for any I' C E
there is a 5(F) > D D T for which (D) = a(T"). Indeed, simply choose
I' C G, € B(E) for which ji(G,,) < (') + %, and take D =", G

Another virtue of (2.2.4) is that it facilitates the proof of the second part
of the following preliminary additivity result about fi.

LEMMA 2.2.5. If G and G’ are disjoint open subsets of E, then p(GUG') =
(G) + a(G"). Also, if K and K' are disjoint compact subsets of E, then
A(K U K') = i(K) + (K.

PROOF: We begin by showing that if {I,, : m > 1} is a sequence of non-
overlapping elements of R, then

(2.2.6) i < G Im> - i V(I

Because the left-hand side is dominated by the right, it suffices to show that
the right-hand side is dominated by the left. However, by Lemmas 2.2.3 and
2.2.2, for each n € Z7,

(O] ze(Y) -2
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which completes the proof of (2.2.6).

Next, suppose that G and G’ are disjoint open sets. By (5), there exist
non-overlapping sequences {I, : m > 1} and {I!, : m > 1} of elements of
R such that G = J,°_, I, and G’ = |J,._, I/,. Thus, if I}, | = I,,, and
., =1 form>1, the I!’’s are non-overlapping elements of R whose union

is G U G’. Hence, by (2.2.6)7

AGUG) =) VL) =) V(In)+ Y V(L) = i(G) + ilG").
m=1 m=1 m=1

To complete the proof, let K and K’ be given. Because they are disjoint
and compact, there exist disjoint open sets G and G’ such that K € G and
K’ C @G'. Thus, for any open H O K U K|

A(H) > p((HNG)U(HNG) = pf(HNG) + a(HNG') > jp(K) + A(K'),

and therefore, by (2.2.4), i(K U K') > a(K) + ji(K'). Because the opposite
inequality always holds, there is nothing more to do. [J

I am at last ready to describe the o-algebra L, although it will not be
immediately obvious that it is a o-algebra or that ji is countably additive on
it. Be that as it may, take £ to be the collection of I' C E with the property
that, for each € > 0, there is an open G 2 T for which (G \T) < e.

At first, one might be tempted to say that, in view of (2.2.4), every subset
I' is an element of £. This is because one is inclined to think that i(G) =
A(G\T) + i(T') when, in fact, i(G) < G(G\T) + a(T) is all that we know in
general. Therein lies the subtlety of the definition! Nonetheless, it is clear that
&(E) C L. Furthermore, if g(I") = 0, then I' € L, since, by (2.2.4), one can
choose, for any € > 0, an open G D T such that (G \T') < fi(G) < e. Finally,
ifI' € £, then thereisa D € G5(FE) for whichI' C D and i(D\I') = 0. Indeed,
simply choose {G,, : n > 1} C &(RY) for which I' C G,, and (G, \T) < 1
and take D = N[ G,.

The next result shows that £ is closed under countable unions.

LEMMA 2.2.7. If{l,,: n>1} C L, then I' = " T}, € L, and, of course
(cf. Lemma 2.2.3), i(T") < S°7° @(Ly).

PROOF: For each n > 1, choose &(F) > G,, 2 I}, so that a(G, \T,) < 27 "€
Then G = |J;° G, is open, contains I', and (by Lemma 2.2.3) satisfies

ﬁ(G\F)Sﬂ<G G\ T, ) <> HGAT) <e O

n=1

Knowing that £ is closed under countable unions and that it contains &(E),
we will know that it is a o-algebra and that By C L as soon I show that L is
closed under complementation.
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LEMMA 2.2.8. If K CcC E,! then K € £ and i(K) < oco.

Proor: The first step is to show that i(K) < co. For this purpose, choose
a non-overlapping cover {I,,, : m > 1} C R of K, and then use (4) to choose
{I' : m>1} CRso that I,, C I’ and V(I),)) < V(I,,)+1 for each m. Now
apply the Heine-Borel property to find an n € Z* such that K C (J"
Then o(K) <n+>." _ V(I,) < .

We will now show that K € £. To this end, let € > 0 be given, and choose an
open set G D K so that i(G) < i(K)+e. Set H =G\ K € &(FE), and choose
a non-overlapping sequence {I,, : n > 1} C R so that H = |J{° I,,. Then, by
(2.2.6), p(H) = >, V(I,). In addition, for each n € Z*, K,, = U\,_, Im
is compact and disjoint from K. Hence, by Lemmas 2.2.7 and 2.2.3,

m=1 TYL

m=1

i(Kn) + i(K) = p(K, U K) < u(G),
[t <e

and so, because i(K) < oo, Y1 V(1) = p(Ky,)

m=1

MG\ K)=p(H) <30 illn) <e. O
LEMMA 2.2.9. L is a o-algebra over E that contains Bg. Moreover, if
I' C E, then I" € L if and only if for every ¢ > 0 there exist F' € §F(F) and
G € &(FE) such that F CT C G and (G \ F) < e. Alternatively, I' € L
if there exist C, D € L such that C C T C D and a(D \ C) = 0, and if
T' € L, then there exist C € §,(F) and D € B5(E) such that C CT C D and
a(D\ C)=0.

PRrROOF: Because of Lemma 2.2.7, proving that £ is a o-algebra comes down
to showing that it is closed under complementation. For this purpose, begin
by observing that §,(F) C L. To check this, choose {I,, : m > 1} C R such
that E = J°_, I, and set K,, = ., _, I,,. Then K,, is compact for each n.
Given F € §(E) and n € Z*, set F,, = FNK,. Clearly F, is compact and is
therefore an element of £. Hence, since F = |J,—, F,, and L is closed under
countable unions, we see first that F(E) C L and then that §,(E) C L.

Next, suppose that I' € £, and choose D € &;5(FE) for which I' C D and
f(D\T) =0. Then C = Db € 3, (E), C € I'%, and I\ C) = a(D\T) = 0.
Hence, T\ C € £, and therefore so is T® = C'U (I'C\ €), which means that
L is closed under complementation and is therefore a o-algebra over F.

Knowing that £ contains &(F) and is a o-algebra, we know that Bg C L.
In addition, if I' € £, then for each € > 0 we can find an open G O I" and
a closed F with F€ D I'C for which (G \ ') v a(FC\ ') < 5, which means
that F CI'C G and (G \ F) < e.

Finally, given the preceding, it is clear that if I' € £ then there exist C' €
5o(F) and D € &4(F) such that C CT C D and (D \ C) = 0. Conversely,
if there exist such C, D € £, C CT C D, and (D \ C) =0, then g(I'\ C) <
A(D\C)=0,andsoI'=CU(T'\C)e L O

for all n, and therefore

LT will often use the notation K CC E to mean that K is a compact subset of £. When E
is discrete, the notation means that K is a finite subset of FE.
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THEOREM 2.2.10. Refer to the preceding. Then there is a unique Borel
measure p on E for which u(I) =V (I) for all I € R. Moreover, yu Is regular,
L =Bg", and (cf. Lemma 2.1.14) [i is the restriction of fi to Bg' .

ProoFr: We will first show that ji is countably additive on £. To this end,
let {T';, : n > 1} C £ be a sequence of mutually disjoint, relatively compact
(i.e., their closures are compact) sets. By Lemma 2.2.9, for each ¢ > 0 we
can find a sequence {K,, : n > 1} of compact sets such that K, C T, and
a(Ty) < a(K,) + 2 "¢ for each n. Hence, by Lemma 2.2.7, for each n € Z*,

p <m[1 rm> > i (H Km> =3 ),

m=1

and therefore

ﬂ(U rm> > (Kp) = > i) —

which proves that
fi ( U rm) > i(Tm).
m=1

Since the opposite inequality is trivial, this proves the countable additivity of
i for relatively compact elements of L.

To treat the general case, choose {I,, : m > 1} C R for which that E =
Uo_y Im, and set Ay = I and A1 = Iyp1 \U,,_; Im. Then the A,’s
are mutually disjoint, relatively compact elements of £. Hence, if I',,, =
A, N T, then the I}, ,,’s are also mutually disjoint and relatively compact.
Furthermore, T',, = (J° Ii,n for each n, and so, by the preceding and

m=1
Lemma 2.2.1,

,[L <U Fn) = Z .[L(Fm,n) = Z ﬂ(Fn)

n=1 (m,n)€(Z+)? n=1

Knowing that & is countably additive on £ and that £ O By, we can take
1 to be the restriction of i to Bg. Furthermore, the results in Lemma 2.2.9
show that this y is regular, £ = B, and that fi | £ equals .

To complete the proof, suppose that v is a second Borel measure on E
for which v(I) = V(I) whenever I € 9. Given an open G, choose a non-
overlapping {I,, : m > 1} C R whose union is G, and apply (2.1.8) and
(2.2.6) to conclude that

V(@) <Y wlln) =Y V(ln) = p(@).

m=1 m=1
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Next, given ¢ > 0, choose for m € Z* an I/ € R so that I/ C I, and
V(In) <V(I)+ 2 ™e. Then, because the I/ ’s are disjoint,

v(G) >u<U u;) =S VUL 2 Y V) - e 2 u(G) —

m=1 m=1 m=1

Hence, v and p are equal on &(FE). Finally, note that, by combining (4) and
(5), we can produce a non-decreasing sequence of open sets G,, * E such
that p(G,) < oo. Hence, by Theorem 2.1.13, v equals p on Bg, for each n,
from which it follows easily that v equals g on Bg. O

COROLLARY 2.2.11. Suppose that T : E — FE is a transformation with
the property that T~'(I) € R and V(T~(I)) = V(I) for all I € R. Then
TYT) € Bg and u(T~1(T)) = w(T') for all T € Bg. Equivalently, Ty = pu.

PROOF: By part (i) of Exercise 2.1.19, T~ of a union of sets is the union of
T~! of each set over which the union is taken, and 7! of a difference of sets
is the difference of T~ of each set. Next, let B be the set of I' € Bg with the
property that 7-1(T") € Bg. By the preceding observation, B is a o-algebra
over F. In addition, /& C B. Thus, because for any open G there is a sequence
{Ly, : m > 1} C R whose union is G, &(E) C B. Since this means that B is
a o-algebra contained in By and containing &(F), it follows that B = Bg.

Next, set v(T') = M(T_l(f‘)) for T € Bg. By part (iii) of Exercise 2.1.19, v
is a Borel measure on E. Moreover, by assumption, v(I) = V(I) for I € .
Hence, by the uniqueness statement in Theorem 2.2.10, v = p. O

§2.2.2. Lebesgue Measure on R": My first application of Theorem 2.2.10
will be to the construction of the father of all measures, Lebesgue measure on
RY.

Endow RY with the standard Euclidean metric, the one given by the Eu-
clidean distance between points. Next, take R to be the set of all rectangles
I in RY relative to a fixed orthonormal coordinate system, include the empty
rectangle in R, and define V(I) = vol(I) if I # () and V(@) = 0. In order to
apply the results in §2.2.1, I have to show that this choice of R and V satisfies
the hypotheses (1)—(5) listed at the beginning of that subsection. It is clear
that they satisfy (1), (2), and (4). In addition, (3) follows from Lemma 1.1.1.
To check (5), I will use the following lemma. In its statement and elsewhere,
a square will be a (multi-dimensional) rectangle all of whose edges have the
same length. That is, a non-empty square is a set Q of the form = + [a, bV
for some z € RY and a < b.

LEMMA 2.2.12. IfG is an open set in R, then G is the union of a countable
number of mutually disjoint open intervals. More generally, if G is an open
set in RY, then, for each § > 0, G admits a countable, non-overlapping, exact
cover C by closed squares @@ with diam (Q) < 4.

ProoOF: If G C Risopen and x € G, let I, be the open connected component
of G containing z. Then [, is an open interval and, for any z,y € G, either
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I,nI,=0or I, =1, Hence, C={l,: 2 € GNQ} (Q here denotes the set
of rational numbers) is the required cover.

To handle the second assertion, set @, = [07 2’”]N and IC,, = {2% + Qn :
k € ZN}. Note that if m < n, Q € K,,, and Q' € K,,, then either Q' C Q
or QN Q' = 0. Now let G € &(RY) and § > 0 be given, take ng to be the
smallest n € Z for which 27"v/N < ¢, and set C,, = {Q € K,,, : Q C G}.
Next, define C,, inductively for n > ng so that

CnH:{Q’EICnH:Q’QGand@’ﬂ@:(Z)foranyQE U Cm}.

m=ngo

Since if m < n, Q € Cp,, and Q' € C,, either Q = Q' or Q N @’ = (),
the squares in C = U;:O:no C,, are non-overlapping, and certainly |JC C G.
Finally, if 2 € G, choose n > ng and Q' € K,, such that x € Q' C G. If
Q' ¢ Cy, then there exist an ng < m < n and a Q € Gy, for which QN Q' # 0.
But this means that Q' C @ and therefore that € Q C |JC. Thus C covers
G. O

Knowing that 93 and V satisfy hypotheses (1)—(5), we can apply Theorem
2.2.10 and thereby derive the following fundamental result.

THEOREM 2.2.13.  There is one and only one Borel measure Agx on RN
with the property that A\g~ (Q) = vol(Q) for all squares @ in R . Moreover,
Apn~ IS regular.

PROOF: The existence of \pnv as well as its regularity are immediate conse-
quences of Theorem 2.2.10. Furthermore, that theorem says that Ar~x is the
only Borel measure v with the property that v(I) = vol(I) for all I € R. Thus,
to prove the uniqueness statement here, it suffices to check that v(I) = vol(I)
for all rectangles I if it does for squares. To this end, first note that if [ is a
rectangle, then there exists a sequence {I,, : n > 1} of rectangles such that
I, /1 and vol(1,) / vol(I). Hence, by (2.1.10), v(I) = v(I). In particular,
by (2.1.7), this means that? v(dI) = v(I) — v(I) = 0 for all rectangles I.
Now apply Lemma 2.2.12 to write I = U2, Qn, where the @Q,’s are non-
overlapping squares, use the preceding to check that v(Q,, N Q,) = 0 for
m # n, and apply (2.1.9) to see that v(I) = v(I) = oo vol(Qy,). Since the
same reasoning applies to Agy and Agn (Q,) = vol(Q,,), we have now shown
that v(I) = vol(I) as well. O

The Borel measure Ag~ described in Theorem 2.2.13 is called Lebesgue
measure on RY. In addition, elements of %AW
measurable sets.

An important property of Lebesgue measure is that it is translation in-

variant. To be precise, for each z € RY, define the translation map

are said to be Lebesgue

27 use AT to denote the boundary I'\ T of a set T'.
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T, : RY — RY by T.(y) = = +y. Obviously, T} is one-to-one and onto.
In fact, T, = T_,. In addition, because T, = T:j and T_, is continu-
ous, T, takes Bg~ into itself. Finally, say that a Borel measure p on RY is
translation invariant if ;(7,(T')) = v(T) for all z € RY and ' € Bgw.
The following corollary provides an important characterization of Lebesgue
measure in terms of translation invariance.

COROLLARY 2.2.14.  Lebesgue measure is the one and only translation
invariant Borel measure on RY that assigns the unit square [0,1]"Y mea-
sure 1. Thus, if v is a translation invariant Borel measure on RY and
a=v([0,1]") < oo, then v = algn.

PrOOF: That Ag~ is translation invariant follows immediately from Corollary
2.2.11 and the fact that, for any rectangle I and = € RY, vol(T, (1)) = vol(I).

To prove the uniqueness assertion, suppose that p is a translation invariant
Borel measure that gives measure 1 to [0, 1]V, We first show that u(H) = 0 for
every H of the form {z € RN : x, = ¢} for some 1 < i < N and ¢ € R. Indeed,
by translation invariance, it suffices to treat the case ¢ = 0. In addition, by
countable subadditivity and translation invariance, it is sufficient to show that
#(R) =0 when R = {z : z; = 0 and z; € [0,1] for j # i}. But if e; is the
unit vector whose ith coordinate is 1 and whose other coordinates are 0, then,
for any n > 1, the sets {%ei + R: 0 < m < n} are mutually disjoint, have
the same p-measure as R, and are contained in [0,1]"V. Hence, nu(R) < 1 for
all n > 1, and so u(R) = 0.

Given the preceding, we know that p(9I) = 0 for all rectangles I C RY.
Hence, if (ny,...,ny) € (Z*)V, then

N

([0, 11%) = p (U{H[’“nlﬁ] : 1<k <n,forl <i<N}>

i=1

(1)« (1e21)

and so (Hi\;l [ ni]) = vazl ni Starting from this, the same line of

reasoning can be used to show that u (Hi\;l[o mi]) = vazl =i for any

S ;
pair (my,...,my), (n1,...,nx) € (ZT)N. Hence, by translation invariance,
for any rectangle whose sides have rational lengths, p(I) = vol(I). Finally,
for any rectangle I, we can choose a non-increasing sequence {I,, : n > 1}
of rectangles with rational side lengths such that I, \, I, and so u(l) =
lim,, _, oo vol(Z,,) = vol(I). Now apply Corollary 2.2.11.

To prove the concluding assertion, first suppose that & = 0. Then, because
RY can be covered by a countable number of translates of [0, 1]V, it follows
that v(RY) = 0 and therefore that v = alg~. Next suppose that a > 0.
Then a~'v is a translation invariant Borel measure on RY and v assigns the
unit square measure 1. Hence, by the earlier part, o lv = \gny. O
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Although the property of translation invariance was built into the construc-
tion of Lebesgue measure, it is not immediately obvious how Lebesgue measure
responds to rotations of RV. One suspects that, as the natural measure on
RY, Lebesgue measure should be invariant under the full group of Euclidean
transformations (i.e., rotations as well as translations). However, because my
description of Lebesgue’s measure was based on rectangles and the rectangles
were inextricably tied to a fixed set of coordinate axes, rotation invariance is
not as obvious as translation invariance was.

The following corollary shows how Lebesgue measure transforms under an
arbitrary linear transformation of RY, and rotation invariance will follow as
an immediate corollary.

Given an N x N, real matrix A = ((aij))lgujgN’

to be the action of A on x. That is, (Tax); = Zj\le
can now prove the following.

define T4 : RY — RN
ajjz; for 1 <7 < N. We

THEOREM 2.2.15. For any N x N, real matrix A and " € B~ )\RN, Tu(T) €
BRN)\RN and Mg~ (Tal') = |det(A)|Ap~ (I'). Moreover, if A is non-singular,
then Ty takes Brn into itself.

PRrROOF: We begin with the case in which A is non-singular. Then T4-1 is a
continuous, one-to-one map from RY onto itself, and T4 = (T4—1)~!. Hence,
by (iii) of Exercise 2.1.19, Ty takes Bpn into itself. Next, define v4 on Byw
by va(T') = Mg~ (TA(I‘)). Then, again, by part (iii) of Exercise 2.1.19, v4 is
a Borel measure on RY. Now set a(A) = v4([0,1]"). Because Ta([0,1]V) is
compact, a(A) < co. In addition, because

va(Te(T)) = Agn (Taz + Ta(T)) = Arn (Ta(T)) = va(l),

v4 is translation invariant. Thus Corollary 2.2.14 says that v4 = a(A)Agw~,
and so all that we have to do is show that a(A) = |det(A)|. To this end, ob-
serve that there are cases in which a(A) can be computed by hand. The first
of these is when A is diagonal with positive diagonal elements, in which case
Ta([0,1]) = H;-VZI[O, a;;] and therefore a(A) = H;V:l aj; = det(A). The sec-

ond case is the one in which A is an orthogonal matrix. Then T4 (B(0,1)) =

B(0,1) and therefore, since Agn (B(0,1)) € (0,00), a(A) = 1. To go fur-
ther, notice that, since Taar = T4 o Tar, a(AA") = a(A)a(A’). Hence,
if A is symmetric and positive definite (i.e., all its eigenvalues are posi-
tive) and O is an orthogonal matrix for which® D = OT AQ is diagonal,
then the diagonal entries of D are positive, det(A) = det(D) = (D), and
therefore a(A) = a(O")a(D)a(0) = a(D) = det(A). Finally, for any
non-singular A, ATA is a symmetric, positive definite matrix. Moreover,
if © = A1 (AAT)z, where (AAT)Z denotes the symmetric square root of
AAT | then O satisfies OOT = A=PAAT(AT)~! =TI and is therefore orthog-
onal. Hence, since A = (AAT)2OT, we find that a(A) = det((AAT)%) =

3 Given a matrix A, I use AT to denote the transpose matrix.
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|det(A)|. Finally, to show that Ty takes a T' € %ARN into B]Rﬁ)\RN and that
Agn (Ta(T)) = |det(A)[Ag~ (T), choose C, D € By~ so that C CT' C D and
Ay (D\ C) = 0. Then T4(C), Ta(D) € Brn, Ta(C) C Ta(I') C Ta(D),
g (Ta(D)\ Ta(C)) = Agn (Ta(D\ C)) = 0, and therefore Ty(T') € Ben ="
and Az (Ta(D)) = Apn (T4(C)) = [det(A) Agx (€) = |det(A) R ().

To treat the singular case, first observe that there is nothing to do when
N =1, since the singularity of A means that T4(R) = {0} and A\g({0}) = 0.
Thus, assume that N > 2. Then, if A is singular, T4 (R”) is contained in
an (N — 1)-dimensional subspace of RY. Therefore, what remains is to show
that Ag~ assigns measure 0 to an (N — 1)-dimensional subspace H. This is
clear if H = RV~1 x {0}, since in that case one can obviously cover H with a
countable number of rectangles each of which has volume 0. To handle general
H'’s, choose an orthogonal matrix O so that H = Tp (RV~! x {0}), and use
the preceding to conclude that Agn (H) = Agn (RV ™1 x {0}) =0. O

Before concluding this preliminary discussion of Lebesgue measure, it may
be appropriate to examine whether there are any sets that are not Lebesgue
measurable. It turns out that the existence of such sets brings up some ex-
tremely delicate issues about the foundations of mathematics. Indeed, if one
is willing to abandon the full axiom of choice, then R. Solovay has shown
that there is a model of mathematics in which every subset of RY is Lebesgue
measurable. However, if one accepts the full axiom of choice, then the follow-
ing argument, due to Vitali, shows that there are sets that are not Lebesgue
measurable. The use of the axiom of choice comes in Lemma 2.2.17 below.
It is not used in the proof of the next lemma, a result that is interesting in
its own right. See Exercise 2.2.35 for a somewhat surprising application and
Exercise 6.3.17 for another derivation of it.

LEMMA 2.2.16. If T € BTR/\R has positive Lebesgue measure, then the set
I'-T={y—x:z,y €'} contains an open interval (—d,§) for some & > 0.

Proor: Without loss of generality, we will assume that I' € Bgr and that
)\]R(F) S (0, OO)

Choose an open set G D I for which Ag(G'\ T') < £ Ag(I'), and let (cf. the
first part of Lemma 2.2.12) C be a countable collection of mutually disjoint,
non-empty, open intervals I whose union is G. Then

D AR NT) =Xa(l) > IAe(@) = 2> Ae(])
Iec iec

Hence, there must be an I € C for which Ag(I NT) > %)\R(i). Set A=1INT.
IfdeRand (d+A)N A=, then

22r(A) = A (d + A) + Mg (A) = e ((d + A) UA) < Xe((d+1)UT).

At the same time, (d+1)UI C (I7,d+1%)ifd > 0and (d+1)UI C (d4+1~,1%)
if d < 0, where I~ and I denote the left and right endpoints of I. Thus, in



50 2 MEASURES

either case, g ((d + Hu I) < |d| + Ar(I). Hence, if (d+ A)N A = 0, then
%AR(j) < 2Ap(A) < |d| + Ar(I), from which one sees that |d] > %)\R(i). In
other words, if |d| < %)\R(ID), then (d + A) N A # (. But this means that for
every d € (—%)\R(f), %)\R(ID)) there exist 2,y € A C I' for whichd =y—2. O

LEMMA 2.2.17. Let Q denote the set of rational real numbers. Assuming
the axiom of choice, there is a subset A of R such that (A — A) N Q = {0}
and yet R = {J, co(q+ 4).

PrOOF: Write x ~ y if y — 2 € Q. Then “~” is an equivalence relation on
R, and, for each = € R, the equivalence class [x]™ of z is z + Q. Now, using
the axiom of choice, choose A to be a set that contains precisely one element
from each of the equivalence classes [z]~, © € R. It is then clear that A has
the required properties. [

THEOREM 2.2.18.  Assuming the axiom of choice, every I' € BTRAR with
positive Lebesgue measure contains a subset that is not Lebesgue measurable.
(See part (iii) of Exercise 2.2.36 for another construction of non-measurable
quantities.)

PrOOF: Let A be the set constructed in Lemma 2.2.17, and suppose that
I' N T,(A) were Lebesgue measurable for each ¢ € Q. Then we would have
that 0 < A\g(T) < ZqEQ§(FﬂTq(A)), and so there would exist a ¢ € Q such
that &(F N Tq(A)) > 0. But, by Lemma 2.2.16, we would then have that
(=6,8) C {y —x : z,y € T,(A)} C {0} UQE for some § > 0, which cannot
be. O

§2.2.3. Distribution Functions and Measures: Given a finite Borel
measure on R, set F,(z) = ,u((—oo, x]) Clearly F), is a non-negative, bounded,
right-continuous, non-decreasing function that tends to 0 as x — —oo. The
function F), is called the distribution function for p. In this subsection
I will show that every bounded, right-continuous, non-decreasing function F'
that tends to 0 at —oo is the distribution of a unique finite Borel measure on
R.

Let F' be given. By Exercise 1.2.23, F' = F, + Fy, where F, and Fy are
bounded and non-decreasing, F is continuous, and Fy is a pure jump function.
Further, it is easy to check that both F. and Fy4 can be taken so that they
tend to 0 at —oco. Hence, to prove the existence of a p for which ' = F),, it
suffices to do so when F' is either a continuous or a pure jump function and
then take the sum of the measures corresponding to F. and Fjy.

When F' is a pure jump function, there is nearly nothing to do. Simply
define p by

pr(D)= Y (F(x) = F(z—)) forT € Bg,
{zel’'ND}
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where D is the countable set consisting of the discontinuities of F. Without
difficulty, one can check that pp is a finite Borel measure on R for which F
is the distribution function.

Now assume that F' is continuous, and take R to be the set of all (including
the empty interval) closed intervals I in R, and define V ([a, b]) = F(b) — F(a)
for a < b. Checking that this choice of R and V satisfies that hypotheses at the
start of §2.2.1 is easy. The same argument as we used to prove Lemma 1.1.1
when N = 1 shows that (3) holds, (4) follows from the continuity of F, and
Lemma 2.2.12 proves (5). Thus, by Theorem 2.2.10, there is a Borel measure
i on R for which pp([a,b]) = F(b) — F(a) for all a < b. In particular,

F(@)=F(@)~ lim F(y)= lm_ur(ly]) = pr((~o0,al),

and so F' is the distribution function for pu.

THEOREM 2.2.19. Let F' be a bounded, right-continuous, non-decreasing
function on R that tends to 0 at —oo. Then there is a unique Borel measure
wr on R for which F' is the distribution function. In particular, pp is finite
and regular. (See Exercises 2.2.37 and 8.2.18 for other approaches.)

Proor: The only assertions that have not been covered already are those
of uniqueness and finiteness. However, the finiteness follows from pp(R) =
lim, 7o F(x) < oo. To prove the uniqueness, suppose that v is a second
Borel measure on R satisfying v((—oco,z]) = F(z) for all z € R. Then, by the
argument just given, v is finite. In addition, for a < b,

v((a,5)) = lim (F(z) - F(@)) = F(b-) ~ F(a) = e ((a,1).

Hence, V(I) = ,uF(I) for all open intervals I, and so, by the first part of
Lemma 2.2.12, v(G) = pup(G) for all G € &(R). By Theorem 2.1.13, this
means that v = pup on Bg. 0O

§2.2.4. Bernoulli Measure: Here is an application of the material in
§2.2.1 to a probabilistic model of coin tossing.

Set Q = {0,1}%", the space of maps w : Z+ — {0,1}. In the model, 2 is
thought of as the set of all possible outcomes of a countably infinite number
of coin tosses: w(i) = 1 if the ith toss came up heads and w(i) = 0 if it
came up tails. Similarly, given () # S C Z*, take Q(S) = {0,1}°, think
of Q(9) as the outcomes of those tosses that occurred during S, and define
g — Q(S) to be the projection map given by Ilsw = w [ S. Then, for
each S, A(S) = {IIg'T: T C Q(S5)} is a -algebra over ©, and, in the model,
elements of A(S) are events (the probabilistic term for subsets) that depend
only on the outcome of tosses corresponding to the i’s in S.

Now suppose that, on each toss, the coin comes up heads with probability
p € (0,1) and tails with probability ¢ = 1 — p. Further, assume that the out-
comes of distinct tosses are independent of one another. That is, if n € Q(S),
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then the probability of the event TIg' ({n}) = {w € Q: w(i) = n(i) for i € S}
is

(2.2.20) pies MDD e (1=n(@),

Obviously, when S is infinite, this quantity is 0. On the other hand, if () #
F cC Z* (ie., F is a non-empty, finite subset of Z*), and 8f : A(F) —
[0,1] is defined by the prescription

(2.2.21) BF(IE'T) = 3 pooser D2 ucr 17100,

nel’

where the sum over the empty set is taken to be 0, then Bf is a measure
on (Q,A(F )) that measures the probability of events that depend only on
outcomes during F'.

Next set A = J{A(F): 0 # F cC Z*}. Then A is an (cf. Exercise 2.1.16)
algebra over (). However, A is not a o-algebra. Nonetheless, we can define
Bp : A — [0,1] so that B,(A) = BI(A) if A € A(F). To know that this
definition is justified, we must make sure that if A € A(F) N A(F"), where
F # F', then B} (A) = ﬁg,(A). To this end, note that A € A(F N F’), and
therefore that it suffices to handle the case in which F' C F’. Further, this
case reduces to the one in which F/ = FU{j}, where j ¢ F. But if ' C Q(F),
then IT,'T = IT,./Ty UTI/ T, where

Do={neQF):n| FeTl andn(j) =k} forke{0,1},
and so
B (EIT) = B (5 To) + BE (TR Ty)
= qB, (') +pB, (IE'T) = 3 (IE'T).

Thus, we now know that 3, is well-defined and $,(2) = 1. In addition, 3, is
finitely additive in the sense that, for any n € Z*,

By ( U Am> = Bp(Am)

m=1

if the A,,’s are mutually disjoint elements of A. Indeed, by choosing F CcC Z™
so that {A,, : 1 < m < n} C A(F), one can do the computation with 65
instead of f,,.

The preceding paragraphs summarize the presentation of coin tossing given
in an elementary probability theory course. What is not usually covered in
such a course is the extension of 3, to events like

1 :
A= {w eQ: nh_>n;0 - Zw(k) ex1stb}
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that depend on an infinite number of tosses. My aim here is to show that
such an extension exists and that it can be constructed using the results in
§2.2.1.

The first step is to introduce a topology on €2, and the one that I will
choose is the one corresponding to pointwise convergence. That is, I want the
sequence {w,, : m > 1} to converge to w if and only if for each i € ZT there
is an m; such that w,, (i) = w(i) for all m > m;. One way to describe this
topology is to define

p(w,w’) = Z 2_i|w(i) - w’(i)|,
1=1

and check that p is a metric on ) for which convergence is the same as
pointwise convergence. Further, as a topological space with metric p, 2 is
compact. To see this, let {w,, : m > 1} C Q be given. Then there exists
a strictly increasing sequence {mj, : ¢ > 1} C Z* such that Wiy (1) =
Wi, 1 (1) for all £ € Z*. Knowing {m1 : £ > 1}, choose a strictly increasing
subsequence {ma, : ¢ > 1} of {my ¢ : £ > 1} for which wy, ,(2) = W, , (2)
for all £ € Z*. Proceeding by induction on k € Z*, produce {my ¢ : (k,{) €
(ZT)?} such that {my41¢ : € > 1} is a strictly increasing subsequence of
{mre s £ > 1} and wp,, , (k) = W, , (k) for all £ > 1. If my = my and
w(i) = wm,(7), then {wy,, : i > 1} is a subsequence of {w,, : m > 1} and
Wy, — W as 1 — 00.

It is clear that every A € A is closed. In addition, if ) # F CCZT,w e A €
A(F), and ip = max{i : i € F}, then p(w/,w) <277F = W' |F=w|F
and therefore w’ € A. Hence, every element of A is both open and closed.
Moreover, for each w € Q, {IIz'({w [ F}) : § # F CC Z*} forms a countable
neighborhood basis at w. Indeed, given w €  and r > 0, choose n > 1 such
that 27" < r, and observe that {w’ : w/(i) = w(i) for 1 < i < n} is contained
in the p-ball of radius r centered at w.

Having made these preparations, we can turn to the construction. Take
R = A, and define V(A) = 8,(A) for A € A. Then R and V satisfy the
hypotheses (1)—(5) at the beginning of §2.2.1. Indeed, (1), (2), and (3) are
obvious from the facts that A is an algebra and that 3, is finitely additive on
A. As for (4), the fact that each A € A is both open and closed means that
there is nothing to check. Finally, the following lemma shows that (5) holds.

LEMMA 2.2.22. If ) # S C Z* and G € A(S) is open, then there is a
sequence {A,, : m > 1} of mutually disjoint elements of A(S) N A for which
G= Uvonoz1 Am.

PRrROOF: To produce a sequence {A,, : m > 1} C A of mutually disjoint
elements of A(S) such that G = |J,-_, A, one can proceed as follows. If S
is finite, then one can take A = A and A,, = 0 for n > 2. If S is infinite,
let {in, : n > 1} be the strictly increasing enumeration of S, and set F,, =
{i1,...,in}. Choose A; to be the largest element A € A(F}) with the property
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that A C G. Equivalently, A; is the union of all the A € A(F}) contained
in G. Next, given 4,, € A(F,,) for 1 < m < n, choose A, 11 to the largest
A € A(F,41) contained in G\J]! _, A,,. Obviously, these A4,,’s are mutually
disjoint elements of AN A(S), all of which are subsets of G. To see that they
cover G, suppose that w € G, and choose n > 2 for which w’ € G whenever
p(w w) < 271 Then A = {w : W'(ip) = w(iy,) for 1 <i < n} € A(F,)
is a subset of G, and so either w € U™ " A, or ANUF" A, = 0, in which
cassew€e ACA, O

THEOREM 2.2.23. Referring to the preceding, there exists a unique exten-
sion of 3, as a Borel probability measure on §), and this extension is regular.
Finally, /3, is the unique Borel measure v on §) with the property that, for
eachn € Z* and n € {0,1}",

n

v({weQ: w(i)=n(i) for 1 <i<n})= pzizl "(i)q”*ijl @),

ProOF: The existence of the extension as well as its regularity are guaranteed
by Theorem 2.2.10. Furthermore, that theorem says that there is only one
extension. Finally, suppose that v is as in the last part of the statement.
Because every non-empty element of A is the finite union of mutually disjoint
sets of the form {w : w(m) = n(m) for 1 < m < n}, where n € {0,1}" for
some n € ZT, any v that extends /3, | A is therefore equal to 8,. O

Because Bernoulli (again Jacob) made seminal contributions to the study
of coin tossing, the Borel probability measure 3, in Theorem 2.2.23 is called
the Bernoulli measure with parameter p. Before closing this discussion of
coin tossing, it should be pointed out that the independence on which (2.2.20)
was based extends to §, as a Borel measure. To verify this, we will need the
following lemma.

LEMMA 2.2.24. Suppose that 0 # S Cc Z*. If B € A(S) and B C H €
&(Q), then there is a G € () N A(S) such that B C G C H. Hence, if

B e AS)NB”, then B,(B) = inf{B,(G) : BC G € &(Q) N A(S)}.

PrROOF: Given w € B, note that Hgl({w I S}) cC H. In particular, there
exists an n(w) € Z* for which p(IIg'({w | S})7HC) > 27@) Thus, if
F(w)={i€ S:i<n(w)} then Aw) = ;' ({w | F(w)}) € H. Indeed, if
W' € A(w), determine w” € Q by takingw” | S =w | Sand w” | S¢ =w’ | SC.
Then w” € Mg'({w [ S}) and p(w’,w”) < 27"« which means that w’ € H.
Now take G = [J{A(w) : w € B}, and observe that G is an open element of
A(S) that contains B and is contained in H.

Given the preceding, the final assertion is an easy application of the fact,
coming from Theorems 2.2.23 and 2.1.15, that

By(B) =inf{B,(G): BCGe®(Q)}. O
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THEOREM 2.2.25. Let S C Z™T, and suppose that B € 870519 N A(S) and
B’ € By 0 A(SY). Then B,(BNB') = B,(B)B,(B').

ProOF: Obviously, there is nothing to do when either B or B’ is either empty
or the whole of Q. Thus, we will assume that () # S C ZT. Next suppose
that F cc S and F/ cc SC. Then, for any A € A(F) and A’ € A(F'),
it follows easily from (2.2.21) that 8,(ANA") = 8,(A)B,(A"). Next suppose
that G € A(S) and G’ € A(S®) are open. By Lemma 2.2.22, G = |J>_, A,,,
where {A,, : m > 1} are mutually disjoint elements of AN A(S), and G’ =
U, A, where {A’, : m > 1} are mutually disjoint elements of AN.A(S).
Thus {A,, N Ay : (m,m’) € (Z+)?} is a cover of G NG’ by mutually disjoint
elements of A, and B,(A,, N Ap) = Bp(Am)Bp(Amy) for all (m,m’). Hence,
by Lemma 2.2.1,

Bp(GN GI) = Z ﬂp(Am)ﬁp(Alm') = BP(G)BP(G/)'

(m,m’)e(Z+)?

Finally, let B and B’ be as in the statement. Then 8,(BNB’) < 3,(GNG’) =
B,(G)B,(G") for any open G € A(S) containing B and open G’ € A(SC)
containing B’. Hence, by Lemma 2.2.24, 3,(B N B') < B,(B)j3,(B’).

To prove the opposite inequality, let € > 0 be given, and choose open sets
G and G’ for which B C G, B’ C G/, and B,(G \ B) + B,(G' \ B') < e. By
Lemma 2.2.24, we may and will assume that G € A(S) and G’ € A(S®). But
then

Bp(B)Bp(B') < Bp(G)B,(G") = B,(GNG")
=B,(BNB)+B,((GNG')\ (BNB')) <B,(BNB')+e,

since (GNG)\(BNB')C(G\B)U(G'\B). O

In the jargon of probability theory, Theorem 2.2.25 is saying that the o-
algebra A(S) N @'BF is independent under B, of the o-algebra A(SC) N ?Qﬁp.
§2.2.5. Bernoulli and Lebesgue Measures: For obvious reasons, the
case p = % is thought of as the mathematical model of a coin tossing game
in which the coin is fair (i.e., unbiased). Thus, one should hope that I has
special properties, and the purpose of this subsection is to prove one such
property.

There is a natural continuous map ® taking € onto [0, 1], the one given by

(2.2.26) O(w) =Y 2 "w(n).
n=1

By part (ii) of Exercise 2.1.19, ® is measurable as a mapping from (€2, Bg)
to ([0,1],B(,1)). What I am going to show is that (cf. part (iii) of Exercise
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2.1.19) @*5% = Ao,1], where (cf. Exercise 2.1.18) Ajgq] is the Borel measure
on [0, 1] obtained by restricting Ar to Bjg 1). In fact, I am going to prove more.
Namely, I am going to show that, in spite to the fact that ® is not one-to-one,

(2.2.27) (I)(B) S 8[071] and )\[0,1] (@(B)) = ﬂ% (B) for all B € Bq,.
Once we know this, we will have
(2.2.28) 0.8 (T) = B3 (®71(T)) = Ao,yy(T) for T € By yy

as a trivial consequence.

The interest in (2.2.27) stems from the following considerations. Let woo
be the element of ) that is equal to 1 at all n € Z*. Then ®(ws) = 1. Next,
let 2 be the subset of Q consisting of wy, and any w € €2 with the property
that w(n) = 0 for infinitely many n € Z*. Because 2\ €2 is equal to the set of
w € N\ {wao} for which there is an m € ZT such that w(i) =1 for all i > m,
it is clear that Q\ ) is countable and therefore an element of Bq to which
ﬁ% assigns measure 0. Hence, () € By and 6% (Q) = 1. The advantage that
has over 2 is that ® = ® | Q is one-to-one and onto [0,1]. To see this, first
note that w., is the one and only element of Q) that ® takes to 1. Next, given
x € [0,1), determine w by

[0 ifze0,3)
w(l){1 it e [L,1)

and, for j > 2,

G) 0 ifz— 37 ) 27w(i) <277
< 1 ife— Y07 27w() > 279
One can use induction to check that 0 < x — >7_, 27w(i) < 277 for each
4 > 1. In particular, w € €, since otherwise m = max{i : w(i) = 0} would be
finite and = — Y7, 27 %w(i) = 27™, which would be a contradiction. Hence,
® is onto. To see that it is one-to-one, suppose that w, w’' € Q) and that
®(w) = ¢(w') € [0,1). Then neither w nor w’ is we, and so each has infinitely
many 4’s at which it vanishes. Now suppose that w # w’ and therefore that
m = min{i € ZT : w(i) # «'(i)} < co. Without loss in generality, we can
assume that w’(m) =1 and w(m) = 0. But then we would have

27m <2 Y 27T () = Y 27Mw(i) <27,
i=m+1 i=m+1

which is impossible.
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From an arithmetic perspective, when z € [0,1), ®!(z) gives the coeffi-
cients of the dyadic expansion of z: the representation of z as Y =, 27 w(i)
for which {i € Z* : w(i) = 1} is minimal. Thus, since

/\[0,1]({33 €[0,1]: (i’_l(f) € B}) = )\[0,1] (‘i’(B)) = )\[0,1] (‘I)(B))7

(2.2.27) says that the statistics under A1) of the dyadic coefficients of a
number in [0,1) are given by 5%, an observation that E. Borel seems to have
been the first to make. See part (iii) of Exercise 3.1.15 for an application of
this observation.

With the preceding as motivation, I turn now to the proof of (2.2.27). First
note that, because ®(B)\ ®(BNQ) is countable for any B C Q, we need show
only that

(x)  ®(BNQ) € By and Agn (P(BNQ)) = B,(B) for all B € Ba.

Second, observe that we only need to check (x) when B = A, (n) = {w: w(i) =
n(i), 1 <i < n} for some n € Z* and n € {0,1}". To understand why this is
enough, remember that & is one-to-one and therefore, by part (i) of Exercise
2.1.19, preserves differences as well as unions. Hence, the set F of B € Bg
for which (x) holds is closed under differences as well as countable unions. In
addition, because ® is onto, Q € F, and therefore F is a o-algebra over (.
Thus, (*) will be proved once I show it holds for B’s coming from a II-system
that generate Bg. But, every non-empty A € A is the finite union of sets of
the form A, (n) and (cf. Lemma 2.2.24) every open set in €2 is the countable
union of elements of A. Hence {0} U {A,(n) : n € {0,1}" & n e Z*} isa
II-system that generates Bg. Finally, given n € ZT and n € {0,1}", it is an
easy matter to check that

(2.2.29) 0,1) N ®(A,(n) NQ) = Z 27n(i),27" + Z 2”77(1‘)) .

Thus, not only is @(An(n) ﬂfl) € Bip,11 but also A 1] assigns it measure 27",
which is the same as the measure 8, assigns to A, (n).

Exercises for §2.2

EXERCISE 2.2.30. Suppose that G is an open subset of RY and that @ :
G — RV is uniformly Lipschitz continuous in the sense that there is
an L < oo such that |®(y) — ®(x)] < Lly — z| for all z, y € G. Because
® is continuous, it takes compact subsets of G to compact sets, and from
this conclude that ® takes elements of §,(G) to elements of Bynr. Next,
. A .

show that if T € Bg *" has Lebesgue measure 0, then ®(I") is an element of
AN

Bry FY that has Lebesgue measure 0. Finally, combine these to show that

O(I') € Byn N for every I' € Big/\WN.
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EXERCISE 2.2.31. Let B be a o-algebra over E with the property that {z} €
Bfor all z € E. A measure pon (F, B) is said to be non-atomic if u({z}) = 0
for all x € E. Show that if there is a non-trivial (i.e., not identically 0), non-
atomic measure on (F, ), then F must be uncountable. Next, apply this to
show that the existence of Az~ and 3, implies that RV, Q, and Q) must all be
uncountable.

EXERCISE 2.2.32. It is clear that any countable subset of R has Lebesgue
measure zero. However, it is not so immediately clear that there are uncount-
able subsets of R whose Lebesgue measure is zero. The goal of this exercise
is to show how to construct such a set. For this purpose, start with the set
Cy = [0, 1], and let C; be the set obtained by removing the open middle third
of Cy (ie., C1 = Cp\ (%, %) = [O, %} U [%, 1] ). Next, let Cy be the set obtained
from C; after removing the open middle third of each of the (two) intervals
of which C; is the disjoint union. More generally, given C,, (which is the
union of 2™ disjoint, closed intervals), let C,, 11 be the set that one gets by
by removing from C,, the open middle third of each of the intervals of which
C,, is the disjoint union. Finally, set C' = ﬂzio C,. The set C is called the
Cantor set, and it turns out to be an extremely useful source of examples.
In particular, show that C' is an uncountable, closed subset of [0, 1] that has
Lebesgue measure 0. See Exercise 8.3.22 for further information.

Here are some steps that you might want to follow.

(i) Since each C), is closed, C is also. Next, show that Ag(C),) = (%)n and
therefore that Ag(C') = 0.

(ii) To prove that C' is uncountable, refer to the notation in §2.2.4, and
define ¥ : Q — [0, 1] by

W(w) =3 2“;5’).
i=1
Show that W is one-to-one.

(iii) In view of Theorem 2.2.23 and Exercise 2.2.31, one will know that C
must be uncountable if ¥(Q) C C. To this end, first show that [0,1] \ C can
be covered by open intervals of the form ((Qk —-1)3™", 2k3’”), where n € Z*
and 1 < k < 221, Next, show that ¥(w) > (2k —1)37" = ¥(w) > 2k37"

and therefore that ¥(Q2) C C.

EXERCISES 2.2.33. Here is a rather easy application of Theorem 2.2.15. If
Bgn (¢, 7) is the open ball in RV of radius 7 and center ¢, show that

ARN (BRN(C, r)) = \pn~ (BRN (¢, r)) =QnrY, where Qn = Agn (B]RN (0, 1))
is the (cf. (iii) in Exercise 5.1.13) volume of the unit ball in RY.

EXERCISE 2.2.34. Ifvy,..., and vy are vectors in RY, the parallelepiped
spanned by {vy,..., vy} is the set

P(vi,...,VvN) = {ilv:xv : x € [0, 1}N}.
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When N > 2, the classical prescription for computing the volume of a paral-
lelepiped is to take the product of the area of any one side times the length of
the corresponding altitude. In analytic terms, this means that the volume is
0 if the vectors vy, ..., vy are linearly dependent and that otherwise the vol-
ume of P(vy,...,vy) can be computed by taking the product of the volume of
P(V1, . ,VN_1), thought of as a subset of the hyperplane H(v17 e ,VN_1)
spanned by vi,...,vy_1, times the distance between the vector v and the
hyperplane H(vl, e ,VN,l). Using Theorem 2.2.15, show that this prescrip-
tion is correct when the volume of a set is interpreted as the Lebesgue measure
of that set.

Hint: Take A to be the N x N matrix whose ith column is v;, and use
Cramer’s rule to compute det(A).

EXERCISE 2.2.35. Cauchy posed the problem of determining which functions
f : R — R are additive in the sense that f(x +y) = f(z) + f(y) for all
z, y € R. The goal of this exercise is to show that an additive function that

is @AR—measurable must be linear. That is, f(x) = f(1)x for all x € R.

(i) Show that, for each 2 € R and rational number ¢, f(qx) = qf(z). In
particular, conclude that any continuous, additive function is linear.

(ii) Show that if f is bounded on some non-empty open set, then f is linear.

(iii) Assume that f is a BTRAR-1rneausurauble7 additive function. Choose an
R > 0 for which T' = {z € R : |f(z)| < R} has strictly positive Ag-measure,
and use Lemma 2.2.16 and additivity to conclude that there is a § > 0 for
which |f(z)] < 2R on (—4,9). After combining this with (ii), conclude that

every Br-measurable, additive function is linear.

EXERCISE 2.2.36. In connection with Exercise 2.2.35, one should ask whether
there are solutions to Cauchy’s functional equation that are not linear. Be-
cause any such solution cannot be Lebesgue measurable, one should expect
that its construction must require the axiom of choice. What follows is an
outline of a construction.

(i) Let A denote the set of all subsets A C R that are linearly independent
over the rational numbers Q in the sense that, for every finite subset F' C A
and every choice of {a; : ¥ € F} CQ, Y cpa,v =0 = a, =0 for all
x € F. Partially order A by inclusion, and show that every totally ordered
subset of A admits an upper bound. That is, if 7 C A and, for all A, B T,
either A C B or B C A, then there exists an M € A such that A C M for all
A € T. Now apply the Zorn’s Lemma, which is one of the equivalent forms
of the axiom of choice, to show that there exists an M € A that is maximal
in the sense that, foral Ac A, M C A — M= A.

(ii) Referring to (i), show that M is a Hamel basis for R over the rationals.
That is, for all y € R\ {0} there exist a unique finite F'(y) C M and a unique

choice of {g.(y) : x € F(y)} € Q\ {0} for which y = erF(y) Gz (y)x.
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(iii) Continuing (i) and (ii), extend the definition of ¢, (y) so that ¢,(y) =0
if either y =0 or ¢ F(y). Then, forally € R, y = > ), ¢.(y)x, where, for
each y, all but a finite number of summands are 0. Next, let 1 be any R-valued
function on M, define f : R — R so that f(y) = > . ¥(2)q.(y)z, and
show that f is always additive but that it is linear if and only if 1 is constant.
In particular, for each x € M, g, is an additive, non-linear function. Conclude
from this that, for each € M, y ~ ¢, (y) cannot be Lebesgue measurable
and must be unbounded on each non-empty open interval.

EXERCISE 2.2.37. Here is another construction of the measures pg in Theo-
rem 2.2.19. Set F(00) = limy_,o0 F/(), and define F~! : [0, F(c0)) — R so
that

Fl(z)=inf{y e R: F(y) > F(x)}.

Check that F'~ ! is Bio, F(o0))-measurable, and set
w(l) = (F Y (D) = Ar({z €[0,F(00): F~'(z) €T}) for I € Bp.

Show that g is a finite Borel measure on R whose distribution function is F'.
Hence, y = pp.

EXERCISE 2.2.38. A right-continuous, non-decreasing function F' : R — R
is said to be absolutely continuous if for every ¢ > 0 there exists a § > 0
such that Y07 | (F(b,)—F(a,)) < € whenever {(ay,b,) : n > 1} is a sequence
of mutually disjoint open intervals satisfying >~ (b, — a,,) < 6. Show that
an absolutely continuous F' is uniformly continuous. Next, assume that F
is bounded and tends to 0 at —oo, and let (cf. Theorem 2.2.19) up be the
Borel measure on R for which F' is the distribution function. Show that F' is
absolutely continuous as a function if and only if pp is (cf. Exercise 2.1.27)
absolutely continuous with respect to Ag.

EXERCISE 2.2.39. Given a bounded, right-continuous, non-decreasing func-
tion F' on R, say that F' is singular if for each § > 0 there exists a se-
quence {(an,b,) : m > 1} of mutually disjoint open intervals such that
St i (by —an) < 0 and F(oo) — F(—00) = Y07 [ (F(by) — F(an)). As-
suming that F' tends to 0 at —oo, show that I is singular if and only if the
measure pp for which it is the distribution function is (cf. Exercise 2.1.28)

singular to Ag.

EXERCISE 2.2.40. As we saw in Exercise 2.2.37, all finite Borel measures on
R can be written as an image of A\g. This fact is a particular example of the
much more general fact that, under mild technical conditions, nearly every
measure can be written as the image of Ag. The purpose of this exercise is to
construct a measurable f : [0,1] — [0,1]? such that 0,172 = f«Ajo,1], where
Al0,1)2 is the restriction of Agz to Bjg1j2. To construct f, first define my and
w1 on  into itself so that [mo(w)](i) = w(2¢) and [m1(w)](i) = w(2i — 1) for
i > 1. Next, define f :[0,1] — [0,1]? by

f= (@owoocf)*l,@omo(ifl).
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Show that f is a measurable map from ([0, 1]; By 1)) onto ([0,1]%, Byg 1j2) and
that )\[071]2 = f*A[OJ]'

EXERCISE 2.2.41. If {S1,...,S,} are mutually disjoint subsets of Z* for
some n > 2, show that

Bp(Ar -0 An) = By(Ar) -+ Bp(An)

for every choice of {Ay,..., A} C B_Qﬁp with A, € A(S,,) for 1 <m < n.



CHAPTER 3

Lebesgue Integration

At the beginning of Chapter 2 I attempted to motivate the introduction of
measures by indicating how important the role measures play in Lebesgue’s
program for constructing integrals of functions. Now that we know that mea-
sures exists, in this chapter I will carry out his construction. Once I have
introduced his integral, I will prove a few of the properties for which it is fa-
mous. In particular, I will show that it is remarkably continuous as a function
of its integrand. Finally, in the last section, I will prove a beautiful theorem,
again due to Lebesgue, which can be viewed as an extension of the Fundamen-
tal Theorem of Calculus to the setting of Lebesgue’s theory of integration.

§3.1 The Lebesgue Integral

In this section I will describe Lebesgue’s theory of integration. Although his
theory requires one to deal with a number of fussy points, I hope that my
reader will, in the end, agree that it is such a natural theory that it could
have been proposed by an intelligent child.

§3.1.1. Some Miscellaneous Preliminaries: In order to handle certain
measurability questions, it is best to introduce at this point a construction to
which we will return in Chapter 4. Namely, given measurable spaces (E1, B1)
and (B2, By), define the product of (Eq,B;) and (FEs, Bz2) to be the measur-
able space (B X E, By X By) where!

B XBQEO’({Fl x Iy : Ty € By and I EBQ}).

Also, if ®; is a measurable map on (Ey, By) into (E;, B;) for i € {1,2}, then I
define the direct product of ®; times ®5 to be the map &1 x &5 : Fy —
Ey x Ey given by @ x ®5(z) = (®1(2), ®2(2)), x € Ep.

LEMMA 3.1.1. Referring to the preceding, suppose that, for i € {1,2}, ®;
is a measurable map on (Ey, By) into (E;,B;). Then ®; x ®5 is a measurable
map on (EO,BO) into (E1 x FEy, By X Bg). Moreover, if Fy and Fy are second
countable topological spaces,? then Bg, X Bg, = Bg, xE,-

L Strictly speaking, the notation By x Bs is incorrect and should be replaced by something
even more hideous like o(B1 x Bz2). Nonetheless, for the sake of aesthetics if nothing else, 1
have chosen to stick with B1 x Bs.

2 A topological space is said to be second countable if it possesses a countable collection B

D.W. Stroock, Essentials of Integration Theory for Analysis, Graduate Texts in Mathematics 262, 62
DOI 10.1007/978-1-4614-1135-2_3, © Springer Science+Business Media, LLC 2011



§3.1 The Lebesgue Integral 63

PRrROOF: Because of Lemma 2.1.12; to prove the first assertion one need only
note that if T; € B;, i € {1,2}, then ®; x &y (I} xTy) = &, 1(T)NP, 1 (Ty) €
Bp. As for the second assertion, first observe that G x Go is open in E1 X Es
for every pair of open sets G; in E; and Go in E5. Hence, even without
second countability, Bg, X Bg, C Bg,xgr,. At the same time, with second
countability, one can write every open G in F; X Fs as the countable union
of sets of the form G; x G5 where G; is open in F;. Hence, in this case, the
opposite inclusion also holds. [J

In measure theory one is most interested in real-valued functions. However,
for reasons of convenience, it is often handy to allow functions to take values
in the extended real line R = [~o0, 0o]. Unfortunately, the introduction of
R involves some annoying problems. These problems stem from the difficulty
of extending addition to include co and —oo. In an attempt to avoid such
problems in the future, I will spend a little time trying to lay them to rest
now.

To begin with, it should be clear that the natural notion of convergence
in R is the one that says that {z, : n > 1} C R converges to a € R if
{Zmin : n>1} CR for some m > 0 and z, 1, — a in R as n — oo and
that it converges to oo if, for every R > 0, there is an mpr > 0 for which
+x,, > R whenever n > mpg. With this in mind, I introduce a metric on R
for which this natural notion is the notion of convergence and with which R
is compact. Namely, define

pla, B) = 7%| arctan(y) — arctan(z)|,

where arctan(too) = £Z. Clearly (R,p) is a compact metric space: it is
isometric to [—1, 1] under the map ¢ € [—1,1] — tan (T;t) Moreover, R,
with the usual Euclidean topology, is embedded in R as a dense open set.
In particular (cf. Exercise 2.1.18), Bg = Bg[R]. Having put a topology and
measurable structure on R, we will next adopt the following extension to R of
multiplication: (£00)-0=0=0-(+o0) and (£00) o = a - (Foo) = sgn(a)oo
if « € R\ {0}. Although (o, ) € R — a- B € R is not continuous,
one can easily check that it is a measurable map on (RZ,Bﬁz) into (R, Bg).
As mentioned earlier, the extension of addition presents a knottier problem.
Indeed, because one does not know how to interpret +oo F oo in general, we
will s1mply avoid domg so at all by restricting the domain of addition to t the
set R2 consisting of R with the two points (ioo Foo) removed. Clearly R? is

an open subset of R’ , and so Bn@ = Bﬁz [RZ] Moreover, there is no problem

about defining the sum of («, ) € R2 — o+ B € R. Indeed, we will take

of open subsets that forms a basis in the sense that, for every open subset G and =z € G,
there is a B € B with x € B C (. For example, every separable metric space is second
countable. Indeed, let {p,m : m > 1} be a countable dense subset, and take 9B to be the set
of open balls centered at some py, and having a radius n~! for some n > 1.



64 3 LEBESGUE INTEGRATION

o+ as usual when both « and § are in R and (£o00)+a = a+(+o00) = too if
a # Foo. It is then easy to see that (o, 3) — a+ 3 is continuous on R? into
R, and therefore it is certainly a meaSLEable map on (R%,B;) into (R, Bg).
Finally, to complete this discussion of R, observe that the lattice operations

“V” and “A” both admit unique continuous extensions as maps from R’ into
R and are therefore not a source of concern.

Having adopted these conventions, we see that, for any pair of measurable
functions f; and f2 on a measurable space (E, B) into (R, B@), Lemma 3.1.1

guarantees the measurability of x € E —— ( fi(x), fo (x)) € R” and therefore
of the R-valued maps

r € B f1- fo(x)

r€E— (fi+ f2)(z) = fi(z)
xEEI—>f1\/f2(x)Ef1

(2)

and r € E— f1 A fo(x

@ if Range(f1 x f2) C @a

x €
V fa(x),
A\

Thus, of course, if f is measurable on (E,B) into (R, Bﬁ% then so are the
functions f* = fVv0, f~ =—(fA0), and |f| = fT + f~. Finally, from now
on, a measurable map on (E, B) into (K, Bﬁ) will be referred to simply as a
measurable function on (F, B).

From the measure-theoretic standpoint, the most elementary functions are
those that take on only a finite number of distinct values, and so it is reason-
able that such a function is said to be simple. Note that the class of simple
functions is closed under the lattice operations “V” and “A”, multiplication,
and, when the sum is defined, under addition. Aside from constant functions,
the simplest of the simple functions are those that take their values in {0,1}.
Clearly there is a one-to-one correspondence between {0, 1}-valued functions

and subsets of E. Namely, with each I' C E one can associate the function

1r defined by
1 if ze€T

1F($):{o if x ¢

The function 1r is called the indicator (or, in the older literature, charac-
teristic) function of the set T'.

The reason why simple functions play such a central role in measure theory
is that their integrals are the easiest to describe. To be precise, let (E, B, )
be a measure space and f a non-negative (i.e., a [0, co]-valued) measurable
function on (F, B) that is simple. Then the Lebesgue integral of f on F

is defined to be
Z O‘M(f = a)>
acRange(f)

where p(f = «) is shorthand for u({f = «}) which, in turn, is shorthand
for p({x € E: f(x) = a}). There are various ways in which I will denote
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the Lebesgue integral of f, depending on how many details the particular
situation demands. The various expressions that I will use are, in decreasing
order of the information conveyed,

| r@utan. [ pan ana [ ran

Further, for I' € B, I will write

/F f(2) pldz) or / fdy

to denote the Lebesgue integral of 11 f on E. Observe that this latter notation
is completely consistent, since one would get precisely the same number by
restricting f to I' and computing the Lebesgue integral of f | I' relative to
(cf. Exercise 2.1.18) (T, B[], u | BII]).

Although this definition is obviously the correct one, it is not immediately
obvious that it results in an integration in which the integral is a linear func-
tion of the integrand. The following lemma addresses that question.

LEMMA 3.1.2. Let f and g be non-negative, simple, measurable functions
on (E,B,u). Then, for any o, € [0,00], af + By is a non-negative simple
function and

Jtar+pgau=a [sau+5 [ gan

In particular, if f < g, then [ fdp < [gdp. In fact, if f < g and [ fdp < oo,

" /(g—f)du=/gdu—/fdu-

ProOF: Clearly, it suffices to handle the case a =1 = f.

Let {a1,...,am}, {b1,...,bn}, and {c1,..., ce} be the distinct values taken
by, respectively, f, g, and f + g. Next, set A; = {f = a;}, B; = {g = b;},
and Cx = {f + g = cx}. Then

w4 = S ANBy), u(By) =S w(ANBy), w(C) = S pu(AnBy),
j=1 i=1 (i.9)

a; +b_7’ =cCk

and therefore [(f + g) dp equals

4 4
D ap(Cr) =D e > AN By) =Y (ai+bj)u(A; N B))

k=1 k=1 (4,5) (4,4)
a;tbj=ck

= a4+ Y bin(By = [ rau+ [ g
im1 j=1
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When f < g, write g = f + (g — f) and apply the preceding to see that

/gdu:/fdu+/(g—f)du2/fdu

and that [(g— f)du= [gdp— [ fdu when [ fdp <oo. O

In order to extend the definition of the Lebesgue integral to arbitrary non-
negative measurable functions, we must use a limit procedure. The idea is
to approximate such a function by ones that are simple. For example, if f
is a non-negative measurable function on (E, B, i), then one might take the
choice suggested in §2.1.1:

4™ —1
on =Y 2 "Klpnseip ki + 2" Lirzomy
k=0

for n > 1. Then each ,, is a non-negative, measurable, _simple function, and
on / fasn — oco. In fact, p, — f uniformly in (R, p). Thus it would
seem reasonable to define the integral of f as

4m—1
(3.1.3) nlLrI;o/@n dp = nh_)ngO [Z Lk <2"f <k+1)+2"u(f >2")
k=1

Note that, because ¢,, < @,+1, Lemma 3.1.2 guarantees that this limit exists.
However, before adopting this definition, we must first check that it is not
too dependent on the choice of the approximating sequence. In fact, at the
moment, it takes a minute to check that this definition will coincide with
the one we have already given for simple f’s. This brings us to our second
consistency result, where, as distinguished from Lemma 3.1.2, we must use
countable, as opposed to finite, additivity.

LEMMA 3.1.4. Let (E,B, ) be a measure space, and suppose {¢, : n > 1}
and v are non-negative, measurable, simple functions on (E,B). If ,, < p,11
for all n > 1 and if ¢ < lim,, o0 ¢n, then f¢du < limy, o0 f(pn du. In par-
ticular, for any non-negative, measurable function f and any non-decreasing
sequence {1, : n > 1} of non-negative, measurable, simple functions 1,, that
tend to f as n — 00, lim, o [ 1y, d is the same as the limit in (3.1.3).

PROOF: Note that the final statement is, as intimated, an easy consequence of
what precedes it. Indeed, if the simple functions ¢,, are those given above and
{tn : n > 1} is any other sequence of simple functions satisfying 0 < ¢,,  f,
then, for every m > 1,
om < lim ¢, and ¥, < lim @,.
n—oo

n—oo

Thus, by the first part,

lim Omdp < lim /wn dp and  lim Y dp < lim /gpn dys.
n—oo n—oo

m—r oo m—r o0
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In order to prove the first part, we will treat three cases.
Case 1: pu(th = 00) > 0.
In this case, for each M < oo,

M(¢n>M)/u<U{wn>M}> > p(p > M) > p(th = 00) =€

n=1

for some € > 0, and so, since @, > M1[p700] © Pn,

lim [ p,dp> lim Mu(p, > M) > Me
n— oo

n— oo

for all M < co. Hence lim,, oo [ ¢ dpp =00 = [ dp.

Case 2: u(¢ >0) =
Here, because % is simple and therefore there is an € > 0 for which ¥ > €
whenever ¢ > 0,

u(¢n>e)/u<U{¢n>e}> > p(yp > 0) =00

n=1

which, because ¢,, > €1y, -}, means that

n—oo

lim [ p,du> lim eu(p, >¢€) =00 = /d)du.
n—oo

Case 3: () = 00) =0 and p(y > 0) < 0.

Set £ = {0 < ¢ < oo}. Under the present conditions, M(E) < o0,
Jdp = [pdp, and [@ndu > [4endp for all n > 1. Hence, without
loss of generality, we will assume that £ = E. But then w(E) < oo, and,
because 1 is simple, there exist € > 0 and M < oo such that e < ¢ < M.
Now let 0 < 0 < € be given, and define E,, = {¢, > ¢ — ¢}. Then E,, " E
and so

lim [ ¢,du> lim / @ndp > lim U ¢dﬂ_6M(En):|
n— o0 En n— 00 E"

~ lim [ / b - / wduéu(En)]
/Mlﬂ M lm p(E, C) —ou(E /dfdu Sp(E

since pu(F) < oo and therefore, by (2.1.11), M(Enc) N\ 0. Because this holds
for arbitrarily small § > 0, we get our result upon letting 6 \, 0. O

The result in Lemma 3.1.4 allows us to complete the definition of the Lebes-
gue integral for non-negative, measurable functions. Namely, if f on (E, B, u)
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is a non-negative, measurable function, then we will define the Lebesgue
integral of f on F with respect to u to be the number in (3.1.3); and
we will continue to use the same notation to denote its integral. Not only
does Lemma 3.1.4 guarantee that this definition is consistent with my earlier
one for simple f’s, but it also makes clear that the value of [ fdu does not
depend on the particular way in which one chooses to approximate f by a non-
decreasing sequence of non-negative, measurable, simple functions. Thus, for
example, the following extension of Lemma 3.1.2 is trivial.

LEMMA 3.1.5. If f and g are non-negative, measurable functions on the
measure space (E, B, i), then for every «, 3 € [0, 0],

Jtar+sgydn=a [ rau+s [ gan

In particular, if f < g, then [ fdp < [gdpand [(g—f)dp= [gdu— [ fdu
as long as [ fdu < cc.

Obviously [ fdp reflects the size of a non-negative measurable f. The
result that follows makes this comment somewhat more quantitative.

THEOREM 3.1.6 (Markov’s inequality). If f is a non-negative measurable
function on (E, B, 1), then

(3.1.7) u(f >N\ < 1/ fdu < 1/fdu for all A > 0.
A Jir=ay

In particular, [ fdp = 0 if and only if u(f > 0) = 0; and pu(f = o0) =0 if
[ fdu < oo

ProoF: To prove (3.1.7), simply note that Al s>y < Lypsayf < f, and
integrate. Hence, if M = [ fdu < oo, then pu(f > A) < &L for all A > 0, and
therefore

w(f =o00) < lim p(f >N =0.

A—00
Finally, if [ fdp = 0, then, by (3.1.7), u(f >
therefore p(f > 0) = lim, oo u(f > n71) =
0= f < 0L{y—0y +001{s>0

n~1) = 0 for every n > 1 and
0. At the same time, because

W(f>0)=0 — Og/fdugou(f:0)+oou(f>0):O. 0

The final step in the definition of the Lebesgue integral is to extend the
definition to cover measurable functions that can take both signs. To this
end, let f be a measurable function on the measure space (E,B,u). Then
both [ f*du and [ f~du (recall that f* = (+f) Vv 0) are defined; and, if
we want our integral to be linear, we can do nothing but take [ fdu to be



§3.1 The Lebesgue Integral 69

the difference between these two. However, before doing so, I must make sure
that this difference is well-defined. With this consideration in mind, I now
say that [ fdu existsif [ ftdun [ f~dp < oo, in which case I define

[ t@ntas) = [ gau= [ rran= [ 5 an

to be the Lebesgue integral of f on E. Observe that if [ f du exists, then
so does [ fdu = [1pfdp for every T' € B, and in fact

/ fau=[ fdu+ [ fdu
Ul I Iy

if I and I, are disjoint elements of B. Also, it is clear that, when f fdu

exists,
’/fdﬂ‘ < [171dn

In particular, [i. fdu =0 if u(T') = 0. Finally, when [ fTduA [ f~dp = oo,
I will not even attempt to define [ f du.

Once again, we need a consistency result before we will know for sure that
our definition preserves linearity.

LEmMMA 3.1.8. Let f and g be measurable functions on (E, B, ) for which
J fdp and [ gdp exist and (ffdu,fgd,u) € R2. Then pu((f,9) ¢ R?) =0,
f{(f,g)eﬂi\?}(f + g) du exists, and

/ _ (f+g)du=/fdu+/gdu-
{(f.9)€R?}

PROOF: Set F = {zeE: (f(z),9(x)) € @}
Note that, under the stated conditions, either

/f+duv/g+du<oo or /f_d,u\//g_du<oo.

For definiteness, assume that [ f~duV [ g~ du < oo. As a consequence,
u(E®) < u(f~ Vg™ =00) < pu(f~ = 00) + ulg™ = 00) =0

and, because (a+b)” <a” + b~ for (a,b) € ]1/%5, J5(f+9)” dp < oo. Hence,

all that remains is to prove the asserted equality, and, while doing so, we may

and will assume that £ = F.
Set E* ={f+¢>0}and E- ={f + g < 0}. Then

/(f+9)dNE/(f+g)+dﬂ—/(f+9)_dﬂZ/E+(f+g)du—/7(f+g)du.
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By applying the last part of Lemma 3.1.5 to (f T +¢")1g+ — (f~ +9g )1lp+ =
(f+9)1g+ > 0, we see that

/E+(f+g)dﬂz/E+(f++9+)dﬂ—/E+(f_+g‘)du.

Thus, by the first part of Lemma 3.1.5,

/E+(f+g)du:/E+f+du+/E+g+du—/mf*du_/mg—du_

Similarly, because f*+g¢% < f~4¢~ on E~ and therefore [, (f*+g")dp <
w7

/E—(Hg)d”:/pﬁdw_/ﬂfd“_ E,fid“_/fgfd/v‘-

Finally, after adding these two and again applying the first part of Lemma
3.1.5, we arrive at

Juroran= [ srau [ 5= aps [ au [ g an= [ raus [gan. ©

§3.1.2. The Space L'(;;R): Given a measurable function f on (E,B, u),
define ||f|lp1(ury = [|fldp, say that f : E — R is p-integrable if f is
a measurable function on (E,B) and ||f||1:(ur) < o0, and use L'(u;R) =
LY(E, B, 1;R) to denote the set of all R-valued, p-integrable functions. Note
that, from the integration-theoretic standpoint, there is no loss of generality
to assume that an f € L'(u;R) is R-valued. Indeed, if f is a p-integrable
function, then 1{|f\<oo}f € LI(M;R), ||f — 1{\f\<oo}f||L1(u;R) = 0, and so
integrals involving f and 1yj¢/<o0}/f are indistinguishable. The main reason
for insisting that f’s in L'(u;R) be R-valued is so that we have no problems
taking linear combinations of them over R. This simplifies the statement of
results like the following.

LEMMA 3.1.9. For any measure space (E,B, ), L'(u;R) is a vector space
and

(3.1.10) lleef + Ball L umy < lad [[f ot gury + 181190 21 (uimy

whenever o, € R and f,g € L*(u; R).

PROOF: Simply note that |af 4+ Bg| < |af [f| + 8] |g]. O



Exercises for §3.1 71

REMARK 3.1.11. As an application of the preceding inequality, we have that

If =kl < I1f = 9llergury + 119 — Allzrury  for f,g,h € L' (1i;R).

To see this, take « = § = 1 and replace f and g by f—¢g and g —h in (3.1.10).
Thus [|f — gll£1(ur) looks like a good candidate to be chosen as a metric on
L'(u;R). On the other hand, although, from the standpoint of integration
theory, a measurable f for which || f||z1(,;r) = 0 might as well be identically
0, there is, in general, no reason why f need be identically 0 as a function.
This fact prevents || - [|11(,;r) from being a completely satisfactory measure
of size. To overcome this problem, I adopt the time-honored subterfuge of
quotienting out by the offending subspace. That is, denote by N (u) the set
of f € L'(u;R) for which (cf. Exercise 3.1.12 below) p(f # 0) = 0, and, for
f, g€ L'(;R), write f & g if g — f € N(p). Since it is clear that N (p) is
a linear subspace of L!(u;R), one sees that X is an equivalence relation and
that the quotient space L'(u;R)/ & is again a vector space over R. To be

precise, for f € L'(u;R), use [f]ﬁ to denote the A-equivalence class of f, and,
for any f, g € L'(u;R) and «, 8 € R, take

ol /1™ + Blg)~ = [of + B9

Finally, since
o9 = 1%l = Iflour) = 9l sz,

we can define ||[f } 22 (um) = |l fllL2(uir) and thereby turn L' (u;R)/ X into
"

a bona fide metric space in which the distance between [f ] and [g]™ is given
by Hf - gHLl(H;R)-

Having made this obeisance to rigor, I will now lapse into the usual, more
casual practice of ignoring the niceties just raised. Thus, unless there is par-
ticular danger in doing so, I will not stress the distinction between f as a

function and the equivalence class | f]}N that f determines. For this reason, I
will continue to write L'(u;R), even when I mean L*(u; R)/ﬁ, and will con-

tinue to use f instead of [f]‘N In particular, L'(u;R) becomes in this way a
vector space over R on which || f —g||z1(,r) is a metric. As we will see in the
next section (cf. Lemma 3.2.13), this metric space is complete.

Exercises for §3.1

EXERCISE 3.1.12. Let f be an R-valued function on the measurable space
(E,B). Show that f is measurable if and only if {f > a} € B for every a € R
if and only if {f > a} € B for every a € R. At the same time, check that “>”
and “<” can be replaced by “<” and “>", respectively. In fact, show that
one can restrict ones attention to a’s from a dense subset of R. Finally, if g is
a second R-valued measurable function on (E, B), show that each of the sets

{f<gh {f <g},{f =g}, and {f # g} is an element of B.
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EXERCISE 3.1.13. Let f be a non-negative, v integrable function on the mea-
sure space (E,B,v), and define (') = [ fdv for I' € B. Show that y is a
finite measure on (F,B) that is (cf. Exercise 2.1.27) absolutely continuous
with respect to v. In particular, by Exercise 2.1.27, this means that, for each
€ > 0, there is a § > 0 such that (') < § = [ fdv <e In§81.1 we
will see that, under mild restrictions, every finite measure that is absolutely
continuous with respect to v can be represented in terms of integrals of a
non-negative element of L!(v;R).

EXERCISE 3.1.14. Show that an integrable function is determined, up to a set
of measure 0, by its integrals. To be more precise, let (F, B, 1) be a measure
space and f and g a pair of functions from L!(u;R). Show that u(f > g) =0
if and only if [, fdu < [ gdp for every T’ € BB, and conclude from this that
p(f # g) =0 if and only if [ fdu = [.gdu for each T € B.

EXERCISE 3.1.15. Let 3, be the Bernoulli measure on (2, Bg) introduced in
§2.2.4.

(i) Show that

Bp (Z w(i) = m) = <Z>pmq"m for 0 <m <mn,

i=1

and use this to derive

/exp ()\Z ) Bp(dw) = (pekq + qe_)\p)n

for n > 1 and A € R. Next, show that

2
pe 4 ge P < e® forall \e R,

and conclude that

/exp ()\Z ) Bp(dw) < et for AeR.

Hint: Set f(\) = log(pekq + qe’)‘p), and show that f(0) = f’(0) = 0 and
") <

(ii) Startlng from the calculations in (i) and applying (3.1.7) to the function
EODENCION P) show first that

By <Z(w(i) —-p) > R) <R (o R e [0,00) and A € [0, 00),

i=1
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and then, after minimizing with respect to A, that
n 2
By (Z(wu) e R) <ot
i=1

Similarly, show that

and conclude that

o

(iii) By combining the conclusion in (ii) with the first part of Exercise
2.1.26, show that
< néll) =1.

This is an example of a general theorem known as the Strong Law of Large
Numbers. Notice that when p = £, this result combined with (2.2.27) proves
a famous theorem, due to E. Borel, which says that for A ;j-almost every
x € [0,1] half (in the sense of averages) the coefficients in its dyadic expansion
are 1 and therefore half are 0.

n

%Zw(i)—p

i=1

> R) < 2~ "2R° for R e [0, c0).

w(i) —p

n

i=1

Bp <3m Vn >m

EXERCISE 3.1.16. Referring again to §2.2.4, let €),, denote the set of w € Q
for which £ 37" | w(i) — p, and use part (iii) of Exercise 3.1.15 to see that
Bp(2y) equals 1 if p’ = p and 0 otherwise. In particular, this means that
if p # p’ then (cf. Exercise 2.1.28) 8, L B,. Next, let & : @ — [0,1] and
& : () — [0, 1] be the maps defined in §2.2.5, and set pp = @.0,. By (2.2.28),
we know that 111 = Ajo,1]. Show that if B, = [0, 1)N®(Q,), the set of z € [0,1)
for which the coefficients in its dyadic expansion form an element of €2, then
tp(Byr) equals 0 or 1 according to whether p = p’ or p # p’. Thus, p, L py
if p # p’. In particular, if p # % and F(z) = up((O, T A 1]), show that £}, is
a non-decreasing function that is (cf. Exercise 2.2.39) singular even though it
is continuous and strictly increasing on [0, 1].

§3.2 Convergence of Integrals

One of the major advantages that Lebesgue’s theory of integration has over
Riemann’s approach is that Lebesgue’s integral is marvelously continuous with
respect to convergence of integrands. In the present section I will explore
some of these continuity properties, and I begin by showing that the class of
measurable functions is closed under pointwise convergence.
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LEMMA 3.2.1. Let (F,B) be a measurable space, F' a topological space, and
{fn : n > 1} a sequence of measurable functions on (E,B) into (F,Br). If
f(z) = limy, o0 fn(x) for each x € E, then f is also measurable. Moreover,
if F' is separable and admits a complete metric, then the set A of x € E
for which lim,,, fn(x) exists is an element of B, and, for each yo € F, the
function f given by

Yo it x¢ A
fla) =141 .
lim, o fru(z) if z€A
is measurable on (F,B). In particular, if F = R, then SUp,>1 fn, infn>1 fo,

limy, o0 frn, and lim_ . f, are all measurable functions.

—

ProOF: To prove the first assertion, it suffices to note that the class of I' C F'
for which {f € T'} ={z: f(z) € '} € B is a o-algebra and to observe that

[e )

{z: f(z) e G} = U ﬂ{z:fn(z)EG}eB

m=1n>m

for all G € B(F). To prove the second assertion, assume that F is separable,
and let p be a complete metric for F. Then, because, by Lemma 3.1.1, x €
E — p(fu(z), fm(x)) € [0,00) is B-measurable,

A= n U ﬂ {z: p(fu(@), fm(2)) < £} € B.

k=1m=1n>m

Thus, since lim, ,o, f, [ A is a measurable function on A and, for each
I' e B,

{z € A: lim,_ f(z) €T} ifyo ¢ T

o f(x)er}:{AEU{xEA: limy, o0 f(z) €T} ifyo €T,

it follows that f is measurable.

Turning to the case F' = R, simply note that

f1V"'an/SUPf7 fl/\/\fn\,légf;fn7

n>1

sup fu N\ T fo, and inf f, A lim fo. O

n>m n—00

§3.2.1. The Big Three Convergence Results: We are now ready to
prove the first of three fundamental continuity theorems about the Lebesgue
integral. In some ways the first one is the least surprising in that it really
only echoes the result obtained in Lemma 3.1.4 and is nothing more than the
function version of the result in (2.1.10).
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THEOREM 3.2.2 (The Monotone Convergence Theorem). Suppose
that {f, : n > 1} is a sequence of non-negative, measurable functions on
the measure space (E, B, ) and that f, / [ (pointwise) as n — oo. Then
[ fdp=1limy_,o [ frdp. In particular, if f € L'(u;R), then || f, — f 1)
— 0

PrOOF: Obviously [ fdu > lim, o [ fndp. To prove the opposite inequal-
ity, for each m > 1 choose a non-decreasing sequence {¢, , : n > 1} of non-
negative, measurable, simple functions for which ¢, », 7 fim as n — oco. Next,
define the non-negative, simple, measurable functions ¢, = 1., V-V @pn
for n > 1. One then has that

Y < Ypy1 and @ <Y, < f,, foralll <m <mn;

and therefore
fm < lim 4, < f for each m € Z*.
n— o0

In particular, ¥, / f, and therefore

/fdu:nlgngo/wndu.

At the same time, v, < f,, for all n € Z*, and therefore

/fdug lim /fndu-
n—oo

Finally, if f € L*(u; R), then

Being an inequality instead of an equality, the second continuity result is
often more useful than the other two. It is the function version of (2.1.23)
and (2.1.24).

THEOREM 3.2.3 (Fatou’s Lemma). Let {f, : n > 1} be a sequence of
measurable functions on the measure space (E, B, ). If f,, > 0 for eachn > 1,
then

[t fudn< i [ g

n—oo n— o0

Also, if there exists a p-integrable function g such that f, < g for eachmn > 1,

then
n—oo n—oo
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PROOF: Assume that the f,, ’s are non-negative. To check the first assertion,
set hy, = inf, > fn. Then fp, > hy, /' lim . f, and so, by the Monotone
Convergence Theorem,

[t fodp= i [ o< in [ gan
m—r 00

n—oo m—0o0

Next, drop the non-negativity assumption, but impose f, < g for some
p-integrable g. Clearly, f! = g — f, is non-negative,

lim f, =g— lim f, and lim f;du:/gdufn@o/fndu-

n—oo n—oo

Hence, the required result follows from the first part applied to the sequence
{fll:n>1}. O

Before stating the third continuity result, I need to introduce a notion that
is better suited to measure theory than ordinary pointwise equality. Namely,
say that an z-dependent statement about quantities on the measure space
(E, B, 1) holds p-almost everywhere, abbreviated by (a.e., ), if the set A
of  for which the statement fails is an element of B" that has f-measure 0
(i.e., m(A) = 0). Thus, if {f, : n > 1} is a sequence of measurable functions
on the measure space (E,B,pu), T will say that {f, : n > 1} converges
p-almost everywhere and will write lim,, o, f,, exists (a.e., p), if

p({z e E: nhﬂngo fn(z) does not exist}) = 0.

In keeping with this terminology, I will say that {f, : n > 1} converges
pu-almost everywhere to a measurable f, and will write f,, — f (a.e., u),
if

p({z € B f(z) # lim fo(2)}) = 0.

By Lemma 3.2.1, we know that if { f,, : n > 1} converges u-almost everywhere,
then there is a measurable f to which {f, : n > 1} converges p-almost
everywhere. Similarly, if f and g are measurable functions, I write f = g
(a.e.,p), f < g (ae,p), or f=>g(ae,p)if u(f#g) =0, p(f>g) =0 or
wu(f < g) =0, respectively. Note that for f, g € L*(u;R) f = g (a.e., ) is the
same statement as f & ¢ discussed in Remark 3.1.11.

The following can be thought of as the function version of (2.1.25).

THEOREM 3.2.4 (Lebesgue’s Dominated Convergence Theorem). Let
{fn : n > 1} be a sequence of measurable functions on (E, B, j1), and suppose
that f is a measurable function to which {f, : n > 1} converges u-almost
everywhere. If there is a p-integrable function g such that |f,,| < g (a.e., u) for
each n > 1, then f is integrable and lim,,_,o [ |f, — f|dp = 0. In particular,

[ fdp=1lim, o [ fndp.
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PROOF: Let E be the set of z € E for which f(z) = limy— o0 fr(x) and
sup,,>1 |[fn(z)| < g(x). Then E is measurable and z(E®) = 0, and so integrals
over E are the same as those over E. Thus, without loss of generality, assume
that all the assumptions hold for every x € E. But then, f = lim,,_, fn,
|f| <gand|f— fn] <2¢g. Hence, by the second part of Fatou’s Lemma,

T . < Tm . < T . _
7}13;0’/fdu /fndu‘T}ggo/lf fn|du,/7}ggo|f fuldp=0. O

It is important to understand the role played by the Lebesgue dominant g.
Namely, it acts as an umbrella to keep everything under control. To see that
some such control is needed, consider Lebesgue measure A[g 1; on ([0, 1], 3[0,1])
and the functions f, = nl(,-1). Obviously, f, — 0 everywhere on [0, 1],
but || fu|l1 =1 for all n € Z7.

Unfortunately, in many circumstances it is difficult to find an appropriate
Lebesgue dominant, and, for this reason, results like the following variation
on Fatou’s Lemma are interesting and often helpful. See Exercises 3.2.21 and
3.2.24 for other variations.

THEOREM 3.2.5 (Lieb’s Version of Fatou’s Lemma). Let (E,B, ) be
a measure space, {f, : n > 1} U{f} C L'(u;R), and assume that f, — f
(a.e.,p). Then

nlggo ‘Hf"HLl(“?R) o HfHLl(u;R) — [ fn — fHLl(M;]R)’
(3.2.6)
= Jim [ \fal =171~ 1 = 7l du=o.

In particular, if ||fn||L1(#;R) — ||fHL1(u;R)7 then ||f — fn||L1(MR) — 0.

PROOF: Since
”anLl(u;R)_”fHLl(;L)_an_f”Ll(u;R)) < /“fn‘_|f|_‘fn_f”d:uv n>1,

we need check only the second equality in (3.2.6). But, because

||fn‘ —Ifl=1fn *f|| — 0 (ae., p)

and
fal = 1f1 = 1fa = FI] < [Ifal = 1fa = FI[+ 1T < 2111,
(3.2.6) follows from Lebesgue’s Dominated Convergence Theorem. [J

§3.2.2. Convergence in Measure: We now have a great deal of evi-
dence that almost everywhere convergence of integrands often leads to con-
vergence of the corresponding integrals. I next want to investigate what can
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be said about the opposite implication. To begin with, I point out that
Ilfnllt(um)y — O does not imply that f, — 0 (a.e., ). Indeed, define the
functions {f, : n > 1} on [0, 1] so that, for m > 0 and 0 < ¢ < 2™,

Jompe = Lg-mg2-m(e11))-

It is then clear that these f,, ’s are non-negative and measurable on ([0, 1], Bjo,1)
and that lim,, ., f.(x) = 1 for every z € [0,1]. On the other hand,

fndg =2"™ if 2™ <n < 2mtL
[0,1]

and therefore f[o’” fndlg — 0 as n — oc.

As the preceding discussion makes clear, it may be useful to consider other
notions of convergence. Keeping in mind that we are looking for a type of
convergence that can be tested using integrals, we should take a hint from
Markov’s inequality and say that the sequence {f, : n > 1} of measurable
functions on the measure space (F,B, 1) converges in p-measure to the
measurable function f if p(|f, — f| > €) — 0 as n — oo for every € > 0,
in which case I will write f,, — f in p-measure. Note that, by Markov’s
inequality (3.1.7), if || f. — fl| L1 (u;r) — O then f,, — f in p-measure. Hence,
this sort of convergence can be easily tested with integrals, and, as such, must
be quite different (cf. Exercise 3.2.23) from p-almost everywhere convergence.
In fact, it takes a moment to see in what sense the limit is even uniquely
determined by convergence in p-measure. For this reason, suppose that {f,, :
n > 1} converges to both f and g in p-measure. Then, for € > 0,

p(lf—gl=e)<pu(lf—fal 2 8) +u(fu—9l =% — 0asn— oo

Hence, u(f # g) = lime\‘o,u(|f —g| > e) =0, and so f = g (a.e,,p). That
is, convergence in p-measure determines the limit function to precisely the
same extent as does either p-almost everywhere or || - ||11(,;r)-convergence.
In particular, from the standpoint of p-integration theory, convergence in p-
measure has unique limits.

The following theorems are intended to further elucidate the notions of p-
almost everywhere convergence, convergence in p-measure, and the relations
between them.

THEOREM 3.2.7. Let {f, : m > 1} be a sequence of R-valued measur-
able functions on the measure space (E,B,u). Then there is an R-valued,
measurable function f for which

(3.2.8) lim p (sup |f— ful > e) =0 foralle>0
m—r o0 n>m
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if and only if
(3.2.9) lgrl ] <sup |fro = fm] > e) =0 foralle> 0.
m o0 nzm

Moreover, (3.2.8) implies that f, — [ both (a.e., u) and in p-measure.
Finally, when u(E) < oo, f, — f (a.e.,u) if and only if (3.3.8) holds. In
particular, on a finite measure space, p-almost everywhere convergence implies
convergence in p-measure.

PROOF: Set

A= {x €E: li_>m fn(x) does not exist in R} .

For m > 1 and € > 0, define Ay, () = {sup,,>,, |fn — fm| > €}. It is then
easy to check (from Cauchy’s convergence criterion for R) that

A=UNan):
{=1m=1
Since (3.2.9) implies that p(()-_, A (€)) = 0 for every e > 0, and, by the
preceding,

we see that (3.2.9) does indeed imply that {f, : n > 1} converges p-almost
everywhere. In addition, if (cf. the second part of Lemma 3.2.1) f is an
R-valued, measurable function to which {f, : n > 1} converges p-almost
everywhere, then

SUp [ fo = f1 <SP |fo = fn| 4 [fn = FI < 2 80D |fo = fin| - (2e., p);
and so (3.2.9) leads to the existence of an f for which (3.2.8) holds.

Next, suppose that (3.2.8) holds for some f. Then it is obvious that f, —
f both (a.e.,p) and in p-measure. In addition, (3.2.9) follows immediately
from

1 (sup |frn = fml 2 e) <u (sgp |fn— f] = §) + 1 (Sgp If = fml 2 5) .

n>m

Finally, suppose that u(F) < oo and that f, — f (a.e,u). Then, by
(2.1.11),

mli_r)noou<81>lp Ifnf\26>u<ﬂ {Sgp !fnf|26}> =0

m=1
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for every € > 0, and therefore (3.2.8) holds. In particular, this means that
fn — f in p-measure. [

Clearly, the first part of Theorem 3.2.7 provides a Cauchy criterion for u-
almost everywhere convergence. The following theorem gives a Cauchy crite-
rion for convergence in py-measure. In the process, it shows that, after passing
to a subsequence, convergence in p-measure leads to p-almost everywhere
convergence.

THEOREM 3.2.10.  Again let {f, : n > 1} be a sequence of R-valued,
measurable functions on the measure space (E,B,u). Then there is an R-
valued, measurable function f to which {f, : n > 1} converges in p-measure
if and only if

(3.2.11) lim sup p(|fn — fm| =€) =0 foralle> 0.
m—0o0 n>m

Furthermore, if f,, — f in p-measure, then one can extract a subsequence
{fn, : j > 1} with the property that

lim p <sup|f—fnj Ze) =0 for all e > 0;
11— 00 j>i

and therefore f,, — f (a.e., u) as well as in p-measure.

Proor: To see that f,, — f in g-measure implies (3.2.11), simply note that

Conversely, assume that (3.2.11) holds, and choose 1 < nj < -+ < mn; < ---
for which

sup p(Ifn = o] 22771) <277 i
n>n;

Then

a (S'lip|fnj ~ Il 2_i) sp U {|f”j+1 - fnj| > 2_j_1}
J=0

J>i
= ZM(U’WH - fnjl > 2_j_1) <27t
Jj=i

From this it is clear that {f,, : ¢ > 1} satisfies (3.2.9) and therefore that there
is an f for which (3.2.8) holds with {f,, : n > 1} replaced by {f,, : ¢ > 1}.
Hence, f,, — f both p-almost everywhere and in p-measure. In particular,
when combined with (3.2.11), this means that

N(|fm_f| >€) gl@oﬂ(vm_]ﬂm > %)"_Z@N(‘fm _f| > %)

Ssgpﬂu.fn_fm'Z%)—)O
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as m — oo, and so f, — [ in u-measure.

Notice that the preceding argument proves the final statement as well.
Namely, if f,, — f in p-measure, then (3.2.11) holds and therefore the ar-
gument just given shows that there exists a subsequence {f,, : ¢ > 1} that
satisfies (3.2.9). But this means that {f,, : ¢ > 1} converges both (a.e.,u)
and in p-measure, and, as a subsequence of a sequence that is already con-
verging in p-measure to f, we conclude that f must be the function to which
{fn, : i > 1} is converging (a.e.,p). O

Because it is quite important to remember the relationships between the
various sorts of convergence discussed in Theorems 3.2.7 and 3.2.10, T will
summarize them as follows:

Ilfn = fllor(ur) — 0 = fn — [ in p-measure
= lim p <SUP |fnj —fl= e) =0, € >0, for some subsequence { f,,}
i—00 j>i

= fm — f (a'e'a:u)
and
w(E) < oo and f,, — f (a.e.,u) = f, — f in p-measure.

Notice that, when p(F) = oo, p-almost everywhere convergence does not
imply p-convergence. For example, consider the functions 1(, ) on R with
Lebesgue measure.

I next show that, at least as far as Theorems 3.2.3 through 3.2.5 are con-
cerned, convergence in u-measure is just as good as p-almost everywhere con-
vergence.

THEOREM 3.2.12.  Let f and {f, : n > 1} all be measurable, R-valued
functions on the measure space (E,B,pn), and assume that f, — f in u-
measure.

Fatou’s Lemma: If f,, > 0 (a.e.,,pu) for each n > 1, then f > 0 (a.e., )
and

/fdué tim | £, du.

n—oo
Lebesgue’s Dominated Convergence Theorem: If there is an inte-
grable g on (E,B, pu) such that |f,| < g (a.e.,u) for each n > 1, then f is
integrable, limy, oo || fr — fll21 (ur) = 0, and so [ fn dp — [ fdp as n — oco.
Lieb’s Version of Fatou’s Lemma: If sup,,>; || fnllL1(ur) < o0, then f
is integrable and

nILH;o\||anL1<M;R> N f et umy = I = f“wwl
= i [[1fal = 11 = 1o = Fll gy = O

In particular, || f,, — fllo1(ury — 0 if || fullorury — Il (ur) € R.
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PrOOF: Each of these results is obtained via the same trick from the corre-
sponding result in § 3.2.1. Thus I will prove the preceding statement of Fatou’s
Lemma and will leave the proofs of the other assertions to the reader.

Choose a subsequence {f,,, : m > 1} of {f, : n > 1} such that [ f,, . du
tends to lim [ fndu. Next, choose a subsequence {f,, : i > 1} of
{fn,, : m > 1} for which f, — f (a.e.,u). Because cach of the Frm, '8
is non-negative (a.e., u), it is now clear that f >0 (ae.,p). In addition, by
restricting all integrals to the set E on which the ., ., S are non-negative and

"mi — f, we can apply Theorem 3.2.3 to obtain

[ #an= [ fin<tim [ g, du= tim [ a1 [ g
E

11— 00 n— o0

§3.2.3. Elementary Properties of L!(;;R): An important dividend of
the considerations in §3.2.2 is that they allow us to prove that L*(u;R) is a
complete metric space.

LEMMA 3.2.13. Let {f,: n>1} C L'(i;R). If
i sup o = fonllsgumy =0

then there exists an f € L*(j;R) for which ||fn — f||11(ur) — 0. In other
words, (L*(u;R), || - ||11(ur)) Is a complete metric space.

PROOF: By (3.1.7) we know that (3.2.11) holds. Hence, we can find a mea-
surable f for which f,, — f in p-measure; and so, by Fatou’s Lemma,

”f fm”L1 (R < 111’I1 ||fn meLl(#;]R) < Sgp an - meLl(;L;R) —0

n—r oo

as m — oo. In particular, f € L'(u;R). O

Having shown that L!(u;R) is complete, I turn next to the question of its
separability. Before doing so, it will be convenient to have introduced the
notion of o-finiteness. A measure ;1 on a measurable space (F, B) is said to be
o-finite if there is a sequence {E,, : n > 1} C B such that E = J,__, E,, and
w(Ey) < oo for each n € ZT. If p is o-finite, then the measure space (E, B, i)
is said to be a o-finite measure space. Notice that if ;4 is o-finite, one can
always choose the E,’s to be either non-decreasing or mutually disjoint. In
addition, observe that any measure constructed by the procedure in § 2.2 will
be o-finite. In fact, for such measures, the E,’s can be chosen so that they
are either all open sets or all compact sets.

THEOREM 3.2.14. Let (F, B) be a measurable space for which B is generated
by the I-system C, and use S to denote the set of functions Y " _, aplr,,,
where n € Z*, {am : 1<m <n} CQ, and {T};, : 1 <m <n} CCU{FE}. If
u is a finite measure on (E, B), then S is dense in L*(u;R). In particular, if u
is a o-finite measure on (E,B) and C is countable, then L*(u;R) is a separable
metric space.
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PROOF: Denote by S the closure in L' (11; R) of S. To prove the first assertion,
what we have to show is that S = L(u; R) when p is finite.

It is easy to see that S is a vector space over R. In particular, if f € L' (u; R)
and both f* and f~ are elements of S, then f € S. Hence, we need only
check that every non-negative f € L'(u;R) is in S. Further, since every such
f is the limit in L (u; R) of simple, Q-valued elements of L'(u;R) and since
S is a vector space, it suffices to show that 1p € S for every I' € B. But it is
easy to see that the class of I' C E for which 1p € S is a A-system over E,
and, by hypothesis, it contains the II-system C. Now apply Lemma 2.1.12.

To complete the proof, assume that p is o-finite, and choose a non-decreasing
sequence {F,, : n > 1} accordingly. Then, as an application of the first part
to {CNE, : C € C}, we know that, foreachn € ZT, S, = {1, ¢: p € S} is
dense in the space L' (En, B[E], p | En; R). Since S, is countable for each n,
80 is Seo = U~ Sn- In addition, given f € L'(u;R), Lebesgue’s Dominated
Convergence Theorem guarantees that ||f — f1g, |11 (ur) — 0 as n — oc.
Hence, for any € > 0, we can choose a ¢ € Sy for which || f—¢|[ 1 (ur) <e. O

As a more or less immediate corollary, we know that if p is a o-finite measure
on a second countable topological space (e.g., a separable metric space), then
L' (u; R) is separable. What follows is another important connection between
Borel measures and the topology of the spaces on which they are defined.

COROLLARY 3.2.15. Let (E, p) be a metric space and p a o-finite Borel mea-
sure on E for which the associated sequence {E,, : n > 1} is non-decreasing
and its elements are open. For each n € Z, takeU,, to be the set of bounded,
p-uniformly continuous, R-valued functions on E that vanish identically off of
E,. Then U = J;~, Uy, is dense in L'(y; R).

PROOF: First assume that p is finite and that F,, = F for all n > 1. Then,
by Theorem 3.2.14, the density of & in L*(u; R) comes down to showing that,
for every G € &(E), 1¢ is the limit in L'(y;R) of bounded, p-uniformly
continuous functions. To this end, set

plz, B\ G)

N e B

and note that 1y ¢ is p-uniformly continuous and that 0 < )y ¢ * 1¢. Hence,
by the Monotone Convergence Theorem, |[¢¢,¢ — 1| 11 (ur) — 0.

To handle the general case, first assume that we f € L!'(u;R) vanishes
off E,. Then there exists a sequence {¢r : k > 1} C U, for which ||f —
@rllz1(um)y — 0. Indeed, by the preceding applied to the measure space
(En,BEn, wl BEH), there exist bounded, p-uniformly continuous functions
©or’s on E, such that fEn |f — vkl du — 0. Further, for each k > 1, one can
choose ¢}, € Z such that (cf. the notation in the preceding paragraph)

1
/ lor — orte, b, | dp < T

n
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Thus, if
. or(x)e, B, (v) forz € E,
or(z) =
0 forz € E\ E,,
then {¢y, : k> 1} CU, and [|@r — fllLr(ur) — 0.

To complete the proof for general f € L'(y;R), set f, = flg_, and, given
€ > 0, choose n for which || f — fu| z1(ur) < 5, and choose ¢ € U, such that
”fn - (ﬁHLl(u;R) < % 0

When applied to Lebesgue measure A\gx on RY, Corollary 3.2.15 says that
for every f € L*(Ag~;R) and € > 0 there is a continuous function ¢ such that
¢ vanishes off of a compact set and || f —¢[|1 (5, v :r) < €, and Theorem 6.3.15
shows that even more is true. This fact can be interpreted in either one of two
ways: either measurable functions are not all that different from continuous
ones or || - [|L1(x,x ) Provides a rather crude gage of size. Experience indicates
that the latter intérpretation may be the more accurate one.

Exercises for § 3.2

EXERCISE 3.2.16. Let (E,B,u) be a finite measure space, and show that
fn — f in p-measure if and only if [|f, — f| A 1dp — 0.

EXERCISE 3.2.17. Suppose that ¢ : R — R is a continuous function, and
let {f, : n > 1} be a sequence of measurable functions on the measure space
(E, B, 1). Tt is clear that if f is a B-measurable function and f,, — f u-almost
everywhere, then p o f,, — p o f p-almost everywhere.

(i) If w is finite, show that f,, — f in g-measure implies that o f,, — @o f
in p-measure.

(ii) Even if p is infinite, show that the same implication holds as long as
limp 00 (| f| > R) = 0.

(iii) Give an example in which f,, — f both in p-measure and p-almost
everywhere but {p o f, : m > 1} fails to converge in p-measure for some
v € C(R;R).

EXERCISE 3.2.18. Let J be a compact rectangle in RY and f : J — R a
continuous function.

(i) Show that the Riemann integral (R) [, f(z)dx of f over J is equal to
the Lebesgue integral [, f 5 f(x) Agn (dz). Next, suppose that f € LY(A\g~;R) is
continuous, and use the precedmg to show that

[ @)@ = tim ®) [ pe) i

where the limit means that, for any ¢ > 0, there exists a rectangle J. such

that
‘ / f(x) Apn (dx) / f(x)dx

<€
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whenever J is a rectangle containing J.. For this reason, even when f is not
continuous, it is conventional to use [ f(z)dxz instead of [ fdAg~ to denote
the Lebesgue integral of f.

(ii) Now assume that N = 1 and J = [a,b]. Given a right-continuous,
non-decreasing function ¢ : J — R, let p,, be the Borel measure on R for
which & ~ ¥ ((a V 2) A b) —¢(a) is the distribution function. Show that for
every o € C(J;R),

®) [ e dvie) = [ odu,.

EXERCISE 3.2.19. Let f be a non-negative, measurable function on (E, B, u).
Show that
fel'(R) = Jim Ru(f > R) =0.
ede el

Next produce an example that shows that the preceding implication does not
go in the opposite direction. Finally, show that

iu(f>n) <oo = feL'(1R).

n=0
See Exercise 5.1.11 for further information.

EXERCISE 3.2.20. Let (F,B) be a measurable space and —oo < a < b < 0.
Given a function f : (a,b) x E — R with the properties that f(-,z) is
once continuously differentiable on (a,b) for every z € E and f(¢t, -) is B-
measurable on (F, B) for every t € (a,b), show that f/(¢, -) is measurable
for each t € (a,b). Further, suppose that p is a measure on (E,B) and
that there is a g € L' (u; R) such that |f(s, - )| < g(x) for some s € (a,b) and
|f'(t,x)| < g(z) for all (¢,z) € (a,b)x E. Show not only that f(t, -) € L*(u; R)
for all t € (a,b), but also that [, f(-,z) pu(dz) € C'((a,b);R) and

G | ) uan) = [ £t niaa),

EXERCISE 3.2.21. Let (E,B,u) be a measure space and {f, : n > 1} a
sequence of measurable functions on (E,B). Suppose that {g, : n > 1} C
L'(u;R) and that g, — g € L'(u;R) in L'(y;R). The following variants of
Fatou’s Lemma and Lebesgue’s Dominated Convergence Theorem are often
useful.

(i) If fr, < gn (a.e., p) for each n > 1, show that
i [ fadp< [ T fodu
n—oo n—oo
(ii) If f,, — f either in p-measure or p-almost everywhere and if |f,,| < gn

(a.e., u) for each n > 1, show that | f, — f[/z1(ur) — O and therefore that
lim, o0 [ fndp= [ fdp.
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EXERCISE 3.2.22. Let (E,p) be a metric space and {E, : n > 1} a non-
decreasing sequence of open subsets of F such that F, ~ E. Let p and v
be two measures on (E,Bg) with the properties that u(FE,) = v(E,) < o0
for every n > 1 and [ pdp = [ ¢ dv whenever ¢ is a bounded, p-uniformly
continuous function that vanishes off one of the E,’s. Show that y = v on
BE.

EXERCISE 3.2.23. Although almost everywhere convergence does not follow
from convergence in measure, it nearly does. Indeed, suppose {f, : n > 1} is
a sequence of measurable, R-valued functions on (F, B, ). Given an R-valued,
measurable function f, show that (3.2.8) holds, and therefore that f,, — f
both (a.e., ) and in g-measure if

(o]
Zu(|fn—f|26) < oo for every e > 0.
1

In particular, if {f, : n > 1}U{f} C L*(u;R) and S — fllrur)y < oo,
conclude that f,, — f (a.e.,u) and in L' (u;R)

EXERCISE 3.2.24. Let (E, B, i) be a measure space. A family K of measur-
able functions f on (F, B, u) is said to be uniformly p-absolutely contin-
uous if, for each € > 0, there is a § > 0 such that [..|f[du < e forall f € K
whenever I' € B and p(I") < 6, and it is said to be uniformly u-integrable

if for each € > 0 there is an R < oo such that f\f|>R|f|d“ < eforall f e K.

(i) Show that K is uniformly p-integrable if it is uniformly p-absolutely
continuous and sup e || fll 21 (ur) < 00. Conversely, suppose that K is uni-
formly p-integrable and show that it is then necessarily uniformly p-absolutely
continuous and, when y(E) < oo, that sup || f[|1(ur) < oo

(ii) If supjex [ |f"H0 dp < oo for some § > 0, show that K is uniformly
p-integrable.

(iii) Let {f, : n > 1} C L*(i;R) be given. If f,, — f in L'(u;R), show
that {f, : n > 1} U{f} is uniformly p-absolutely continuous and uniformly
p-integrable. Conversely, assuming that pu(FE) < oo, show that f, — f in
LY(w; R) if f,, — f in p-measure and {f,, : n > 1} is uniformly p-integrable.

(iv) Assume that p(F) = co. We say that a family K of measurable func-
tions f on (E, B, p) is tight if, for each € > 0, there is a I' € B for which
p(T) < 0o and sup e [re |f]dp < e. Assuming that K is tight, show that K
is uniformly p-integrable if and only if it is uniformly p-absolutely continuous
and sup rexc ||| 21 () < 0o. Finally, suppose that {f, : n > 1} € L'(1;R)
is tight and that f, — f in p-measure. Show that | f, — f|z1(ur) — 0 if
and only if {f, : n > 1} is uniformly p-integrable.
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§3.3 Lebesgue’s Differentiation Theorem

Although it represents something of a departure from the spirit of this chapter,
I return in this concluding section to Lebesgue measure on R and prove that
every non-decreasing function on R has a derivative at Ag-almost every point.
To be more precise, say that F has a derivative F'(x) at « if

F'(z) = lim Fle+h) = Fz)

exists in R.
NG h

The main goal of this section is to show that F’(x) exists at Ag-almost every
x € R if F' is non-decreasing. Since the result is completely local and F
is continuous at all but at most countably many points, it suffices to treat
F’s which are bounded and right continuous, and so I will be making these
assumptions throughout. Further, because the result is unchanged when F is
replaced by F' — F(—o00), where F(—o0) = limg o F(z), I will also assume
that F' tends to 0 as x tends to —oo. In particular, this means (cf. Theorem
2.2.19 or Exercise 2.2.37) that there is a unique Borel measure pp for which
F' is the distribution function.

§3.3.1. The Sunrise Lemma: An R-valued function g on a topological
space F is said to be upper semicontinuous if {z € E : g(z) < a} is open
for every a € R, which is equivalent to saying that lim,_,, g(y) < g(x) for all
x € E. Similarly, g is lower semicontinuous if {z € F: g(z) > a} € (F)
for all a € R, which is equivalent to g(z) < liimyﬁmg(y) for every x € E. By
Exercise 3.1.12, an upper or lower semicontinuous function is Bg-measurable.

The following simple lemma, which is due to F. Riesz, is the key to every-
thing that follows.

THEOREM 3.3.1 (Sunrise Lemma'). Letg: R — R be a right-continuous,
upper semicontinuous function with the property that lim,_, 1, g(z) = Foo,
and set G = {z: 3y > x g(y) > g(x)}. Then G is open, and each non-empty,
open, connected component of G is a bounded interval (a,b) with g(a) = g(b).

PRrROOF: The fact that G is open is an easy consequence of upper semicon-
tinuity. Now suppose that (a,b) (possibly with a = —oco or b = 0) is a
non-empty, open, connected component of G, and choose ¢ € (a,b). Then,
because g(x) — —o0 as © — 00, & = sup{y > c¢: g(y) > g(c)} < co. More-
over, by upper semicontinuity, g(z) > g(c), and, by definition, g(y) < g(c)
for all y > x. Thus, ¢ G. In particular, this means that b < x < co. In
addition, it also means that g(¢) < g(b). To see this, suppose that g(c) > g(b).
Then, because b ¢ G, and therefore g(y) < g(b) for all y > b, we would have
that x € (¢,b) C G.

We now know that b < oo and that g(c) < ¢(b) for all ¢ € (a,b). In
particular, since g(z) — 0o as  — —oo, this proves that a > —oco. Finally,

I The name derives from the following picture. The sun is rising infinitely far to the right
in mountainous (one-dimensional) terrain, g(x) is the elevation at z, and G is the region in
shadow at the instant the sun comes over the horizon.
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by right-continuity, g(a) = limeq g(c) < g(b). On the other hand, because
a¢ G, gb) <gla). O

To explain my initial application of the Sunrise Lemma, let F' be a bounded,
right-continuous, non-decreasing function that tends to 0 at —oco, and define

F(x £ h)— F(x)
LiF(z)=s
Pl = =g

and LF(z) = Ly F(z)V LF_(x) for x € R.

Clearly, LF(x) is the Lipschitz constant for F' at the point z.
COROLLARY 3.3.2.  Referring to the preceding, for each R > 0, the set
{r €eR: LyF(z) > R} is open and

F(0)
R )

Me(L4F > R) <

where F(00) = lim,_,o F(x). Moreover, if F' is continuous, then

pr(LeF > R) < F(o0)

Ae(LiF > R) = = =

where pp is the Borel measure on R whose distribution function is F'.

PrOOF: Set gr(x) = F(x) — Rx. Then gg is right-continuous and upper
semicontinuous, and ggr(z) tends to Foo as & — +oo. Furthermore,

Gr={z:3Jy>z:gr(y) > gr(x)} ={z: LiF(z) > R}.

Thus {£+F > R} is open, and its Lebesgue measure is that of Gg.

If Gr = 0, there is nothing more to do. If G # (), apply the Sunrise Lemma
to write it as the union of at most countably many bounded, mutually disjoint,
non-empty open intervals (ay,by,) for which gr(b,) = gr(an), and therefore
b _ F(bn)—F(an)

n — p = —=p——=. Then

Ar(GRr) = Z(bn —ap) = %Z(F(bn) - F(an))

n

o (oot 2 220

n

Moreover, if F' is continuous, then ,up((an, bn]) = up ((an,bn)), and so

RAe(Gr) =) 1 ((an;bn)) = pp(Gr) < F(oo). O
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COROLLARY 3.3.3. The function LF' is Bg-measurable and, for each R > 0,
2F (o0)
7

A (LF > R) <

Moreover, if F' is continuous, then

2urp (KF > R)

— 5

PROOF: Define F so that F(—z) = F(c0) — F(z—). Then F is again a
bounded, right-continuous, non-decreasing functign that tends to 0 at —oo,
and so Corollary 3.3.2 applies and says that {£, F > R} is open,

)\R(ﬂF > R) <

Ar(L+F > R) < % = %,
and, when F' is continuous,
An(LiF > R) = ”F(ﬁf > )
In addition,
L, F(—z) = sup Floth) - F(x—)
h<0 h

Hence £_F(x) = £, F(—z) for all but at most a countable number of = € R,
and so LF is Br-measurable and )\R(E_F > R) = )\R(£+F > R). Since
F(c0) = F(co) and Mg (LF > R) < Ag(L4+F > R) + Mg (L_F > R), this, in
conjunction with Corollary 3.3.2, proves the first estimate. As for continuous
Fs, the preceding together with Corollary 3.3.2 implies that
RM(L_F > R) =R \e({z: L_F(~x) > R}) = puj(L+F > R)
=pp({z: LLF(—2) > R}) = pp(L_F > R),

since F(—x) = ,up([x,oo)) = up ({y :—y € (—oo,—x]}), which means that
the measure jip determined by fip(I) = pp({z : —z € T}) has F as its
distribution function and is therefore equal to ;. Hence, we now have that

/\R(EF > R) < )\R(£+F > R) + )\R(E,F > R)

_ MF(£+F > R) +/LF(£7F > R) - QMF(ﬁF > R)

- R - R '
§3.3.2. The Absolutely Continuous Case: Recall that I am assuming
throughout this discussion that F' is bounded, non-decreasing, and tends to 0
at —oo.

In this subsection I will treat F’s that are (cf. Exercise 2.2.38) absolutely
continuous. However, before I can do so, I need to show that every absolutely
continuous F' is the indefinite integral of a non-negative function f in the
sense that

F(z) = / fdlg for all z € R,
(_Ooxa;]

and I begin with the case in which F' is uniformly Lipschitz continuous.
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LEMMA 3.3.4. For any F there is a most one f € L'(\g;R) of which it is
the indefinite integral, and, if it exists, then up(I') = [ fd\g for all T € Bg
and therefore f > 0 (a.e., \g). Moreover, if F(y) — F(x) < L(y — x) for some
L € [0,00) and all x < y, then there is an f € L'(\g;R) for which F is the
indefinite integral, and f can be chosen to take values between 0 and L.

PROOF: Suppose that F is the indefinite integral of f € L*(Ag;R). Then F
is continuous and so

pr((@b) = F)~ Fla)= [ fdx

for all open intervals (a,b). Furthermore, it is easy to check that the set of
I' € B for which pup(T') = [i. f dAr is a A-system. Thus, since the set of open
intervals is a II-system that generates Bg, it follows that this equality holds
for all T" € Bg. As a consequence, Exercise 3.1.14 guarantees that, up to a set
of Ag-measure 0, f is unique and non-negative.

Turning to the second part, for each n > 0, define f,, : R — [0, 00) so that

fula) =27 (F((k+1)27") — F(k2™™)) when k27" <z < (k+1)27".

Obviously, 0 < f, < L and | fullz1(ae;r) = F(00). Hence, f,fm > 0 and
J fufmdAr < LF(c0) for all m, n € N. Moreover, if m < n, then

(kt1)27 = -1
/ fafmdde = fm(E277) > (F(G+1)27") = F(j27"))
(k2=m, (k+1)27™) jmhan—m
=27mf (k27")% = / f2 dg,
(k2= (k+1)2-™)

and therefore [ f, f, dAr = [ f2 dAg for all m < n. In particular, this means
that

(+) [t e = [ 2ra- [ 2ne

and so the sequence of integrals [ f2 d)\g is non-decreasing, bounded above
by LF(o0), and therefore convergent as n — oco. Hence, by (x) and (3.1.7),
we now know that, for any € > 0,

sup )\]R(|fn—fm| 26) < e 2 sup /(fn—fm)Qd)\R — 0 asm — oo,

n>m n>m

and therefore, by Lemma 3.2.13, that there exists a Bg measurable f to which
{fn : n > 1} converges in Ag-measure. Furthermore, because 0 < f,, < L,
we may assume that 0 < f < L. Also, Lebesgue’s Dominated Convergence
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Theorem for convergence in measure (cf. Theorem 3.2.12) implies that, for all
meZt and k < £,

F2 ™) - Fk2™™) = / fovm dAr — fdr
(k2= £2-m)] (k2= £2-m]
as n — 0o, and therefore that

Fly) - F(z) = fdAg,

(z,y]

first for z < y that are dyadic numbers (i.e., of the form k27™) and then, by
continuity, for all z < y. Thus, after letting x — —oo, we see that F' is the
indefinite integral of f. O

LEMMA 3.3.5. Given L € [0,00), define F, : R — R by
Fr(z) = pp((—oo,z] N{LF < L}) forx cR.

Then Fy, is a bounded, non-decreasing function that tends to 0 at —oo and
satisfies Fr,(y) — Fr(z) < L(y — z) for all z < y.

PrOOF: Clearly, it suffices to prove the final inequality.

For any x <y, Fr(y) — Fr(z) = pr((z,y) N{LF < L}). Thus, if (z,y] N
{LF <L} =0, then F(y) — Fr(xz) = 0; and if ¢ € (z,y] N {LF < L}, then

0< Fr(y) = Fu(@) < Fly) = F(z) = (F(y) = F(c)) + (F(o) - F(x))
<Lly—c)+ L(c—x) =Ly — x). O

THEOREM 3.3.6. The following properties are equivalent.

(a) F is absolutely continuous.

(b) ur(LF = 00) = 0.

(c) There exists a sequence {F,, : n > 1} of bounded, non-decreasing, uni-
formly Lipschitz continuous functions, each of which tends to 0 at —oo, such
that F,, 1 — F,, is non-decreasing for each n € Z* and F,(c0) /' F(c0).

(d) There is a non-negative f € L*(\g;R) for which F is the indefinite inte-
gral.

Moreover, the f in (d) is the only element in L'(\g;R) of which F is its
indefinite integral. (The implication (a) = (d) is a special case of Theorem
8.1.3.)

PRrooF: If F is absolutely continuous, then (cf. Exercise 2.2.38) pr < Ag, and
therefore, because \g(LF = c0) = 0, up(LF = o0) = 0. Hence, (a) = (b).
Next, assume that pp(LF = oc0) =0, and set

Fo(z) = pp((—o0,z] N{LF <n}) forzeR.
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Then it is clear that, for each n € ZT, F, is a bounded, non-decreasing
function that tends to 0 at —oo. In addition, by Lemma 3.3.5,

0< Fuly) — Fu(e) <nly—z) forallz <y,
and
Fri1(z) — Fy(z) = pr((—oo,z]N{n < LF < (n+1)})
is non-negative and non-decreasing. Finally,
Fu(o0) = up(LF < n) / up(LF < 50) = pup(R) = F(00).
Thus (b) = (c).

To prove that (¢) = (d), for each n € ZT use Lemma 3.3.4 to find a
non-negative f, € L'(\g;R) for which F, is the indefinite integral. Then,
because F),1(z) — F, () = f(_oo x](fnﬂ — fn) dAr, we know that f,41— fn is
the unique element of L' (\g;R) for which F}, ;1 — F, is the indefinite integral
and, as such, is non-negative (a.e., A\g). Hence, f,11 > fn (a.e., Ag). In other
words, we can now assume that the f,,’s are non-negative and f,11 > fn
everywhere. Finally, set f = lim, o fn. Because F,, — F pointwise (in
fact, uniformly), it follows from the Monotone Convergence Theorem that

F(z) = lim F,(z) = lim frndAr = / fdlg forall z € R.

That (d) = (a) is (cf. Exercise 3.1.13) trivial, and the concluding unique-
ness statement is covered by Lemma 3.3.4. 0O

Now that we know that all absolutely continuous F’s are indefinite integrals,
the Ag-almost everywhere existence of F’ for such F’s becomes a matter of
extending the Fundamental Theorem of Calculus to measurable functions.
To this end, for f € L'(Ag;R), define the Hardy—Littlewood Maximal
Function M f of f by

- sup]l fld, zeR,

where the supremum is over closed intervals I 3 = with I # () and

][fdARz %(I)/Ifdm
I

is the average value of f on I. Obviously, if F' is the indefinite integral of | f],
then M f = LF, and so Corollary 3.3.3 says that

om0 an g s g
d .

(33.7) Ae(Mf > R) < 3/ If| dAe <
R J{ms>ry
(See Exercise 6.2.13 for an important consequence.)

The inequality (3.3.7) is the famous Hardy—Littlewood inequality that
plays a crucial role in the analysis of almost everywhere convergence results.
For us, its importance is demonstrated in the following statement of the Fun-
damental Theorem of Calculus.
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THEOREM 3.3.8. For each f € L'(\g;R),

(3.3.9) Il\ﬂn }][ |f = f(x)|d\g =0 for Ag-almost every x € R,
I

where the limit is taken over intervals I 5 x as vol(I) \, 0. In particular,
if F' is the indefinite integral of f, then F'(x) exists and is equal to f(x) for
Ar-almost every x € R.

PrOOF: There is nothing to do when f € C(R;R) N L!(\g;R). Furthermore,
by Corollary 3.2.15, we know that C(R;R) N L' (\g;R) is dense in L'(\g;R).
Hence, we will be done once we show that the set of f’s for which (3.3.9)
holds is closed under convergence in L!(Ag;R). To prove this, suppose that
{fn: n>1} C L'(Ag;R) is a sequence of functions for which (3.3.9) holds
and that f,, — f in L*(Ag;R). Then, for any € > 0 and n € Z7,

A T M][ — f(x)|d\gp > 3¢
R I\{m}l\f f(@)]dA\r >

<A : lim — fuldg >
<A |Qz [\if{fglg}]][b” fnldAr > €

g {a 1@}][”" @) e > e b | 4w (fa— S 2 0).
I

By (3.3.7) and (3.1.7) applied to f — f,, the first and third terms on the right
are dominated by, respectively, 2¢ (| f — JnllLt(eim) and e f - fullor Owsr)s
and, by assumption, the second term on the right vanishes. Hence,

< BIlf = fallLr wir)
€

A r: lim — f(z)| dAr > 3€
x ’\{’}]I[U £ dxe >

for every n € 77T, and so the desired conclusion follows after we let n — co. [

Before closing this subsection, there are several comments that should be
made. First, one should recognize that the conclusions drawn in Theorem
3.3.8 remain true for any Lebesgue measurable f that is integrable on each
compact subset of R. Indeed, all the assertions there are completely local and
therefore follow by replacing f with f1(_pg gy, restricting ones attention to
x € (—R, R), and then letting R 7 co.

Second, one should notice that (3.3.7) would be a trivial consequence of
Markov’s inequality if we had the estimate || M f|z1(ngr) < C|lf|l1(resr) for
some C' < oco. Thus, one is tempted to ask whether such an estimate is true.
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That the answer is a resounding no can be most easily seen from the observa-
tion that, if || f||L1(xxr) # 0, then o = [, ) | f(t)| A (dt) > 0 for some 7 > 0
and therefore M f(z) > ¢ for all x 6 R. In particular, if f € L'(\g;R)
does not vanish almost everywhere, then M f is not integrable. (To see that the
situation is even worse and that, in general, M f need not be integrable over
bounded sets, see Exercise 3.3.16 below.) Thus, in a very real sense, (3.3.7) is
about as well as one can do. Because this sort of situation arises quite often,
inequalities of the form in (3.3.7) have been given a special name: they are
called weak-type inequalities to distinguish them from inequalities of the form
IMfllraesr) < Ol fllLr (sr), Which is called a strong-type inequality. See
Exercise 6.2.11 below for related information.

Finally, it should be clear that, except for the derivation of (3.3.7), the
arguments given in the proof of Theorem 3.3.8 would work equally well in
RY. Thus, we would know that, for each Lebesgue integrable f on RY,

(3.3.10) Bl\ir‘r? }][ }f(y) - f(:r)’ A~ (dy) =0 for Ag~-almost every 2 € RY

if we knew that, for some C' < oo,

C
(3.3.11) Ary (M f > €) < ;||f||L1(ARN;R),

where M f is the Hardy-Littlewood maximal function

—Sup][‘f |)\RN dy)

and B denotes a generic open ball in RY. Tt turns out that (3.3.11), and
therefore (3.3.10), are both true. However, because there is no multidimen-
sional analogue of the Sunrise Lemma, the proof? of (3.3.11) for N > 2 is
somewhat more involved than the one that I have given of (3.3.7).

§3.3.3. The General Case: In this subsection I will complete the program
of differentiating non-decreasing functions F'. As a consequence of Theorems
3.3.6 and 3.3.8, we already know that F’ exists Ag-almost everywhere when F'
is absolutely continuous. To handle general F’s, I will begin by showing that
F can be written as the sum of an absolutely continuous and a (cf. Exercise
2.2.39) singular function.

THEOREM 3.3.12. If F is a bounded, right-continuous, non-decreasing func-
tion that tends to 0 at —oo, then there exist a unique absolutely continu-
ous, non-decreasing function F, and a unique singular, right-continuous, non-
decreasing function Fg, both of which tend to 0 at —oo, for which F' = F,+ F.
In fact,

Fo(z) = pp((—o0, z]N{LF < oo}) and Fy(z) = pr((—o0, 2] {LF = cc}).
Thus, F itself is singular if and only if up(LF < c0) = 0.

2 See, for example, E.M. Stein’s Singular Integrals and Differentiability Properties of Func-
tions, published by Princeton Univ. Press in 1970.
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PROOF: Set B = {LF < oo}, and define pn(I') = pp(I'N B) and ps(T') =
wr(CN BG) for T' € Bg. Because A\g(LF = o0) = 0, s is singular to Ag,
and therefore, by Exercise 2.2.39, its distribution function Fj is singular. On
the other hand, if F, is the distribution function for u,, then LF, < LF
and therefore p,(LF, = 00) < pp(oco = LF < c0) = 0. Hence, by Theorem
3.3.6, the distribution function F), of u, is absolutely continuous, and so, since
F = F, + F;, we have proved the existence assertion.

Turning to the question of uniqueness, suppose that F' = F; + F5 is any
other decomposition of the prescribed sort. Then pup, < Ag and pp, L Ag.
Now choose A € B such that Ag(A%) = 0 and ps(A) = 0 = g, (A). Then,
because p, + s = ftp = pr, + [tr,, We have that

#alT) = ia(T' 1 A) = (00 A) = i (DA A) = pug, (T)

for all I € Bg. That is, py = ptr,, and therefore F, = Fy and Fy = Fb.
Finally, because the decomposition is unique and F, = 0 if and only if
wrp(LF < o0) =0, the last assertion is clear. O

The result in Theorem 3.3.12 is called the Lebesgue decomposition of
F into its absolutely continuous and singular parts. See Theorem 8.1.3 for an
abstract generalization of this result.

In view of Theorem 3.3.12 and the comments preceding it, what remains is
to prove that F’ exists Ag-almost everywhere when F is singular, and for this
purpose I will use the following lemma. In its statement, all F’s are assumed
to be bounded, right-continuous, non-decreasing functions that tend to 0 at
—00.

LEmMA 3.3.13. Let F be given, and suppose that there is a sequence {F, :
n > 1} with the properties that F,, 11 — F,, is non-decreasing for each n € Z+
and that F,(co0) / F(oo) as n — oo. Further, assume that B € Bgr has
the property that, for each n € Z*, F!(z) exists for every x € B, and set
B={x € B: F'(z) exists}. Then Ag(B\ B) =0 and [ |F' — F}|d\zx — 0
as n — 00.

Proor: Obviously, F’(x) > 0 for any x at which it exists. Further, if F” exists
on a set B € By, then [, F'(x)dz < F(c0). To see this, define f,, from F as
in the proof of Lemma 3.3.4. Clearly f, > 0 and [ f, d\g < F(00). Thus,
since f,, — F’ on B, Fatou’s Lemma guarantees that [, F' d\g < F(00).

Turning to the proof of the lemma, let m < n be given, apply the preceding
remark to F,, — F,,, and conclude that

/ |F! — F | d\g = / |(Fy, — F)' | dA\r < Fy,(00) — Fyp(00).
B B

Hence {1 F! : n > 1} is Cauchy convergent in L' (Ag;R), and therefore there
exists an f € L'(Ag;R) to which it converges, and, by Fatou’s Lemma, for
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eachn € Z*, [ |f — F}| d\x < F(oc0) — F,(c0). Now, reasoning as we did in
the proof of Theorem 3.3.8, we find that, for each ¢ > 0 and n € ZT,

i <{x€B: T F(“h})l_F(x) — f(@) Z3e}>

< /\R(L(F —F,) > e) + )\R({x € B: |F(z)— f(x)| > e})
_ 3(F(50) ~ Fu(=0))

— )

€

and clearly this shows that F’ exists and is equal to f Ag-almost everywhere
on B. O

THEOREM 3.3.14. IfF is a bounded, right-continuous, singular, non-decreas-
ing function, then F'(x) exists and is equal to 0 for Ag-almost every x € R.

PRrOOF: Without loss in generality, assume that F' tends to 0 at —oo.

By Exercise 2.2.38, pp is a finite Borel measure on R that is singular to
Ar, and therefore there exists a B € Bg for which pp(B) = 0 = A\g(BP). Now
choose a non-decreasing sequence {K,, : n > 1} of closed subsets of BE such
that up(BC\ K,) < L for each n € ZT, and set

Fo(z) = pp((—00, 2] N K,) for z € R.

If z € B, then |x — K,,| > 0 and therefore F)(z) = 0. Hence, for all n, F),
exists and is equal to 0 on B. Thus, because F,,(c0) / F(00) and Fy,11 — Fy,
is non-decreasing for each n € ZT, Lemma 3.3.13 says that F’ exists and is
equal to 0 A\g-almost everywhere on B. U

I close by summarizing these results in the following statement.

THEOREM 3.3.15 (Lebesgue’s Differentiation Theorem)3. Let F be a
bounded, right-continuous, non-decreasing function on R that tends to 0 at
—o00. Then F'(z) exists and is non-negative for Ag-almost every x € R.
Moreover, [ F'd\g < F(00), [ F'd\g = 0 if and only if F is singular, and
[ F'd\g = F(00) if and only if F is absolutely continuous.

Exercises for §3.3

EXERCISE 3.3.16. Define f : R — [0,00) so that f(z) = (ac(logat:)Q)_1 if
z € (0,e7!) and f(x) = 0 if z ¢ (0,e7!). Using part (ii) of Exercise 3.2.18
and the Fundamental Theorem of Calculus, check that f € L'(Ag;R) and
that

1
f() Ar(dt) = ——, forz € (0,e71).
s = 0.7

In particular, conclude that f(o " M f(x) dz = oo for every r > 0, even though
f € L*(Ag;R). See Exercise 6.2.13 for more information.

3 F. Riesz and B. Nage give a less informative but beautiful derivation of the almost sure
existence of F in their book Functional Analysis, now available in paperback from Dover
Press. Like the one here, theirs is an application of the Sunrise Lemma.
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EXERCISE 3.3.17. Given f € L'(\g;R), define the Lebesgue set Leb(f) of f
to be the set of those x € R for which the limit in (3.3.9) is 0. Clearly, (3.3.9)
is the statement that Leb(f)® has Lebesgue measure 0, and clearly Leb(f)
is the set on which f is well behaved in the sense that its averages 1 fdAr
converge to f(x) as I N\, {z} for & € Leb(f). The purpose of this exercise is
to show that, in the same sense, other averaging procedures converge to f on
Leb(f). To be precise, let p be a bounded continuous function on R having
one bounded, continuous derivative p’. Further, assume that p € L'(A\g;R),
[pdie =1, [|tp'(t)| Ae(dt) < oo, and limp o tp(t) = 0. Next, for each
€ >0, set pe(t) = e 'p(e '), and define

fl@) = /ps(x C O f(8) M), 7 €Rand e L{(R;R).
The goal here to show that

fe(x) — f(x) as e\, 0 for each = € Leb(f).

See §6.3.3 for related results.
(i) Show that, for any f € L'(Ag;R) and = € Leb(f),

1 1
lim ~ g = = lim = dAg.
lim, [w,wmf r = f(z) = lim (m_m]f R

(ii) Assuming that f is continuous and vanishes off of a compact set, first
show that

fo() = /[ D) () + / p(t)F( — et) An(dt),

[0,00)

and then (using Exercise 3.2.18 and Theorem 1.2.3) verify the following equal-
ities:

| seoraraa@n = [ g (1 / f(s)ARws)) Ae(d)
[0,00) (0,00) € Jx,z+et)

and

/ 1
/[Om) p()f(z — et) dn(dt) = — /( ooy’ (t) (6 /(Hm] f(s) )\R(ds)> AR (dt).

Next (using Corollary 3.2.15) argue that these continue to hold for every
f e L'Ogr;R).
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(iii) Combining parts (i) and (ii), conclude that

li\% fe(z) = —f(2) /tp’(t) Ar(dt) for f € L'(Ag;R) and = € Leb(f),

and, as another application of Exercise 3.2.18 and Theorem 1.2.3, observe
that

—/tp’(t) Ar(dt) = /pd)\]R =1.

EXERCISE 3.3.18. Recall the Bernoulli measures (3, introduced in §2.2.3
and the associated Borel functions Fj, introduced in Exercise 3.1.16. As
was pointed out there, for each p # %, F), is a continuous, singular function
that is strictly increasing on [0, 1], and obviously F,(0) = 0 and F,(1) = 1.
The purpose of this exercise is to show that such functions have got to be
pretty inscrutable. Namely, by Exercise 1.2.24, we know that for any right-
continuous, non-decreasing function F : [0,1] — [0, 1] that is 0 at 0 and 1 at
1, Arc (F ; [0, 1]) lies between /2 and 2. Moreover, it was shown there that the
lower bound is achieved when F is linear and that the upper is achieved when
F'is pure jump. Here, it will be seen that the upper bound is also achieved by
any continuous, non-decreasing function that, like F}, for p # %, is singular.
To be precise, show that if F': [0,1] — [0, 1] is a non-decreasing, continuous
function satisfying F(0) = 0 and F(1) = 1, then Arc(F};[0,1]) = 2 if and only
if F' is singular. The following are steps that you might want to follow.

(i) Set

2m—1
Ln=Y_ \/4—n + (F((k+1)2-7) — F(k2-))*,
k=0
and apply part (iii) of Exercise 1.2.24 to show that Arc(F; [0, 1]) = limy, 00 Ly,.
(ii) Define f,, : [0,1] — [0, 00) so that
falz) =2"(F((k+1)27") = F(k2™")) whenz € [k27", (k+1)27"),

and show that

2= L, =2 3 [(1+ fulk2 ™) = VIF T2 7).
k=0

(iii) Show that (1 +a) — V1 + a? lies between 9 and 12411 for any a > 0,
and use this together with (ii) to show that

2—L, fn(x) B
2 = /[0,1] 1+ fa(z) Mr(dr) < 2= Ln.
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(iv) Starting from (iii), show that

2 ArC(ZF; 0.1) / F@) ey <2— Are(F;[0,1),

0,1 1+ F'(z)

and conclude from this that Arc(F;[0,1]) = 2 if and only if F' is singular.

The reader who finds these computations amusing might want to consult
my article “Doing Analysis by Tossing a Coin,” which appeared in vol. 22 #2
of The Mathematical Intelligencer, published by Springer-Verlag in 2000.



CHAPTER 4

Products of Measures

Just before Lemma 3.1.1, T introduced the product (E; x Eo,B; x Bs) of
two measurable spaces (E7,B;1) and (Eq,Bs). In the present chapter I will
show that if p;, i € {1,2}, is a measure on (E;, B;), then, under reasonable
conditions, there is a unique measure v = uy X ps on (Ey X Eq, By x By) with
the property that v(Ty x Ty) = p1(Th) pa(Ts) for all T; € B;. In addition, T will
derive several important properties relating integrals with respect to py X po
to iterated integrals with respect to py and ps. Finally, in §4.2, I will apply
these properties to derive the isodiametric inequality.

§4.1 Fubini’s Theorem

The key to the construction of u; x ps is found in the following function
analogue of A-systems (cf. Lemma 2.1.12). Namely, given a space F, say that
a collection £ of functions f : E — (—o00, x| is a vector semi-lattice if

(a) Both f* and f~ are in £ whenever f € L.

(b) For bounded f, g € L with f <g,g9— f € L.

(c) For a, B € [0,00) and f,g € L, af + Bg € L.

(d) For {f,: n>1} C L with0< f,, /f, f € L whenever f is bounded.

A sub-collection [ of a vector semi-lattice L is called an L-system if K is a
vector semi-lattice with the additional property that

(d)1eKand, for {f,: n>1} CK,0< f, ~f = [ € K whenever
fecrL.

The analogue of Lemma 2.1.12 in this context is the following.

LEmMMA 4.1.1. Let C be a Il-system that generates the o-algebra B over
E, and let L be a semi-lattice of functions f : E — (—oo,00]. If K is an
L-system for which 11 € K whenever I' € C, then K contains every f € L
that is measurable on (E, B).

PRrOOF: First note that {I' C E : 1p € K} is a A-system that contains C.
Hence, by Lemma 2.1.12, 1p € K for every I' € B. Combined with (c¢) above,

this means that K contains every non-negative, measurable, simple function
on (E,B).

D.W. Stroock, Essentials of Integration Theory for Analysis, Graduate Texts in Mathematics 262, 100
DOI 10.1007/978-1-4614-1135-2_4, © Springer Science+Business Media, LLC 2011
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Next, suppose that f € £ is measurable on (FE, B). Then, by (a), both f*
and f~ are elements of £, and so, by (c), it is enough to show that f*, f~ € K
in order to know that f € K. Thus, without loss of generality, assume that
f € L is a non-negative measurable function on (F,B). But in that case f
is the non-decreasing limit of non-negative measurable simple functions, and
therefore, by the preceding and (d'), fe . O

The power of Lemma 4.1.1 to handle questions involving products is already
apparent in the following.

LEMMA 4.1.2.  Let (E4,B1) and (Es, By) be measurable spaces, and suppose
that f is an R-valued measurable function on (Ey x E9,B1 x By). Then for
each 1 € Ey and x9 € Eo, f(x1, ) and f(-,x2) are measurable functions
on (F3,Bs) and (Fy,By), respectively. Next, suppose that p;, i € {1,2}, is a
finite measure on (E;,B;). Then for every non-negative, measurable function
f on (Ey x Ey, By x Bs), the functions

f(+ @2) po(daz)  and faa, ) pa(dey)
E2 El
are measurable on (Ey,By) and (Es, Bs), respectively.

PRrOOF: Clearly, by the Monotone Convergence Theorem, it is enough to
check all these assertions when f is bounded.

Let £ be the collection of all bounded functions on E x Es, and define K to
be the B; x Bo-measurable elements of £ that have all the asserted properties.
It is clear that 1, «p, € K for all I} € B;, and it is easy to check that K is an
L-system. Hence, by Lemma 4.1.1 with C = {H xIy: Iy € B; for i € {1, 2}},
we are done. [

LEMMA 4.1.3.  Given a pair (Ey, By, 1) and (FEa, Ba, us) of finite measure
spaces, there exists a unique measure v on (Ey X Eq, By x By) for which

I/(Fl X Fg) = [Ll(Fl),LLQ(FQ) for all Fl € Bl

Moreover, for every non-negative, measurable function f on (Ej x Eo, By X Bs),

/ fx1,x0) v(dey X dxo)
E1 XEQ

(4.1.4) = /1;2 ( . f(xl,wz)ul(dw1)> pi2(diza)

= /E1 ( . f(fflaxz)lm(d@)) pa(dxy).

PROOF: The uniqueness of v is guaranteed by Theorem 2.1.13. To prove the
existence of v, define

v2(I) = /E2 </121 1F($1,$2)M1(d$1)> p2(dxs)
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and

vo1(I) = /E1 (/Ez 11“(3317%2)#2((13?2)) p(dzy)

for I' € By x Bs. Using the Monotone Convergence Theorem, one sees that
both 11 9 and v, are finite measures on (E; X Ey, By x Bg). Moreover, by
the same sort of argument as was used to prove Lemma 4.1.2, for every non-
negative measurable function f on (Ey x Es, By x Bs),

/fdl/l,z = /E1 ( . f(l"lalfz)ul(dxl)) pa(dzs)

and

/de2,1 = /E2 ( . f(ﬂflvfﬁz),uz(diﬂz)> pua(day).

Finally, since 1 2(Ih x I) = p(Iy) p(Iz) = v 1 (Ih x Ip) for all T; € B;, we see
that both vy 2 and v, ; fulfill the requirements placed on v. Hence, not only
does v exist, but it is also equal to both v » and v, 1; and so the preceding
equalities lead to (4.1.4). O

Recall that a measure space (F, BB, ;1) is said to be o-finite if E is the count-
able union of B-measurable sets having finite p-measure.

THEOREM 4.1.5 (Tonelli’s Theorem). Let (E1, By, p1) and (Ea, Ba, p12) be
o-finite measure spaces. Then there is a unique measure v on (Ey x Eq, B X B2)
such that v(Iy x Ty) = py(T1) pe(In) for all T; € B;. In addition, for every
non-negative measurable function f on (Ey X Eq, By X Ba), [ f(+,x2) po(dzs)
and [ f(x1, ) pa(dz1) are measurable on (Ey,B1) and (Es, Bs), respectively,
and (4.1.4) continues to hold.

ProoF: Choose {E;,, : n > 1} C B; for i € {1,2} such that p;(E;,) < oo
for each n > 1 and F; = Uf;l E; .. Without loss of generality, assume that
E;mNE;, =0 form#n. For each n € Z", define p; ,(I;) = u;(L; N E; 1),
I; € B;; and, for (m,n) € Z*Q, let V() o0 (Ey X By, By X By) be the measure
constructed from pi1 4, and po, as in Lemma 4.1.3.

Clearly, by Lemma 4.1.2, for any non-negative measurable function f on
(E1 X EQ,Bl X BQ),

f( @2) po(daz) = Z , T2) p2,n (d2)
Es

E2n

is measurable on (E4, By); and, similarly, [ g, [ (@1, -) pa(dz1) is measurable
on (E3,Bz). Finally, the map I' € By x By — Z;O,nzl Vim,n)(I') defines
a measure vy on (B X FEo, By x Bs), and it is easy to check that vy has

all the required properties. At the same time, if v is any other measure on
(E1 X EQ,Bl X BQ) for which I/(Fl X FQ) = ,ul(I‘l) MQ(FQ), I; € Biv then, by the
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uniqueness assertion in Lemma 4.1.3, for each (m,n) € Z*z, v coincides with
V(m,n) ON B x By [El,m X EQJJ and is therefore equal to vy on By x By. [

The measure v constructed in Theorem 4.1.5 is called the product of 1
and o and is denoted by p; X po.

THEOREM 4.1.6 (Fubini’s Theorem). Let (Eq, B, p1) and (E2, Ba, ua) be
o-finite measure spaces and [ a measurable function on (E; X Es, By x Ba).
Then f is py X po-integrable if and only if

/. (f 2 Flars)l paldea) ) p(dey) < o0
/E2 </151 |f($h$2)|u1(dz1)> pi2(ds) < oo.

if and only if

Next, set
A = {1’1 € FEy: / |f(l’1,$2)|,l142(d1'2) < OO}
E>
and

Ay = {1‘2 c by /E |f (21, 29)| p1(dey) < oo};

and define f; on E;, i € {1,2}, by

Sﬂl, X9 ﬂg(dl’g) if x €A
fi(z1) = { Je, I .
otherwise

and

fQ(IQ) {fE CEl,SﬂQ ‘Ltl(dl’l) if ZL’QGAQ

otherwise.

Then f; is an R-valued, measurable function on (EZ-,BZ-). Finally, if f is
11 X po-integrable, then ui(AiC) =0, f; € L*(ui; R), and

/ fi(xy) pi(dz;) = / f(@1,@2) (1 % p2)(dey x dag)  fori € {1,2}.
B E1x Bs

PROOF: The first assertion is an immediate consequence of Theorem 4.1.5.
Moreover, because A; € B;, it is easy (cf. Lemma 4.1.2) to check that f; is an
R-valued, measurable function on (E;, B;). Finally, if f is p1 X uo-integrable,
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then, by the first assertion, m(AE) =0and f; € L'(u;; R). Hence, by Theorem
4.1.5 applied to f™ and f~, we see that

/ f(x1,22) (p1 X p2)(dey x dxs)
E1 X E>
= / f+($17$2) (M1 X uz)(dxl X de)
A1 ><E2
) G ) % dn)
A1 X Es

—/A1 < . f+($1a552)ﬂ1(d$2)) p(dzxy)

_ /Al < . f(Il,IQ)[LQ(d-fCQ)) pa(dzy)

= A f1($1)u1(d$1): . fl(wl)ﬂl(dxl)a

and the same line of reasoning applies to fo. O

One may well wonder why I have separated the statement in Tonelli’s The-
orem from the statement in Fubini’s Theorem. The reason is that Tonelli’s
Theorem requires no a priori information about integrability. Thus, for ex-
ample, Tonelli’s Theorem allowed me to show that f is p1 X uo-integrable if
and only if

(/E2 ([El If(x1,$2)|u1(dm1)> M2(d$2))
[ | (f 2 larse)l paldea) ) (o)) < .

Exercises for §4.1

EXERCISE 4.1.7. Let (E,B,u) be a o-finite measure space. Given a non-
negative measurable function f on (E,B), define

L(f)={(z,t) € Ex[0,00):t < f(2)}
and
T(f) = {(z,t) € Ex [0,00) : t < f(x)}.

Show that both T'(f) and f(f) are elements of B X Bjg o) and, in addition,
that

(+) o (00) = [ = a0,

Clearly (%) can be interpreted as the statement that the integral of a non-
negative function is the area under its graph.
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Hint: In proving measurability, consider the function (z,t) € E x [0, 00) —
f(z) —t € (—o0,00], and get () as an application of Tonelli’s Theorem.

EXERCISE 4.1.8. Let (E1, B, p1) and (Ea, Ba, p2) be o-finite measure spaces
and assume that, for i € {1,2}, B; = o(E;;C;), where C; is a II-system contain-
ing a sequence {E;, : n > 1} for which E; = (J72 | E; , and p;(E;,) < oo,
n > 1. Show that if v is a measure on (E; X Ea, B1 X B2) with the property that
v(ITh x Iy) = p1(Ty) po(Iy) for all T € C;, then v = py X ug. Use this fact to

show that, for any M, N e Z+, )\RM+N = )\RM X )\RN on BRJ\lJrN = BRI\/I X B]RN.

EXERCISE 4.1.9. Let (Eq, By, p1) and (Es, Ba, 1i2) be o-finite measure spaces.
Given I' € By x By, define

F(l)(l‘g) = {1‘1 S (1‘1,3}2) € F} for w9 € Ey
and

Loy (1) = {:172 € By (Il,Ig) € F} for 1 € E;.

If i # j, check both that I';(xz;) € B; for each z; € E; and that z; €
E; — p; (T (z;)) € [0,00] is measurable on (Ej, B;). Finally, show that
p1 % p2(T) = 0 if and only if p; (I (z;)) = 0 for pj-almost every z; € Ej,
and conclude that g (F(l)(mg)) = 0 for ps-almost every xo € Fs if and only
if o (F(Q)(xl)) = 0 for pi-almost every x1; € Fy. In other words, I' € By x By
has p1 X ps-measure 0 if and only if pq-almost every vertical slice (jo-almost
every horizontal slice) has pg-measure (pi-measure) 0. In particular, po-
almost every horizontal slice has pq-measure 0 if and only if pi-almost every
vertical slice has po-measure 0.

EXERCISE 4.1.10. The condition that the measure spaces of which one is
taking a product be o-finite is essential if one wants to carry out the program
in this section. To see this, let £y = Eo = (0,1) and By = By = B(g,1). Take
t1 to be the counting measure (i.e., u(I') = card(I")) and po to be Lebesgue
measure A1y on (Eo 1), B0,1)). Show that there is a set I' € By x By such
that

/ 1r(x1,x9) pa(dze) =0 for every zy € Ey
Eo
but
/ 1r(z1,22) pi(dey) =1 for every o € Fs.
Ey

Notice that what fails is not so much the existence statement as the uniqueness
in Lemma 4.1.3.
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§4.2 Steiner Symmetrization

In order to provide an example that displays the power of Fubini’s Theorem,
I will prove in this section an elementary but important inequality about
Lebesgue measure. I will then use that inequality to give another description
of Lebesgue measure.

§4.2.1. The Isodiametric inequality: In this subsection I will show that,
for any bounded I" € Bgw,

(4.2.1) Apw (T) < Qyrad(I)Y,

where Qy denotes the volume (cf. (iii) in Exercise 5.1.13) of the unit ball
B(0,1) in RY and

rad(T) = sup{@ T X,y € F}

is the radius (i.e., half the diameter) of I'. Notice (cf. Exercise 2.2.33) that
(4.2.1) says that, among all the measurable subsets of RY with a given di-
ameter, the ball of that diameter has the largest volume. It is for this reason
that (4.2.1) is called the isodiametric inequality.

At first glance one might be inclined to think that there is nothing to
(4.2.1). Indeed, one might carelessly suppose that every I' is a subset of a
closed ball of radius rad(T") and therefore that (4.2.1) is trivial. This is true
when N = 1. However, after a moment’s thought, one realizes that, for
N > 1, although I' is always contained in a closed ball whose radius is equal
to the diameter of I', it is not necessarily contained in one with the same
radius as I'. (For example, consider an equilateral triangle in R?.) Thus, the
inequality A\gn (T) < Qpn (Qrad(F))N is trivial, but the inequality in (4.2.1) is
not! Nonetheless, there are many I'’s for which (4.2.1) is easy. In particular,
if T is symmetric in the sense that ' = —I' = {—xz : « € T'}, then it is clear
that

z €l = 2lz|=|z+ 2| < 2rad(I') and therefore I' C B(0,rad(T)).

Hence (4.2.1) is trivial when I' is symmetric, and so all that we have to do is
devise a procedure for reducing the general case to the symmetric one.

The method with which we will perform this reduction is based on a fa-
mous construction known as the Steiner symmetrization procedure. To
describe Steiner’s procedure, it is necessary to introduce a little notation.
Given e from the unit (N — 1)-sphere S¥~! = {z € RN : |z| = 1}, let
L(e) denote the line {te : ¢t € R}, P(e) the (N — 1)-dimensional subspace
{€ € RV : ¢ 1 e}, and define

S([e)={&+te: £ €P(e) and |t < 24(T;e, &)},

where
(T;e,8)=p({teR: E+teeT})



§4.2 Steiner Symmetrization 107

is the length of the intersection of the line € + L(e) with I". Notice that, in
the creation of S(I';e) from I', what I have done is take the intersection of
I’ with € + L(e), squashed it to remove all gaps, and then slid the resulting
interval along € + L(e) until its center point lay at £€. In particular, S(I'; e) is
the symmetrization of I' with respect to the subspace P(e) in the sense that,
for each € € P(e) and ¢t € R,

(4.2.2) E+tec S(Tie) < €£—tec S(Te).

What is only slightly less obvious is that S(I';e) possesses the properties
proved in the next lemma.

LEMMA 4.2.3. Let I" be a bounded element of Bgr~. Then, for each e €
SN=1, 8(T';e) is also a bounded element of Bgn, rad(S(I';e)) < rad(T'), and
AR~ (S(I‘; e)) = Mg~ (D). Finally, if R : RY — R¥ is an orthogonal transfor-
mation (i.e., in the notation of Theorem 2.2.15, R = T for some orthogonal
matrix O) for which L(e) and T' are invariant (i.e., R(L(e)) = L(e) and
R(") =T), then RS(T;e) = S(T;e).

PROOF: There is nothing to do when N = 1, and, because none of the quan-
tities under consideration depends on the particular choice of coordinate axes,

we will assume both that N > 1 and that e = ey = (0,...,0,1).
By Lemma 4.1.2,

EeRY " — f(g) = %/er((ﬁat)) dt = 5((T' e, (€,0)) € [0,00)

is Brv-1-measurable. In addition, by Exercise 4.1.7, because S(I'; en) is equal
to

{(&,t) e RV x[0,00) s t < f(&)JU{(€,t) e RV x (—00,0]: —t < f(€)},

we know both that S(I';en) is an element of B~y and that

Aax (S(Tren)) = 2 / F(€) M- (d€)

= [ ([ ar(€n) saian) dwvatde) = o 0),

where, in the final step, Tonelli’s Theorem was applied.

We turn next to the proof that rad(S(I';en)) < rad(T'). Because rad(I') =
rad(T') and rad(S(I',en)) < rad(S(T',en)), we may and will assume that I
is compact. Now suppose that z, y € S(T';ey) are given, and choose &, n €
R¥~! and s, t € R for which = (£, s) and y = (n,t). Next, set

M=*(z) = £sup{r: (§,+7) €T} and M=*(y) = £sup{r: (n,£7) €T},
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and note that, because I' is compact, all four of the points X+ = (5, M* x))
and Y* = (n, M*(y)) are elements of I'. Moreover, 2|s| < M (z) — )
and 2|t| < M+ (y) — M~ (y), and therefore

(M*(y) = M~ (2)) v (M () = M~ (y))
S M) - M~(x)  MT(x) - M7(y)
- 2 2
Mf(y) —M~(y)  M*(z) - M (x)

- 2 + 2

> |s| + |t].

In particular, this means that
2
ly — x> = |n— &P+t — s> < |n— & + (Is| + [¢])
2
<ln— &P+ ((MF @)~ M~ (@) v (MH (@) - M~ ()
— (Yt =X |V|XT =Y )? < 4rad(I)>.

Finally, let R be an orthogonal transformation. It is then an easy matter
to check that P(Re) = R(P(e)) and that /(RI'; Re,R&) = ((T; e, &) for all
& € P(e). Hence, S(RT,Re) = RS(T',e). In particular, if ' = RI" and
L(e) = R(L(e)), then Re = +e, and so the preceding (together with (4.2.2))
leads to RS(T',e) = S(I',e). O

THEOREM 4.2.4. The inequality in (4.2.1) holds for every bounded I € Bx.

PRrOOF: Clearly it suffices to treat I'’s which are compact. Thus, let a com-
pact I' be given, choose an orthonormal basis {ey,...,ey} for RV, set Iy =T,
and define I';, = S(T'y—1;€,) for 1 < n < N. By repeated application of
(4.2.2) and Lemma 4.2.3, we know that Agn (I},) = Agn (T), rad(T,) < rad(T),
and that R,,I}, =[,, 1 <m <n < N, where R,,, is the orthogonal transfor-
mation given by R,z = z — 2(z, e,,)gve,, for each x € RY. In particular,
this means that R,,, 'y = I'y for all 1 < m < N and therefore that —I'y = I'y.
Hence, by the discussion preceding the introduction of Steiner’s procedure,

gy (T) = A\gnv (Tw) < Qurad(Tn)Y < Qurad(T)Y. O

§4.2.2. Hausdorfl’s Description of Lebesgue’s Measure: [ will now
use (4.2.1) to give a description, due to F. Hausdorff, of Lebesgue measure
on RN, As distinguished from the one given in §2.2.2, this one is completely
coordinate free.

For C C P(RY), set ||C|| = sup{diam(C) : C € C}, and, given 6 > 0, define

(4.2.5) HY () = }1{% HY(I), where

HY(T) = inf { Z Qnrad(C)Y : C a countable cover of I with ||C|| < 5} .
cec
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I emphasize that I have placed no restriction on the sets C' making up the
covers C. On the other hand, it should be clear (cf. Exercise 4.2.9) that
HY(T") would have been unchanged if I had restricted myself to covers either
by closed sets or by open sets. Also, it is obvious that HY-°(T") is a non-
increasing function of § > 0 and therefore that there is no question that the
indicated limit exists.

Directly from its definition, one sees that HY% is monotone and countably
subadditive in the sense that

HN’(51 (Fl) < I‘IN’(s2 (FQ) whenever 52 < 51 and Fl - FQ

and

NS (U Fn) < ZHNﬁ(Fn) for all {T}, : n > 1} C P(]RN),
n=1

n=1
Indeed, the first of these is completely trivial, and the second follows by
choosing, for a given € > 0, {C,, : n > 1} for which

ICall <6, T €| JCmy and > Qu(rad(0))" < HYO(L,) +2 "
CECn

and noting that

HN (D n) Z ZC y(rad(C)¥ < iH”

n=1

Moreover, because

Arn (T Z Ar~ (C)  for any countable cover C C Brn of T,
ceC

the inequality Ag~(I') < HYY(I') < HM(I') is an essentially trivial conse-
quence of (4.2.1). In order to prove the opposite inequality, I will use the
following lemma.

LEMMA 4.2.6. For any § > 0 and open set G in RY with A\g~ (G) < 0o, there
exists a sequence {B,, : n > 1} of mutually disjoint closed balls contained in
G with the properties that rad(B,,) < % and

. (mn@lBﬂ) -

Proor: If G = (), there is nothing to do. Thus, assume that G # (), and
set Gop = G. Using Lemma 2.2.12, choose a countable, exact cover Cy of G
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by non-overlapping squares ) with diameter strictly less than §. Next, given
Q € Co, choose a = (a1, ...,ax) € RY and p € [0,6) for which

N

Q:H[ai_p,ai+P];

i=1

and set Bo = B (a, g) Clearly, the Bg’s are mutually disjoint closed balls.
At the same time, there is a dimensional constant ay € (0,1) for which
Arv (Bg) > anvol(Q). Therefore there exists a finite subset {30,17 . ,Bo,no}
- {BQ Q€ CO} for which

ARN (Go\ U B07m> < BrnArn (Go), where By =1 — QTN € (0,1).

m=1

Now set G1 = Go \|U;* Bo,m- Noting that G is again non-empty and open,
we can repeat the preceding argument to find a finite collection of mutually
disjoint closed balls By ,, C G1, 1 < m < ny, in such a way that

ARN <G1\ U Bl,m) < BN)\]RN(Gl)'

m=1

More generally, we can use induction on ¢ € Z* to construct open sets Gy C
Gy and finite collections By 1, ..., By, of mutually disjoint closed balls
B C Gy so that

ng
ARN (Ge+1) < BN AN (Gg) where Gy = Ge\ U By m.
m=1

Clearly the collection
{B[’m: EENandlgmgng}

has the required properties. O
THEOREM 4.2.7. For every I' € B and 6 > 0, HY(I') = Mg~ (I') = HV2(T).

PROOF: As has been already pointed out, the inequality Ag~ (I') < HN9(T")
< HM(TI') is an immediate consequence of the definition combined with (4.2.1).
To get the opposite inequality, it suffices to show that Agw (I') > HN9(T) for
every 0 > 0 and T' € Bg~. To this end, first observe that HY9(T') = 0 if
Ar~ (T) = 0. Indeed, if Agn (I') = 0, then, for each € > 0 we can first find an
open G O I' with Ag~ (G) < € and then, by Lemma 2.2.12, a countable, exact
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cover C of G by non-overlapping squares ) of diameter less than §, which
means that

HYS(T) < HY(G) < Z Qy rad(Q)Y

QeC
N

N%QN N2Qn
< D (@ < e

QecC

Next, because HY9 is countably subadditive and Ag~ is countably additive,
it suffices to check HY:%(I') < Agn(T) for bounded sets I' € Bgpny. Thus,
suppose that I' € Br~ is bounded, and let G be any open superset of I' with
Arv (G) < oo. By Lemma 4.2.6, there exists a sequence {B, : n > 1} of
mutually disjoint closed balls contained in G for which diam(B,) < ¢ and

Azn (G\A) =0 where A= | | B,.

n=1

Hence, because
HY(I') < HY(G) < HY(A) + HY(G\ A) = HY(4),

we see that
HY (D) <) Qurad(Ba)™ =) Apn (Bn) = Aew (A) = Apn (G)
n=1 n=1

for every open G O T, and, after taking the infimum over such G’s, we arrive
at the desired conclusion. [

Knowing Theorem 4.2.7, the reader may be wondering why I did not simply
define

HY (') = inf { Z Qnrad(C)N : C a countable cover of F} .
cec

Indeed, as the theorem shows, this definition is the same as the more com-
plicated one that I gave and would have obviated the need for introducing
HY% and taking the limit as § \, 0. The reason for introducing the more
complicated definition will not become clear until §8.3.3, where HY will be
seen as a member of a continuously parametrized family of measures on RY,
and it is the only member for which the more complicated definition is not
needed.
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Exercises for §4.2

EXERCISES 4.2.8. Assume that N > 2. Using the definition of HY in (4.2.5),
give a direct (i.e., one that does not use Theorem 4.2.7) proof that HY (P) = 0
for every hyperplane P (i.e., the translate of an (N —1)-dimensional subspace)
in RV,

EXERCISE 4.2.9. Show that, for each § > 0, HY°(T") is unchanged when
one restricts to covers by closed sets, and from this conclude that H™ (T")
is unchanged if one restricts to covers by open sets or by closed sets. Less
obvious than the preceding is the fact that, at least for I' € Br~, one can
restrict to covers by closed balls or by open balls. To be precise, let le)v ’5(F)
be the quantity in (4.2.5) obtained by restricting to covers by closed balls.
Given I € Brw~, use Lemma 4.2.6 and argue as in the proof of Theorem 4.2.7
to show that, for each 6 > 0, Hi)v’é(l") = HY°(T). Finally, conclude from this
that the same equality holds if one restricts to covers by open balls.



CHAPTER 5

Changes of Variable

I have now developed the basic theory of Lebesgue integration, but I have
provided nearly no tools with which to compute the integrals that have been
shown to exist. The purpose of the present chapter is to introduce a technique
that often makes evaluation, or at least estimation, possible. The technique
is that of changing variables.

§5.1 Riemann vs. Lebesgue, Distributions, and Polar Coordinates

The content of this section is applications of the following general principle.

Let (E, B, ) be a measure space, (E',B’) a measurable space, ® : £ —
E’ a measurable map, and recall (cf. part (iii) of Exercise 2.1.19) that the
pushforward of 1 under ® is the measure ®,u on (E,B’) given by @, u(I”) =
p(®~1(I")) for I" € B'. The following lemma is an essentially immediate
consequence of this definition.

LEMMA 5.1.1. Refer to the preceding. Then, for every non-negative mea-
surable function ¢ on (E',B’),

(5.1.2) /Elgpd((l)*,u) :/Eapoq)du.

Moreover, p € LY(®,u;R) if and only if oo ® € L*(u;R), and (5.1.2) holds
for all ¢ € L' (®,pu;R).

PRrOOF: Clearly it suffices to prove the first assertion. To this end, note
that, by definition, (5.1.2) holds when ¢ is the indicator of a set I € B'.
Hence, it also holds when ¢ is a non-negative measurable simple function on
(E’,B'), and so, by the Monotone Convergence Theorem, it must hold for all
non-negative measurable functions on (E',B). O

§5.1.1. Riemann vs. Lebesgue: My first significant example of a change
of variables will relate integrals over an arbitrary measure space to integrals
over the real line. Namely, given a measurable R-valued function f on a
measure space (E,B,u), define the distribution of f under p to be the
measure py = fou on (R, Bﬁ).l We then have that, for any non-negative

L In probability theory, distributions take on particular significance. In fact, from the point
of view of a probabilistic purist, it is the distribution of a function, as opposed to the
function itself, that is its distinguishing feature.

D.W. Stroock, Essentials of Integration Theory for Analysis, Graduate Texts in Mathematics 262, 113
DOI 10.1007/978-1-4614-1135-2_5, © Springer Science+Business Media, LLC 2011
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measurable ¢ on (R, Bg),

(5.1.3) [ oo s utdn) = [ otyusan.

The reason why it is sometimes useful to make this change of variables is
that the integral on the right-hand side of (5.1.3) can often be evaluated as the
limit of Riemann integrals, to which all the powerful tools of calculus apply. In
order to see how the right-hand side of (5.1.3) leads to Riemann integrals, T will
prove a general fact about the relationship between Lebesgue and Riemann
integrals on the line. From a theoretical standpoint, the most interesting
feature of this result is that it shows that a complete description of the class of
Riemann integrable functions in terms of continuity properties defies a totally
Riemannian solution and requires the Lebesgue notion of almost everywhere.

THEOREM 5.1.4. Let v be a finite measure on ((a,b},B(%b]), where —oo <
a < b< oo, and set Y(t) = v((a,t]) for t € [a,b] (¢¥(a) = v(D) = 0). Then, ¢
is right-continuous on [a,b), non-decreasing on [a,b|, and, for each t € (a,b],
P(t) — ¥(t—) = v({t}). Furthermore, if ¢ is a bounded function on la,b],
then ¢ is Riemann integrable on [a,b] with respect to v if and only if ¢ is
continuous (a.e.,v) on (a,b], in which case, ¢ is measurable on ((a, b],%u)
and

(5.1.5) /( ¥ d7 = (R) /[a,b] o(t) dy(t).

ProoOF: It will be convenient to think of v as being defined on ([a, b], B[a’b])
by v(T') = v(I'N (a, b]) for T' € Bjgp). Thus, we will do so.

Obviously ¢ is right-continuous and non-increasing on [a, b], and therefore
(cf. Exercise 2.1.17) it is also B, j-measurable there. Moreover, for each
t € (a,b], ¥(t) —v(t-) = limg V((SvtD =v({t}).

Now assume that ¢ is Riemann integrable on [a,b] with respect to ¥. To
see that ¢ is continuous (a.e., ) on (a, b], choose (cf. Lemma 1.2.14), for each
n > 1, a finite, non-overlapping, exact cover C, of [a,b] by closed intervals T
such that [|C,|| < 2 and, for each I € C,,, ¥ is continuous at the left endpoint
I". A=, {I :1€C,}, then v(A) =0. Given m > 1, let C,, ,, be the
set of those I € C,, for which sup; ¢ —infrp > % It is then easy to check
that

{t € (a,b] \ A : ¢ is not continuous at t} C U ﬂ UCm,n.

m=1n=1

But, by Exercises 2.1.22 and 1.2.19, for each m > 1,

u(fiucm,n) < lim Y A =0,

T€Com.n
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and therefore v(UJ;y_; (Noe; UCm.n) = 0. Hence, we have now shown that ¢
is continuous (a.e.,v) on (a,b].

Conversely, suppose that ¢ is continuous (a.e., ) on (a, b]. Given a sequence
{C,, : n > 1} of finite, non-overlapping, exact covers of [a,b] by compact
intervals I with ||C,|| — 0, for each n > 1, define 3,,(t) = sup; ¢ and
gpn(t) =inf;p for t € I\ {I"} and I € C,. Clearly, both &, and @, are
measurable on ((a, b], B(,,p)). Moreover,

inf p<ep <p<P, <supyp
- (a,b]

for all n > 1. Finally, since ¢ is continuous (a.e.,v),

= Bl = P (B0

and so, not only is ¢ equal to lim ., @, (a.e.,v) and therefore measurable
on ((aab]vﬁy), but also

lim @ dv = / pdT = lim ©,, dv.
n—oo (a,b] - (a,b] n— oo ((l b]

In particular, we conclude that

Z (supgp — inf cp) Ay = (@n — apn) dv — 0
rec, 1 ! (a.b] -

as n — oo. From this it is clear both that ¢ is Riemann integrable on [a, D]
with respect to ¢ and that (5.1.3) holds. O

I am now ready to prove the main result to which this subsection is devoted.

THEOREM 5.1.6. Let (E,B, ) be a measure space and f : E — [0, 0]
a B-measurable function. Then t € (0,00) — u(f > t) € [0,00] is a
right-continuous, non-increasing function. In particular, it is measurable on
((0, 00), B(o,oo)) and has at most a countable number of discontinuities. Next,
assume that ¢ € C([0,00);R) N C*((0,00);R) is a non-decreasing function
satisfying ¢(0) =0 < ¢(t), t > 0, and set p(00) = lim;_,o ¢(t). Then

(5.1.7) /E oo f(z) p(dz) = / S Ou(f > 1) Andt).

(0,00)

Hence, either u(f > §) = oo for some ¢ € (0,00), in which case both sides
of (5.1.7) are infinite, or, for each 0 < § < r < oo, the map t € [0,7] —
¢ (t)u(f > t) is Riemann integrable and

/E oo f(x) pl(dr) = lim (R) /[5 Ol >y

N0
r,oo
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PrROOF: It is clear that ¢ € (0,00) — u(f > t) is right-continuous, non-
increasing, and therefore B )-measurable.
We turn next to the proof of (5.1.7). Since, by Theorems 5.1.4 and 1.2.3,

)
lim [ o(t) A(dt) = lim (R) / & (1) dt = (6)

= lim
a0 (a,6] a0

and therefore

(/Ewo fdu> A (/(O’OO) O (t)u(f > 1) )\R(dt)> > o(S)u(f > 6),

it is obvious that both sides of (5.1.7) are infinite when u(f > §) = oo for
some ¢ > 0. Thus we will assume that u(f > 0) < oo for every § > 0. Then
the restriction of py to Bis ) is a finite measure for every § > 0. Given ¢ > 0,
set ¥s(t) = ps((0,t]) for t € [6,00) and apply Theorems 5.1.4 and 1.2.3 to see
that

ofdu= dus = (R d
/{6<f<r}go Jdu /(M]SD Hy = )/[6,1"] p(t) dis(t)

s

=p(M)s(r) = (R) | ¢s(t)¢'() dt

[6.7]

— o(8)s(r) + (R) / ((r) — ¥a(t)) ' (t) dt

[6.7]

— (O < f <)+ (R) /[5 < £ <)

— (O < f<r)+ /( < 170 )

for each r € (§,00). Hence, after simple arithmetic manipulation and an
application of the Monotone Convergence Theorem, we get

/ (0o f —o(8)) du = / S (Oult < f < o0) Aaldt)
{6<f<o0}

(6,00)

when r  co. At the same time, it is clear that

/ (00 f —0(6)) du = [p(00) — 0(8)] u(f = oo)
{f=00}
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and, after combining these, we arrive at

/ (0o f(z) - 9(6)) ulda) = / u(f > D' (1) Me(dt).
{f>d}

(6,90)

Thus, (5.1.7) will be proved once we show that

i [ (o )~ pl9) () = /E ¢ f(x) p(da).

But if 0 < §; < d2 < 00, then

0< (o f—0(02)1ipss,1 < (0o f—0(61))1is56,1,

and so the required convergence follows by the Monotone Convergence Theo-
rem.

Finally, to prove the last part of the theorem when u(f > §) < oo for every
6 > 0, simply note that

[ > 0@ = i [ S Our >0 e,
(0,00) 0 el

r/
and apply Theorem 5.1.4. [
§5.1.2. Polar Coordinates: In this subsection I will examine the change
of variables that is referred to casually as “switching to polar coordinates.”

Warning: From now on, at least whenever the meaning is clear from the con-
text, I will use the notation “dz” instead of the more cumbersome “Ag~ (dx)”
when doing Lebesgue integration with respect to Lebesgue measure on RY.

Let SV~1 denote the unit (N — 1)-sphere {z € RV : |z| = 1} in RV, and
define ® : RN\ {0} — S¥~! by &(z) = ra7- Clearly @ is continuous. Next,
define the surface measure Agv-1 on S¥~! to be the image under ® of
NAgn restricted to Bp_y (0,1)\{0}- Because ®(rz) = ®(z) for all » > 0 and
x € RV \ {0}, one can use Theorem 2.2.15 to check that

/ foq)(x)dx:rN/ fo®(z)dx
By (0,7)\{0} By (0,1)\{0}

and therefore that

’I“N

’ ° dr = — Aenv—1(d
" /Bmo,r)\m}f P@)dr =T [, T devmalde)

for every non-negative measurable f on (SV~! Bgnv-1). In particular, if (cf.
(iii) in Exercise 5.1.13) wy_1 = Agv—1(S¥71) is the surface area of SV,
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we have that Qn = M]VV’I, where Qp is the volume (i.e., Lebesgue measure)
of the unit ball in RY.

Next, define ¥ : (0,00) x S¥ =1 — RV \ {0} by ¥(r,w) = rw. Note that ¥
is a homeomorphism from (0, 00) x S¥~1 onto RY \ {0} and that its inverse
is given by ¥~!(z) = (|z|, ®(z)). That is, the components of ¥~1(x) are the
polar coordinates of the point 2 € R™ \ {0}. Finally, define the measure
Ry on ((0,00),B(g,0)) by BRn(T) = [N~ dr.

The importance here of these considerations is contained in the following
result.

THEOREM 5.1.8. Referring to the preceding, one has that
)\]RN = \I/*(RN X ASN—I) on B]RN\{O}.

In particular, if f is a non-negative, measurable function on (R, By~ ), then
f(z)dz = / V-1 (/ flrw) /\SN_l(dw)) dr
RN (0,00) SN-1

:/SM (/(O’oo)f(rw)erdr> Aan 1 (dw).

Proor: By Corollary 3.2.15 and Theorem 4.1.6, all that we have to do is
check that the first equality in (5.1.9) holds for every

(5.1.9)

fe C’C(RN;R) = {f € C(]RN;]R) : f = 0 off of some compact set}.

To this end, let f € Co(RY;R) be given and set F(r) = [,  (01) f(z)dx for
v (0,
r > 0. Then, by (x), for all r,h > 0, F(r 4+ h) — F(r) equals

/ f(z)dx
B (0,74+h)\ BN (0,7)
_ / FoU(r,d(x)) da

By (0,r+h)\Byn (0,1)

. / (f(z) — f 0 U(r, (x))) da
Bgn (0,74+h)\ By~ (0,7)

r N _,,,N
_ % /SM FoW(r,w) A (dw) + o(h),

where “o(h)” denotes a function that tends to 0 faster than h. Hence, F
is continuously differentiable on (0,00) and its derivative at r € (0,00) is
given by rV71 [, f o U(r,w) Agnv-1(dw). Since F(r) — 0 as r N\, 0, the
desired result now follows from Theorem 5.1.4 and the Fundamental Theorem
of Calculus. O
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Exercises for §5.1

EXERCISE 5.1.10. Suppose that F': R — R is a bounded, continuous, non-
decreasing function that tends to 0 at —oo, and let up be the Borel measure
on R for which F' is the distribution function. Show that for —oco < a < b < o0

®) / o0 F(s)dF(s) = (R) / pt)dt it p € C([F(a), FD)]R),
[a,b] [F(a),F(b)]

which is the classical change of variables formula. Next, apply Theorem 5.1.4
to conclude from this that

/woquF:/ o(t)dt
R [0,F(c0)]

for all Bg-measurable ¢ : R — [0, 00).

EXERCISE 5.1.11. A particularly important case of Theorem 5.1.6 is the one
in which @(t) = t? for some p € (0,00), in which case (5.1.7) yields

(5.112) [1r@puan=p [ (1> 0 ar
E (0,00)
Use (5.1.12) to show that |f|P is p-integrable if and only if
oo 1 oo B
> —u(f1> 1)+ u(lf > n) < oo.
n=1 n=1

Compare this result to the one obtained in the last part of Exercise 3.2.19.

EXERCISE 5.1.13. Perform the calculations outlined in the following.
(i) Justify Gauss’s trick (cf. Exercise 5.2.18)

2 2 . 2 -
</ e*“’g da:) :/ e*% dx:27r/ 7”6772 dr = 2w
R R2 (0,00)

and conclude that for any N € ZT and symmetric N x N matrix A that is
strictly positive definite (i.e., all the eigenvalues of A are strictly positive),

Nl

/RN exp [—%(x,Alx)RN} dx = (2@% (det(A))?.

(ii) Define T'(y) = [ o) t7"te=tdt for v € (0,00). Show that, for any

v € (0,00), T(y + 1) = AT'(7). Also, show that T' (1) = 72. The function
T'(-) is called Euler’'s gamma function. Notice that it provides an extension
of the factorial function in the sense that I'(n + 1) = n! for integers n > 0.



120 5 CHANGES OF VARIABLE

(iii) Show that

orT
wy-1 = dev—1 (V) = g
r(3)
and conclude that the volume Qy of the N-dimensional unit ball is given by
T3
ON = —x——
L(3+1)

=2

+
2 N
Hint: Use polar coordinates to compute ( -% dac) = fRN e 2

(iv) Given «, 8 € (0,00), show that

2 3 .-2ap
/ t32 exp [—aQt — 6} dt = e
(0,00) ¢ o

Finally, use the preceding to show that

2 3.-2ap
/ t3 exp [—aQt — } dt = e
(0,00) t s

Hint: Define F(s) for s € R to be the unique ¢t € (0,00) satisfying s =
ats — ﬁt_%, and use Exercise 5.1.10 to show that

2 —2ap
/ t3 exp {—0421? - B} dt = = / e ds.
(0,00) l o Jr

EXERCISE 5.1.14. This exercise deals with a few of the elementary properties
of )\SN—l .

(i) Show that if T' is a non-empty, open subset of S¥ =1, then Agn—1(T") > 0.
Next, show that Agnv-1 is orthogonally invariant. That is, show that if O
is an N x N orthogonal matrix and Ty is the associated transformation on
RY (cf. the paragraph preceding Theorem 2.2.15), then (TO)*ASN—I = Agn-1.
Finally, use this fact to show that

/ (E,W)RN )\SN—l(dw) =0

SN-1

and
/ (& W) g (M,w) gn Asv—1(dw) = Qv (&, M)
SN-1
for any &, n € RV,

Hint: In proving these, for given £ € RY \ {0}, consider the orthogonal
transformation that sends & to —& but acts as the identity on the orthogonal
complement of &.
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(ii) Define ¥ : [0,27] — S! by ¥(d) = (::Z), and set p = PuAg 2q]-

Given any rotation invariant finite measure v on (S',Bsi1), show that v =

V(fﬂl)/,z. In particular, conclude that g1 = p. (Cf. Exercise 5.2.18 below.)

Hint: Define

—sinf cosf

06:(0059 sm9) for 6 € [0,2n],

and note that

1
/Sl fdv= %/[0’%] ( 8 foTo,(w) V(duu)) de.

§5.2 Jacobi’s Transformation and Surface Measure

I begin this section with a derivation of Jacobi’s famous generalization to
non-linear maps of the result in Theorem 2.2.15. T will then apply Jacobi’s
result to obtain surface measure by differentiating Lebesgue measure across a
smooth hypersurface. Throughout, I will be assuming that N > 2.

§5.2.1. Jacobi’s Transformation Formula: Given an open set G C RY
and a continuously differentiable map

(I)l(l’)
r€G— P(x) = e RV,
Py (x)
define the Jacobian matrix ‘g—i(x) of ® at x to be the N x N matrix whose
jth column is the vector
0%,
Oz
0z, ®(x) = :
ooy
oz

In addition, call J®(z) = |det (g—f(x)ﬂ the Jacobian of ¢ at z.

LEMMA 5.2.1. If G is an open set in RY and ® an element of C'(G;RY)
whose Jacobian never vanishes on G, then ® maps open (or Bg-measurable)
subsets of G into open (or By~ -measurable) sets in RN . In addition, if ' € Bg
with A\g~ (T') = 0, then Agn (®(T')) = 0; and if T' € By gy with Agn (T') = 0,
then Agn (®71(I")) = 0. In particular,

Ie @ARN if and only if ®(T) € B@(G)ARN.

PRrROOF: By the Inverse Function Theorem,! for each x € G there is an open
neighborhood U C G of x such that ® | U is invertible and its inverse has

! See, for example, W. Rudin’s Principles of Mathematical Analysis, McGraw Hill (1976).
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first derivatives that are bounded and continuous. Hence, G can be written
as the union of a countable number of open sets on each of which ¢ admits an
inverse having bounded continuous first-order derivatives; and so, without loss
of generality, we may and will assume that ® € C}(G;RY) and that it admits
an inverse @1 € C}(®(G);RY). But, in that case, both ® and ®~! take
open sets to open sets and therefore B~ -measurable sets to Brnv-measurable
sets. Finally, to see that ® takes sets of Ag~-measure 0 to sets of A\g~-measure
0, note that ® is uniformly Lipschitz continuous and apply Exercise 2.2.30.
The argument for ®~! is precisely the same. [

A continuously differentiable map ® on an open set U C RY into RV is
called a diffeomorphism if it is injective (i.e., one-to-one) and J® never
vanishes. If ® is a diffecomorphism on the open set U and if W = ®(U), then
I will say that @ is diffeomorphic from U onto W.

In what follows, and elsewhere, for any given set I' C RY and 6 > 0, I will
use

r® ={zeR": |z -T|<d}

to denote the open d-hull of T'.

THEOREM 5.2.2 (Jacobi’s Transformation Formula). Let G be an open
set in RN and ® an element of C?(G;RY).2 If the Jacobian J® of ® never

vanishes, then, for every measurable function f on (@(G), B@(G)ARN), fodis

measurable on (G,?GARN) and

(5.2.3) L(G) fly)dy < /Gf o ®(x) JO(x)dx

whenever f is non-negative. Moreover, if ® is a diffeomorphism on G, then
(5.2.3) can be replaced by

(5.2.4) A o= /G fo®(x) JD(z) da.

PRrROOF: First note that (5.2.4) is a consequence of (5.2.3) when ® is one-to-

one. Indeed, if ¢ is one-to-one, then the Inverse Function Theorem guarantees
that ®~1 € C?(®(G);RY). In addition, by the chain rule,

6(13_1( )= (8@

oy &C(q)_l(y))>_ for ye ®(q).

Hence one can apply (5.2.3) to @1 and thereby obtain

/ fo®(x) JO() dv < / F(y) (TB) 0 @1 () JB(y) dy = / f () dy,
a ()

o(G)

2 By being a little more careful, one can get the same conclusion for ® € C1(G,RY).
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which, in conjunction with (5.2.3), yields (5.2.4).

Next observe that it suffices to prove (5.2.3) under the assumptions that G
is bounded, ® on G has bounded first and second order derivatives, and J® is
uniformly positive on G. In fact, if this is not already the case, then one can
choose a non-decreasing sequence of bounded open sets G, such that ¢ | G,,
has these properties for each n > 1 and G,, / G. Clearly, the result for ® on
G follows from the result for ® [ G,, on G, for every n > 1. Thus, from now
on, we will assume that G is bounded, the first and second derivatives of ®
are bounded, and J® is uniformly positive on G.

Set Q = Q(¢;r) = Hf,[cl —r,¢; +r] C G, the square of side length 2r
centered at ¢ = (c1,...,cy) € RY. Then, by Taylor’s Theorem, there is an
L € [0,00) (depending only on the bound on the second derivatives of ®) such
that?

®(Q(c;r)) € Tae) (T%(C) (Q(0; r))mz)).

(Cf. §2.2.2 for the notation here.) At the same time, there is an M < oo
(depending only on L, the lower bound on J®, and the upper bounds on the
first derivatives of @) such that

Lr?
Hence, by Theorem 2.2.15,
Arn (2(Q)) < J®() Apn (Q(0, 7 + Mr?)) = (1+ Mr)NJ®(c)\gn (Q).

Now define pu(T') = [ J®(z)dx for T’ € B_GARN7 set v = @, 1, note that v
is finite, and apply Theorem 2.1.15 to see that it is regular. Given an open
set H C ®(G), use Lemma 2.2.12 to choose, for each m € ZT, a countable,
non-overlapping, exact cover C,,, of ®~1(H) by squares Q with diam(Q) < %
Then, by the preceding paragraph,

M N
() £ 3 den (@) < (1457) T I0(e)en (@),

QeC QeCm,

where cg denotes the center of the square Q). After letting m — oo in the
preceding, we conclude that Ag~ (H) < v(H) for open H C ®(G); and so,

because Agny and v are regular, it follows that Agn (') < p(T') for all T' €
A

B ="

Starting from the preceding, working first with simple functions, and then

passing to monotone limits, one concludes that (5.2.3) holds for all non-
negative, measurable functions f on (<I>(G)7B¢(G)ARN). O

As an essentially immediate consequence of Theorem 5.2.2, we have the
following.

31t is at this point that the argument has to be modified when ® is only once continuously
differentiable. Namely, the estimate that follows must be replaced by one involving the
modulus of continuity of ®’s first derivatives.
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COROLLARY 5.2.5. Let G be an open set in RN and ® € CQ(G;RN) a
diffeomorphism, and set

M@(F):/J@(J)) dx  for FGBiGARN.
r

Then ®.pe coincides with the restriction Ag(g)y of Agn to BCD(G)/\RN. In par-
ticular,
feL'(No@);R) <= fo®e L' (ua;R),

in which case (5.2.4) holds.

As a mnemonic device, it is useful to represent the conclusion of Corollary
5.2.5 as the change of variables statement

fy)dy = fo®(z) JP(x)dr when y= ().

§5.2.2. Surface Measure: Aside from its power to facilitate the calculation
of various integrals, because it says how Lebesgue measure transforms under
changes of coordinates, Theorem 5.2.2 plays an essential role in applications
of measure theory to differential geometry. In particular, it allows one to
construct an intrinsic, Lebesgue-like measure on a Riemannian manifold, and
in this subsection I discuss a special case of this construction, the one for
hypersurfaces in RY. However, because it is not intrinsic, my construction
will not be one that would please a differential geometer. In fact, in order to
highlight the analytic meaning of what I am doing, I have chosen to take a
concertedly extrinsic approach. Specifically, I will construct surface measure
by differentiating Lebesgue measure.

To get started, say that M C RY is a hypersurface if, for each p €
M, there exist an r > 0 and a three times continuously differentiable* F :
Bgn (p,7) — R with the properties that

Ben(p,r) N M = {y € Brn(p,7): Fly) = 0}

(5.2.6)
and |[VF(y)| # 0 for any y € Bp~ (p,7),

where
VE(y) = (9y, F(y), ., 0y Fly)) € RY

is the gradient of F' at y. Given p € M, the tangent space T, (M) to M at
p is the set of v € RN for which there exist an € > 0 and a twice continuously
differentiable curve v : (—¢,e) — M for which v(0) = p and 4(0) = v. (If
is a differentiable curve, T use 4(t) to denote its velocity %Z at t.)

4 Because we will be dealing here with balls in different dimensional Euclidean spaces, I will
use the notation By (a,7) to emphasize that the ball is in RV,
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Canonical Example: The unit sphere SV is a hypersurface in RY. In fact,
at every point p € SV~! one can use the function F(y) = |y|?> — 1 and can
identify T,(S™ 1) with the subspace of v € RY for which v — p is orthogonal
to p.

LEMMA 5.2.7. Every hypersurface M can be written as the countable union
of compact sets and is therefore B~ -measurable. In addition, for eachp € M,
T,(M) is an (N — 1)-dimensional subspace of RN. In fact, if 7 > 0 and
F e C? (B]RN (p, r);R) satisfies (5.2.6), then, for every q € Bgn(p,r) N M,
T, (M) coincides with the space of the vectors v € RY that are orthogonal to
VF(q). Finally, if, forT' C M and p > 0,

(528)  T(p)={yeRY:3Ipel (y—p) L Ty(M)and |y —p| < p},

then T'(p) € By~ AN whenever T € Bas-

Proor: To see that M is the countable union of compact sets, choose, for
eachp € M, anr(p) > 0 and a function F), for which (5.2.6) holds. Next, select
a countable subset {p, : n > 1} from M so that M C |J;° Bgn (py, ) with
rn = 7(pp). Clearly, for each n € Z*, K,, = {y € Bgn (pn, %") CF, (y) = O}
is compact; and M = |J]° K.

Now let p € M be given, choose associated r and F' for which (5.2.6) holds,

and let ¢ € Bgn(p,7) N M. To see that VF(q) L T, (M), let v € T (M) be
given and choose ¢ > 0 and v accordingly. Then, because 7y : (—¢,¢) — M,

(VF(q),v)RN = %F o 'y(t)|t:0 =0.

Conversely, if v € RY satisfying (v, VF(q))RN =0 is given, set

Viz)=v— %V}?(%)

for © € Bgn(p,r). By the basic existence theory for ordinary differential
equations,® we can then find an € > 0 and a twice continuously differentiable
curve 7 : (—€,€) — Bgn (p,7) such that ¥(0) = ¢ and 4(¢) = V ((t)) for all
t € (—e,¢). Clearly 4(0) = v, and it is an easy matter to check that

Fo~(t)

T (VF(V(t)), "y(t)) L =0 for te(=ce).

R

Hence, v : (—€,6) — M and so v € T;(M).

5 See Chapter 1 of E. Coddington and N. Levinson’s Theory of Ordinary Differential Equa-
tions, McGraw Hill (1955).



126 5 CHANGES OF VARIABLE

To prove the final assertion, note that a covering argument (just like the
one given at the beginning of this proof) allows us to reduce to the case in
which there exist a p € M, an r > 0, and an F € C}(Bg~ (p,); R) such that
M = {x € Bgn(p,7) : F(z) =0} and |VF| is uniformly positive. But in that

case,
VF(x)

T(p) = { +€|VF( )|:x€Fand|£|<p},

and so the desired measurability follows as an application of Exercise 2.2.30
to the Lipschitz function

VF

(x,f)EBRN(p, )XR'—>$+§|VF‘(

z).

I am at last in a position to say where I am going. Namely, I want to show
that there is a unique measure Ay; on (M , Bry [M ]) with the property that
(cf. (5.2.8))

1 _
(5.2.9) Iy = 111% 2—)\RN( (p)) for bounded I' € By~ with I' C M.
P

There are several aspects of this definition that should be noticed. In the
first place, it is important to realize that the set I'(p), which is sometimes
called the tubular neighborhood of I', can be very different from the p-
hull T, Obviously, T'(p) € I'?). However, it can be much smaller. For
example, suppose M is the hypersurface {(z,0) : = € R} in R? and let
I ={(n',0): neZt} If p < n ', then I'” contains the disjoint balls
Bgz(m™1,p) for 1 < m < n and therefore

Agz (T Qon?
r(C) Qam if(n+1)""<p<nt

2p ~2(n+1)2
»
Hence, lim N0 )‘“*252 ) > % On the other hand, T'(p) is the union over

n € ZT of the line segments {n='} x (—p, p), and therefore %1;(’))) =0 for
all p > 0. Secondly, aside from the obvious question about whether the limit
exists at all, there is a serious question about the additivity of the resulting
map I' — A\p/(T). Indeed, just because I} and I are disjoint subsets of M,
in general it will not be true that I'1(p) and Ix(p) are disjoint. For example,
when M = SN¥~1 and p > 1, I (p) and I'x(p) will intersect as soon as both are
non-empty. On the other hand, at least in this example, everything will be
all right when p < 1; and, in fact, we already know from §5.1.2 that (5.2.9)
defines a measure when M = SV ~1. To see this latter fact, observe that, when
p€(0,1) and M =SN-1,

F(p)—{yt 1—p<y|<1+pand|Z|€I‘},
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and apply (5.1.9) to see that

ARN (F(P))
2p

L+p)N —(1-p)"
2Np ’

= Agn—1(T)

where the measure Agnv-1 is the one described in §5.1.2. Hence, after letting
p ¢ 0, we see not only that the required limit exists but that it also gives the
measure Agv—1. In other words, the program works in the case M = SN~
and, perhaps less important, the notation used here is consistent with the
notation used earlier.

In order to handle the problems raised in the preceding paragraph for gen-
eral hypersurfaces, I am going to reduce, at least locally, to the essentially
trivial case M = RV ~1 x {0}. In this case, it is clear that we can identify M
with RV=1 and T'(p) with I x (—p, p). Hence, even before passing to a limit,
we see that in this case

i)\]RN (F(p)) = )\RN—I(F).

2p
In the lemmas that follow, we will develop the requisite machinery with which
to make the reduction.

LEMMA 5.2.10. For each p € M there are an open neighborhood U of the
origin 0 in RN~ and a three times continuously differentiable injection (i.e.,
one-to-one) W : U — M with the properties that p = ¥(0) and, for each
u € U, the set {0y, V(u),...,0uy_, ¥ (u)} forms a basis in Ty (M).

PrOOF: Choose r and F' for which (5.2.6) holds. After renumbering the
coordinates if necessary, we may and will assume that 0., F(p) # 0. Now
consider the map

Yy — P
y € Bgn (p,7) — ®(y) = : e RY.
YN—-1 —PN-1
F(y)

Clearly, ® is three times continuously differentiable. In addition,

w0 = (%" o)

where v = (9,, F(p),...,0z5_,F(p)). In particular, J®(p) # 0, and so the
Inverse Function Theorem guarantees the existence of a p € (0,r] such that
® | Brw(p, p) is diffeomorphic and @1 has three continuous derivatives on
the open set W = ®(Bgn(p,p)). Thus, if U = {u € RN : (u,0) € W},
then U is an open neighborhood of the origin in RV~!, and

uweUr— U(u) =0 H(u,0) € M
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is one-to-one and has three continuous derivatives. Finally, it is obvious that
¥ (0) = p, and, because ¥ takes its values in M

01, W(u) = L (u + te))

7 € Ty (M) foreach1<j<N -1

1o

At the same time, as the first (N —1) columns in the non-degenerate Jacobian
matrix of ®~* at (u,0), the vectors d,, ¥(u) must be linearly independent and
therefore form a basis in Ty (,)(M). O

Given a non-empty, open set U in R¥~! and a three times continuously
differentiable injection ¥ : U — M with the property that

{00, ¥(u),...,0uy_, V(u)} forms a basis in Ty, (M)

for every u € U, the pair (¥,U) is said to be a coordinate chart for M.
LEMMA 5.2.11. Suppose that (¥,U) is a coordinate chart for M, and define

1
(5.2.12) JU = [det (009,00, 9),. ))ISMSN_J
Then JV never vanishes, and there exists a unique twice continuously differ-
entiable n : U — SN =1 with the properties that n(u) L Ty, (M) and®

det <8U1\Il(u), e By T (), n(u)T) = JU(u)
for every u € U. Finally, define

U(u, &) = U(u)+én(u) " forueU.

Then
(5.2.13) JU(u,0) = JU(u) forue U,

and there exists an open set U in RN such that U = {u € RN=1: (u,0) € 0},
U(U) = W(U)NM, and ¥ | U is a diffeomorphism. In particular, if v and y are
distinct elements of W(U), then {x}(p) N (U) is disjoint from {y}(p) N ¥ (U)

for all p > 0.

PRrROOF: Given a v € U and an n € SV~! that is orthogonal to Ty (M),
{00, ¥(u),...,0uy_,¥(u),n" } is a basis for R, and therefore

det(@ullll(u), coey Oun Y (1), nT) # 0.

6 Thinking of a vector v as a rectangular matrix, I use v to denote the column (row)
vector corresponding to a row (column) vector v.
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Hence, for each u € U there is precisely one n(u) € S¥=1 N T\I,(u)(M)l with
the property that

det <8u1\11(u), vy Oun_, U (u), n(u)T) > 0.

To see that u € U — n(u) € SV is twice continuously differentiable,
set p = ¥(u) and choose r and F for p for which (5.2.6) holds. Then n(u) =

i%, and so, by continuity, we know that, with the same sign throughout,
F(v
() — £ TP @)
[VE(¥(w))|

for every w in a neighborhood of u.
Turning to the function ¥, note that

Ji(u,0) = (det (8, ¥ (w). . .,8UN71\II(u),n(u)T>)2

B0, U (u)T
— det ule . (0, ¥(w), -, 0y, () m(0)")
n(u)
— det ( (( (a“i‘l’(“)af;’)uj‘l’(@)m ) 2) = JU(u)2.

Hence, (5.2.13) is proved. In particular, by the Inverse Function Theorem,
this means that, for each u € U, there is a neighborhood of (u,0) in R on
which ¥ is a diffeomorphism. In fact, given v € U, choose r and F' as in
(5.2.6) for p = ¥(u), and take p > 0 such that

Bgn-1(u,2p) CU and ‘II(B]RN—I(U,Qp)) C Bgw (p, %) .

Then, because n(w) = T EE W)

= with the same sign for all w € B~y -1(u, p),
|VF(\IJ(w))‘ g ry -1 (1, p)

F(¥(w,€)) =& VF(T(w)| + B(w,€)
for (w,§) € Brn-1(u, p) X (*%7 %) )

where |E(w,t)| < C&2 for some C € (0,00). Hence, by readjusting the choice
of p > 0, we can guarantee that ¥ | Brny-1(u,p) X (—p, p) is diffeomorphic
and also satisfies

\i/(BRN_l(u,p) x (—p, p)) NM = V(Bgn-1(u,p)).
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In order to prove the final assertion, we must find an open U in RV for

which U(U) = U(U)NM and ¥ | U is a diffecomorphism. To this end, for each
u € U, use the preceding to choose p(u) > 0 such that: Bgx-1(u,p(u)) €U

and ¥ | Bpy-1 (u, p(u)) x (—=p(u), p(u)) is both a diffeomorphism and satisfies
@(BRN—I (u, p(u)) x (—p(u), p(u))) NM=WT (BRN—I (u, p(u)))

Next, choose a countable set {u, : n > 1} C U so that
oo
U= UB]RN—I (un, %), where pp = p(un);
1

and set

n

U RN -1 um, ’”) and R, =p1 A Apn.

1
To construct the open set U, proceed by induction as follows. Set e; = &t
and K1 = Uy x [—€1,€1]. Next given K, and €,, define €,41 by

2611 = Rpi1 Aep A <inf{|\11(u) — \I/(w,t){ s u € Upyr \Up, (w,t) € K,

and |u —w| > %}),

and take . . B
Kn+1 =K, U |:(Un+1 \Un) X [_€n+17 €n+1]:| .

Clearly, for each n € Z* Kn is compact, K, C Kn+1, Un X (—€n,€n) C Kn,
and J¥ never vanishes on K,,. Thus, if we can show that ¢, > 0 and that ¥ I
K, is one-to-one for each n € ZT, then we can take U = |J°°, Uy, X (—€p, €,).
With this in mind, first observe that there is nothing to do when n = 1.
Furthermore, if ¢, > 0 and v i K,, is one-to- one, then €,y = 0 is possible
only if there exist a u € Bgn-1(tn+1,pn+1) and a (w,§) € Bra- 1(um,pm)
(—pms prm) for some 1 < m < n for which ¥(u) = ¥(w, &) and |u—w| > %“
But, because

(w,f) € BRNfl(um,pm) X (7pm,pm) and \i(waf) = \IJ(U) EM = f = 07

this would mean that ¥(w) = ¥(u) and therefore, since ¥ is one-to-one, it

would lead to the contradiction that 0 = |w — u| > "“ Hence, €,11 > 0.

Finally, to see that | Kn+1 is one-to-one, we need only check that
(u,§) € (_n+1\U ) X [=€n+1, €nt1] and (w,n) € K, = \i/(u,f) # ‘i’(wﬂ?)-

But, if |[u—w| < ”“ , then both (u, £) and (w,n) are in Bgy—1(Upt1, Pry1) X

(—pn+1s Pnt1) and \I/ is one to one there. On the other hand, if |u—w| > %,
then

[0 (u, &) = U(w, )| = [O(u) = V(w,n)| = €] 2 2en41 — €ng1 = €ns1 > 0. O
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LEMMA 5.2.14. If (U,U) is a coordinate chart for M and I" a bounded
element of Bgnx with T C W(U), then (cf. (5.2.12))

R p—
(5.2.15) lim R (T(p)) = /@ . JU () Agwv—1 (du).

PRrROOF: Choose U apd)il as in Lemma 5.2.11. Since I is a compact subset
of the open set G = U (U), e = dist(T, GC) > 0. Hence, for p € (0, ¢),

T(p) = ¥(O7HT) X (=p,p)) € B,

)

which, by (5.2.4), (5.2.13), and Tonelli’s Theorem, means that 5

equals

1 -
/ <2p/(p’p)J\If(u,E)d€> Ap~o1(du) — / JU(u)Agw 1 (du),

U-1(T) U-1(T)

asp— 0. O

THEOREM 5.2.16. Let M be a hypersurface in R™. Then there exists a
unique measure Ay on (M, Byy) for which (5.2.9) holds. In fact, Ay (K) < oo
for every compact subset of M, and so \j; is o-finite. Finally, if (U,U) is
a coordinate chart for M and f is a non-negative, B;-measurable function,
then (cf. (5.2.12))

(5.2.17) /D(U) fz) Apr(de) = /Uf o W(u)JU(u) Agn-1(du).

PROOF: For each p € M, use Lemma 5.2.10 to produce an r(p) > 0 and a
coordinate chart (\I/p, U, ) for M for which Brw~ (p, 3r(p)) is contained in (cf.

Lemma 5.2.11) ¥(U,). Next, select a countable set {p, : n > 1} C M such
that

o0
U N(PnsTn), where r, = r(py),

set My = Bgw(p1,71) N M, and

n—1
M, = (BRN(pn,rn) ﬁM) \ U M,, forn >2.

m=1

Finally, for each n € Z*, define the finite measure u,, on (M , BM) by

pn (L) = / ) JU,, () Agyv-1(du), where ¥,, =¥, |
2 HINM,,)
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and set
(*) A = Z,un.
1

Given a compact K C M, choose ann € Z* for which K C [ J} Brn (D T'm),
and set r =71 A---Ar, and € = £. It is then an easy matter to check that, for
any pair of distinct elements  and y from K, either |z —y| > r, in which case
it is obvious that {z}(e)N{y}(e) = 0, or |z —y| < r, in which case both {z}(e)
and {y}(e) lie in ¥,,,(U,,,) for some 1 < m < n and, therefore, the last part of
Lemma 5.2.11 applies and says that {z}(e)N{y}(e) = 0. Thus, if T € By is a
subset of K and I},, = I' N M,y,, then, for each p € (0,¢), {Ti(p),...,L(p)} is
an exact cover of I'(p) by mutually disjoint measurable sets, and so, for each
0<p<e,

Aex (T(p) = > Arw (Tn(p))-

At the same time, by Lemma 5.2.14,

2—1p)\RN (Fm(p)) — um(Fm) for each 1 < m < n.

In particular, we have now proved that the measure Ay defined in (x) satisfies
(5.2.9) and that it is finite on compacts. Moreover, since (cf. Lemma 5.2.7)
M is a countable union of compacts, it is clear that there can be only one
measure satisfying (5.2.9).

Finally, if (¥,U) is a coordinate chart for M and I' € By, with T CC
W(U), then (5.2.17) with f = 1p is an immediate consequence of (5.2.15).
Hence, (5.2.17) follows in general by taking linear combinations and monotone
limits. [

The measure Ay produced in Theorem 5.2.16 is called the surface mea-
sure on M.

Exercises for §5.2

EXERCISE 5.2.18. In part (ii) in Exercise 5.1.14, I tacitly accepted the equal-
ity of 7, the volume €25 of the unit ball Bg2(0, 1) in R?, with 7, the half-period
of the sine and cosine functions. We are now in a position to justify this iden-
tification. To this end, define ® : G = (0,1) x (0,27) — R? (the 7 here
is the half-period of sin and cos) by ®(r,0) = (rcosf,rsinf)’. Note that
®(G) C Bgr2(0,1) and Bge(0,1) \ G C {(z1,22) : 22 = 0} and therefore
that Ag2 (CID(G)) = {23. Now use Jacobi’s Transformation Formula to compute

A (9(@)).
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EXERCISE 5.2.19. Let M be a hypersurface in RY. Show that, for each
p € M, the tangent space T, (M) coincides with the set of v € RY such that

o dist(p + &v, M)

< Q.
£50 £2

Hint: Givenv € T, (M), choose a twice continuously differentiable associated
curve v, and consider £ ~~ ’p +&v — 7(5)‘.

EXERCISE 5.2.20. In this exercise I introduce a function that is intimately
related to Euler’s gamma function I' introduced in part (ii) of Exercise 5.1.13.
(i) For (o, B) € (0,00)2, define

B(a, p) = /(0 ) w11 — )’ du.

Show that

D()T(5)

T(a+p)

(See part (iv) of Exercise 6.3.18 for another derivation.) The function B is

called the beta function. Clearly it provides an extension of the binomial
coefficients in the sense that

B(aaﬁ) =

1 _(m+n
(m+n+1)Bm+1,n+1) m

for all non-negative integers m and n.
Hint: Think of I'(a) I'(8) as an integral in (s,t) over (0,00)?, and consider
the map

(u,v) € (0,00) x (0,1) — (u(luf v)> € (0,00)2.

(ii) For A > & show that

N
2

/ 1 de = “N-1 5 g7)\7ﬁ 7 F()\—%)7
ry (14 [z]2)A 2 2 2 ()

where (cf. part (ii) of Exercise 5.1.13) wy_1 is the surface area of
particular, conclude that

SN-1. In

1 WN
7]\mdm .
BV (14 [2]?) 72 2

,r2

Hint: Use polar coordinates and then try the change of variable ®(r) = -
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(iii) For A € (0,00), show that

el e 72 (\) _
/(1?1)(1 e e = LA

and conclude that, for any N € Z7,

/ (1_52)%—1d£: WN
(71’1)

WN-1
EXERCISE 5.2.21. For N € Z*, define Z: (—1,1) x S¥=1 — SV by
2\ 3
E(p,w) = ((1—/) ) w) ,
P
and set
N1
@) = [0 (o) x dsw ) dp x o)
for I' € B(_1,1) X Bsn—1. The goal of this exercise is to show that Agy = S, .

(i) Show that for F' € C.(RN*+1;R),

/ N // F(rZ(p,w))pun(dp x dw) | dr
(0,00) (—1,1)xSN—-1

ﬂ7 =
/( e /(1 — y?) ¥R (1 — v?) 32, 2ly) Agwes (d x dy),
—1,1)xR

where elements of RV*! are written as (z,y) € RY x R.
(ii) Define ® : RN x (—1,1) — RN¥*1\ {(0,0)} by
2\t
O(z,y) = <(1 i )m),

|z[y

and show that @ is a diffeomorphism and that J®(z,y) = |z|(1 —»2)= L. By
combining this with (i), conclude that

/ v // F(rZ(p,w))pn(dp x dw) | dr = / Fdl\gnyi.
(0,00) RN+1\{0}
(—1,1)xSN~-1

(iii) By applying (ii) to functions F of the form F(z) = ¢(|z|)¢ (), where

|z

¢ € Cc((0,00); R) and ¢ € C(SV;R), complete the proof that Agy = Z, pun.



Exercises for §5.2 135

(iv) Let f € Cb((—1,1);R) and 6 € SV, and show that
[ £(@ i) dondo) =wor [ (1= F () dp.
SN (=1,1)

Hint: Reduce to the case in which 6 is the (N + 1)st unit coordinate vector.

EXERCISE 5.2.22. Show that if M is a hypersurface, then A\y;({z}) = 0 for
all z € M and that Ay, (I") > 0 for all non-empty, open I' in M.

EXERCISE 5.2.23. Given r > 0, set S¥7!(r) = {z € R : |z| = r}, and
observe that S¥~!(r) is a hypersurface. Next, define ®, : S¥=1 — SN=1(7)
by @, (w) = rw; and show that Agv-1(,) = rV 1@, ) Agv-1.

EXERCISE 5.2.24. The purpose of this exercise is to examine some properties
of the measure Agv-1 for large V.

(i) To begin, use Exercise 5.2.21 to see that, for N > 2 and bounded,
Br-measurable f: R — R,

o N=3

WN-2
flwi) Agyor g (dw) = ————= flp)(1—5%) % dp,
N][ e K N)( : wn-1VN (—V'N,V/N) ()( N)

SN=H(VN)

where f is used to denote averaging.

(ii) Starting from (i) and using the computation in (i) of Exercise 5.1.13,
show that

lim % — o1

N—oo WN—2
(iii) By combining (i) and (ii), show that

lim ][ f((U1) )\SN_l(\/ﬁ)(dw) = \/%‘/Rf(m)e_é dx

N—o0

SN=1(VN)

for all bounded, Bg-measurable f’s.

EXERCISE 5.2.25. Let a non-empty, open subset U of RY~! and f €
C3(U;R) be given, and take

M ={(u, f(u)): ue U} and \I/(u):(fu > uweU.

That is, M is the graph of f.

(i) Check that M is a hypersurface and that (¥, U) is a coordinate chart
for M that is global in the sense that M = ¥ (U).
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(ii) Show that

((@02.0,,9),0)) = Taner + (V) V,

1<i,j<N-1

and conclude that JU = /1 + |V f|2.

Hint: Given a non-zero row vector v, set A =I4+v'vande = % Note that

Ae = (1+ |v|?)e and that Aw = w for w L e. Thus, A has one eigenvalue
equal to 1 + |v|? and all its other eigenvalues equal 1.

(iii) From the preceding, arrive at

| e = [ ol ) VTFIVF@P dn, ¢ € CM:R),

a formula that should be familiar from elementary calculus.

EXERCISE 5.2.26. Let G be a non-empty, open set in RV, F ¢ C3(G; R),
and assume that M = {z € G : F(x) = 0} is a non-empty, connected set on
which 0, F' never vanishes.

(i) Show that there is a connected, open neighborhood H C G of M on
which 8, F never vanishes. Next, define ® : H — RY by

T

Show that @ is a diffeomorphism, set f(u) = &~ (u,0)y for
weU={uecR¥ "' (u,&) € M for some ¢ € R},

and conclude that f € C3(U;R) and that F(u,f(u)) = 0. In particular, M
is the graph of f.

(ii) Conclude that, for any non-negative, By/-measurable ¢,

p|VF
[ e = [ 5 ) du

EXERCISE 5.2.27. Again let G be a non-empty, open set in RY and F €
C3(G;R), but this time assume that 9, , F vanishes nowhere on G, not just
on {F = 0}. Set £ = Range(F') and, for £ € =, My = {z € G: F(z) = ¢}
and Ug = {u e RN71: (u,&) € M}
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(i) Define ® on G as in part (i) of Exercise 5.2.26, and show that ® is
a diffeomorphism. As an application of Exercise 5.2.26, show that, for each
¢ € B, M is a hypersurface and that, for each ¢ € C.(G;R),

Q| VF| -1 =
Ay, = 1 ) du  f =
[, et = [ T @O oo w o for e

In particular, conclude that

EeEr— <pd/\M£€]R
M

is bounded and Br-measurable.
(ii) Using Theorems 4.1.6 and 5.2.2, show that, for ¢ € C.(G;R),

¥ —1
oz da::/ ——— o0 ® " (y)dy
»/G (=) o(G) |0y F| @)

¥ -1
(/RNI 1¢(G)(U7§)m 0@ (u,§) du) dg.

After combining this with part (i), arrive at the following (somewhat primi-
tive) version of the co-area formula:

(5.2.28) /Ggo(x) dx:/ (/M Iv“ipdAM) ¢, ¢ € Co(GsR).

(iii) Take G = {x € RY : zy # 0}, F = |z| for + € G, and show that
(5.1.9) can be easily derived from (5.2.28).

I
TR

1]

§5.3 The Divergence Theorem

Again let N > 2. Perhaps the single most striking application of the con-
struction made in the second part of §5.2.2 is to multidimensional integration
by parts formulas, and this section is devoted to the derivation of one of the
most useful of these, the one known as the divergence theorem.

§5.3.1. Flows Generated by Vector Fields: Let V : RV — RY, and
think of V' as a vector field that at each point prescribes the velocity of a par-
ticle passing through that point. To describe mathematically the trajectory
of such a particle, consider the ordinary differential equation

(5.3.1) O(t,x) =V (®(t,2)) with &(0,2) = a.
Assuming that V' is uniformly Lipschitz continuous, one knows that, for each

x € RV, there is precisely one solution to (5.3.1) and that that solution exists
for all time, both in the future, ¢ € [0, 00), and the past, t € (—o0, 0].
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As a consequence of uniqueness, one also knows that ¢ satisfies the flow
property
(5.3.2) (s +t,x)=d(t,(s,x)) for (s,t,7) € R x R x RN,
In particular, <I>(t, d(—t, x)) =z = <I)(ft, D(t, x)), and so ®(¢, - ) is one-to-one

and onto. Furthermore, if, in addition, V' is twice continuously differentiable,
then so is ®(¢, - ), and, by the chain rule,

OP(—t, -) OP(t, x)
P =1
ar (t,2) Ox
Hence ®(t, -) is a diffeomorphism,
1
— = JO(—t,P(t
J(I)(t,.’L') ( ) ( ,ZC)),

and so, by Theorem 5.2.2,

/ f o ®(t,x) dz = / F)JB(—t,y) dy

for any non-negative, Br~y-measurable f. Finally, starting from (5.3.1), one
has
doe(t,z) oV OPD(t,x)

o i = gy e T

and from this one can derive
t
(5.3.4) JP(t,x) = exp (/ divV (®(r, z)) dT) ,
0

where div(V) = Zfil 0y, Vi is the divergence of V. To see how to pass from
(5.3.3) to (5.3.4), one can use Cramer’s rule to verify that, for any N x N
matrix A = ((a;;)), Oa,,det(4) = AW where A is the (i, j)th cofactor of
A. Hence, from (5.3.3) and the fact that 3 | ax; A = 5y ;det(A),

il (q)(;f» > (g(é(t,x»)ik (%g;x))kj (8@; x))“”)

i,5,k=1

= div(V)(®(t,x))det (@gf)) )

from which (5.3.4) is obvious.
After combining (5.3.4) with the preceding, we now know that

(5.3.5) / fod(t,z)ds — / (@) exp (- /0 div(V) (&(r,2) dr)> dx

for all non-negative, Bg~-measurable f on RY.
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§5.3.2. Mass Transport: I now want to apply (5.3.5) to measure the rate
at which the flow generated by V' moves mass in and out of an open set G.
To be precise, if one interprets [1g(x)dr — [1g o ®(¢,z)dx as the net loss
or gain due to the flow at time ¢, then (5.3.5) says that [, div(V (z)) dx is the
rate of loss or gain at time ¢ = 0. On the other hand, there is another way in
which to think about this computation. Namely,

/1@(1’) dx — / 1g o ®(t,x)dx
:/GIGG('b(t,x))dx—/Gc 16(2(t,2)) d,

which indicates that one should be able to do the same calculation by ob-
serving how much mass has moved in each direction across the boundary of
G during the time interval [0,¢]. To carry out this approach, I will assume
that G is a non-empty, bounded open set that is a smooth region in the
sense that for each p € OG there exist an open neighborhood W 3 p and an
F € C3(W;R) such that [VF| >0and GNW = {z € W : F(z) < 0}. In
particular, 9G is a compact hypersurface and, for x € W N9G, %(m) is the
outward pointing unit normal to 0G at x.

A key role will be played by the following application of the ideas in §5.2.2.

(%)

LEMMA 5.3.6. Assume that G is a bounded, smooth region in RY. Then
there exist a p > 0 and twice continuously differentiable maps n : (0G)#) —;
SN~ p: (0G)P) — AG, and ¢ : (0G)P) — (—p, p) such that, for each
x € G p(x) is the one and only p € OG satisfying |v —p| = | — 0G|, n(x) =
n(p(z)) L Tpy0G, {(z) <0 < 2 € GN(IG)P, and x = p(z)+£{(z)n(z).

PROOF: Given q € G, choose an open W > ¢ and a F, € C3(W;R) such
that |[VF,| > 0 and GNW = {F, < 0}. By Lemma 5.2.11, there exists an

rq > 0 with Bgn(q,3ry) CC W and twice continuously differentiable maps
(cf. (5.2.8))

pq : (0G N Bgn (q,3r4))(3rq) — OG N Bgw (g, 3rq)
and &, : (6G N B (g, 3rq))(3rq) — (—3ry, 3ry)

such that, for each x € (0G N Bgy (q,3rq))(3r,), pqe(z) + @(m)%(pq(x))
VE

is the one and only way to write x in the form p + {W(p) with p € G N
Bgn(q,3rq) and || < 3r,. Now choose ¢i,...,qm € OG such that 0G C
U%Zl By (¢m,Tm), where 1, = 1g,, and set p = ri A--- Ary. If 2 €

(BG N Brw (¢m, rm))(p), then, for any p € dG satisfying |z — p| < p,
P = gm| < [p = ]+ & = gm| < 3p < 3r.

Hence pg,, (z) is the one and only p € 0G for which [p—z| < pand z —p L
T,(0G), and so we can define  ~ p(z), © ~ £(z), and  ~ n(z) on G by
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taking p(x) = pq,, (x), {(x) = &, (v), and n(z) = \VF \(qu( z)) when z €
(0G N Brw (G, m)) (p)- Finally, to check that |z — p(z)| = |z — 0G|, suppose
that p € 9G and that |p — x| = |& — OG|. Then, for any v : (—¢,¢) — G
with v(0) = p,

) d
Q(x —p,'y(O))RN = %W o 7<t)|2|t:0 =0,

and so  — p L Tp(9G), which is possible only if p = p(z). O

Returning to the problem posed earlier, begin with the observation that,
because |P(t,x) —x| < |V||ut, € G and ®(t,x) ¢ G only if | —IG| < ||V||ut.
Thus if p is taken as in Lemma 5.3.6 and T' > 0 is chosen such that | V||, T < p,
then, in the notation of that lemma, we know that, for each t € [0,T], x € G
and ®(t,z) ¢ G if and only if

z €GN (OG) VI and (n(é(t,x)),@(t,x) —p(@(u@)) = 0.

RN

Next, write
(n(@(t2).0(t.2) - p(@(t.2) )
+ <n(q>(t, x)),x — p(w))

RN <n(‘1’(t,x)), ®(t,z) — m)]RN

n (n(cb(t,x)),p(w) —P(‘I’(t’x)))nw'

RN
Because |z — p(z)| V |®(t,2) — x| < [|[V]|ut, we have that
(n(@(t,x)),@(t,x) - x)

- t(n((I)(t, a:)),V(x))

RN

+0() = t(n(p)), V (p(x)) _ +O(F)

RN RN

and

(n(@(t, z)),x — p(x))

At the same time, because p(®(t,x)) € dG for all ¢ € [0,T] and therefore
P (2(8,2)) |,y € Ty (9C),

= (n(p@). = p()) _ +0().

RN RN

(n(e(t.2)).p(@) —p(@(t.2)) = O(E).

Thus, we now know that, for ¢ € [0,T], z € G and ®(¢,z) ¢ G if and only if

0< (n(p(x)),x —p(x))RN + t(n(p(x)),V(p(x))) L HE ),

R

where |E(t, z)| < Ct? for some C' < oo.
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Now let (U,¥) be a coordinate chart for 0G, and define the associated

diffeomorphism ¥ on the open set U C RY as in Lemma 5.2.11. Given
(u,t) € U x [0,T7, set

I(tu) = {5 : —t(n(\Il(u)), V(\P(u))) —E(t,¥(u,8) <& < 0}.

RN

Then for sufficiently small ¢ > 0, the preceding says that U(u, &) € G N U (U)
and ®(t, \i/(u,f)) ¢ G if and only if w € U and & € I(t,u). Hence, if T’ € By
with T € W(U) and T = {z € (dG)® : p(z) € T}, then, by Theorems 5.2.2
and 4.1.6 and (5.2.13),

A Ty A (L I

- n{Flu U ’ u) du 2
= () V), e a0

for sufficiently small ¢ € (0,T]. After an obvious covering argument, this leads
(cf. (5.2.17)) to the conclusion that

%i\r}) % ; 1o (®(t, @) do = /8G (n(z), V(:v))];v Aoc(dx).
By essentially the same argument, we also have that
lm s [ 16(@(t ) de = / (n(x), V()2 Aoc(dz)
tNO T Jge il
and therefore, by (x), that

tim © ( / Lo(x) o — / 16(®(t,2)) dz) _ /6 (0(0). V(@) Aocldo).

N0
By combining the preceding calculation with the earlier one, the one that

was based on (5.3.5), we arrive at the following statement.

THEOREM 5.3.7 (Divergence Theorem). Let G be a bounded, smooth
region in RN and V : RN — R a twice continuously differentiable vector
field with uniformly bounded first derivative. Then

/div(V)(x)dx:/ (n(z), V(x)) gn Aoc(dz),
G

oG

where n(z) is the outward pointing unit normal to 0G at x € JG.
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There are so many applications of Theorem 5.3.7 that it is hard to choose
among them. However, here is one that is particularly useful. In its statement,
Ly is the directional derivative operator Zf\;l V;0y, determined by V', and
L—‘; is the corresponding formal adjoint operator given by

N
Ly f == 0u,(fV;) = =Ly f — fdiv(V).

i=1

COROLLARY 5.3.8. Referring to the preceding, one has
[ fovodes = [ gLiraxe + [ faV)p dhac
G G oG

for all f, g € CE(RY;R).

PROOF: Simply observe that div(fgV) = gLy f — fL{,g, and apply Theorem
5.3.7 to the vector field fgV'.

Exercises for §5.3

EXERCISE 5.3.9. Let G and V be as in Theorem 5.3.7. Choose p > 0, p :
(0G)P) — 9G, n : (0G)P) — SN=1 and ¢ : (0G)P) — (—p,p) as in
Lemma 5.3.6; and assume that (V(p), n(p))RN =0 for all p € 0G.

(i) Show that V& = n on (9G)).

Hint: From = = p(x) + &(z)n(z), show that e; = 9,,p + (0.,&)n + 0,1,
where (e;); = d; ;. Show that 0,,p(z) € Ty (M) and that (9;,n,n)
10, In(z)|* = 0, and conclude that n(z); = 9;,¢.

RN

(ii) Show that there is a C' < oo such that |(V(x),n(p(x)))RN| < Clé(x)]
for all z € (0G)().

(iii) Show that there is a T' > 0 such that ®(t,p) € dG) for all p € G
and [t| < T. Next, set u(t,p) = o ®(t,p) for |t| < T, and show that there
exists a C' < oo such that |u(t, p)| < C|u(t, p)| and therefore that ®(¢,p) € G
for all p € G and |t| < T.

Hint: Use induction on n > 0 to show that |u(t,p)| < p(i!t)n for t| <T.

(iv) Show that ®(t,x) € JG for all t € R if &(s,x) € IG for some s € R, and
use this to conclude that, depending on whether z € G or x ¢ G, ®(t,z) € G
or ®(t,z) ¢ G for all t > 0.

Hint: Use (iii) and the flow property ®(s +¢,p) = <I>(t, @(s,p)).

(v) Under the additional assumption that div(V) = 0 on G, show that
(B(t, -) [ G)xAg = A for all t € R, where A\g = Agnv | Bg.
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EXERCISE 5.3.10. Use A = ZN 92 to denote the Euclidean Laplacian on

i=1 "y
RN, Given a pair of functions u, v € CE(RY;RY) and a bounded smooth
region G in RV, prove Green’s formula:

/ (uA'U — vAu) dA\pn = / (u(n, V’U)RN — v(n,Vu)RN) dNoa,
el Fle]

where n denotes the outward pointing unit normal. In particular,

/Aud)\RN :/ (n7 Vu)RN dlog-
G oG

Hint: Note that uAv — vAu = div (UVU — vVu).

EXERCISE 5.3.11. Take N = 2, and assume that G is a closed, simple curve
in the sense that there is a v € 02([0, 1]; R2) with the properties that

t€[0,1) — ~(t) € G is an injective surjection,
7(0) =~(1), 4(0)=5(@1), #5(0)=5(1), and |[¥(t)] >0 for ¢ € [0,1].

(i) Show that
[ exe= [ porwhol
oG [0,1]

for all bounded measurable ¢ on 0G.

(ii) Let n(t) denote the outer unit normal to G at (), check that

n(t) = £[3(6)] " (52(t), —5(1)),

with the same sign for all ¢ € [0,1), and assume that v has been parametrized
so that the plus sign is the correct one. Next, suppose that u, v € C? (RQ; R),
and set f = u+iv. If 0; = $(9, + i0,), show that

1
2i /G 0 f ddge = /0 Fv®) da(t),

where 2(t) = 1 (t) + iv2(t) and dz(t) = 2(t)dt. When f is analytic in G,
the Cauchy—Riemann equations imply that 0z f = 0 there, and the preceding
becomes the renowned Cauchy Integral Theorem. See Exercise 5.3.14 for
a continuation of this exercise.

Hint: Check that 20z f = div(V) + idiv(WW), where

- (2) e (2)

Now apply the Divergence Theorem, and check that (V,n)gz 4+ i(W,n)ge =
—if.
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EXERCISE 5.3.12. Suppose that v € CZ(RY;R) and that Au = 0 on Bz~ (z, R).
The goal of this exercise is to prove the mean-value property

(5.3.13) w(z) = — /S e+ Rw) dewes (de),

CwN
and the first step is to show that it suffices to handle the case in which z is
the origin. Second, observe that there is hardly anything to do when N =1,
since in that case there exist a, b € R for which u(z) = ax + b for |z| < R,

and so u(0) = w. Thus, assume that N > 2, and define

- { log & if N =2
)=

I (N—2)~142-N §f N >3
and, for € > 0, set

ve(@) = gn (V@ +[aP) — v (VE + R2).

(i) Given 0 < r < R, set G, = Brn (0, R) \ Bgn (0,7), and show that

/86' ((n, V’UE)RN’U, — (n, V’U,)RNUE) daa,

B (%)N /S u(Rw) v ()
+ N7 A (r, R)/ (W7VU(TW))RN Agv -1 (dw),

SN—-1

where Ac(r, R) = gn (\/m) — gnN (\/62—i-—7‘2)

(ii) Using the fact that Aw(z) = ¢”(Jz]) + (N — 1)% if w(z) = p(|z]),
show that

for r > 0,

Ne?
(2 + mz)H% ’

and combine this with (cf. Exercise 5.3.10) Green’s formula and (i) to conclude

that
e /c (@1 |25 Agn (dz)

~ (ﬁ)N/SN_l w(Rwo) Ao (dw)
+ N7 A (r, R)/ (w,VU(TW))RN Asv-1(dw).

SN—1

Ave(x) = —

Now let € \, 0 and then r N\, 0 to arrive at (5.3.13).
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EXERCISE 5.3.14. Refer to the setting in Exercise 5.3.11, especially part (ii),
and use f(z) to denote f(xz,y) when z = x + iy. The goal of this exercise is
to show that

(N AP ICI0) :
21/G P, dAg2 —/0 1) dz(t) —2mif(¢) for ¢ € G.

In particular, when f is analytic in G, this proves the Cauchy Integral
Formula.

(i) First reduce to the case 0 € G and ¢ = 0. Second, show that 82@ =
782];(2) for z # 0.
(ii) Define

1 if 2] > 1
n(z) =13 L(1-16(1—|2)")" ifl<|z <1
0 if 2] < 1,

and check that n € CZ(R%; [0, 1]).

(iii) Given r > 0 with B(0,7) CC G, set f.(z) = n(r~'z)f(z), and apply
parts (i) here and (ii) of Exercise 5.3.11 to f, to see that

z oc  2(t)

22'/ - 0:1(2) d g2 = f(z(t)) dz(t) — 2mi /1 f(re&’rt) dt.
G\B(0,r) 0

Finally, let » \, 0.



CHAPTER 6

Basic Inequalities and Lebesgue Spaces

I have already introduced (cf. §§3.1.2 and 3.2.3) the vector space L'(u;R)
with the norm! || - |1 (um) and shown it to be a Banach space: that is, a
normed vector space that is complete with respect to the metric determined
by its norm. Although, from the measure-theoretic point of view, L!(u;R)
is an obvious space with which to deal, from a geometric standpoint, it is
flawed. To understand its flaw, consider the two point space E = {1,2} and
the measure p that assigns measure 1 to both points. Then L'(u;R) is easily
identified with R?, and the length that || - ||f1(,r) assigns = (21, z2) € R?
is |z1| + |z2|. Hence, the unit ball in this space is the equilateral diamond
whose center is the origin and whose vertices lie on the coordinate axes, and,
as such, its boundary has nasty corners. For this reason, it is reasonable to
ask whether there are measure-theoretically natural Banach spaces that have
better geometric properties.

In the first part of this chapter I will develop a few inequalities that will
allow me in the second part to introduce the sort of Banach spaces alluded to in
the preceding. Once I have done so, I will conclude with a cursory presentation
of results about the boundedness properties of linear maps between these
spaces.

§6.1 Jensen, Minkowski, and Ho6lder

In this section I will derive some inequalities that generalize the inequalities,
like the triangle inequality, which are familiar in the Euclidean context.

Since all the inequalities here are consequences of convexity considerations,
I will begin by reviewing a few elementary facts about convex sets and concave
functions on them. Let V be a real or complex vector space. A subset C C V
is said to be convex if (1 — &)z + ay € C whenever z,y € C and « € [0, 1].
Given a convex set C' C V', g: C' — R is said to be a concave function on
Cif

g((1—a)z+ay) > (1 —a)g(z) + ag(y) forall z,y€C andae€|0,1].

I Given a vector space V, a norm || - || on V is a non-negative map with the properties that
[lv]| = 0if and only if v = 0, ||av|| = |a|||v|| for all« € Rand v € V, and ||[v+w]| < ||v||+]||w]|
for all v, w € V. The metric on V determined by the norm || - || is the one for which ||w—wvl||

gives the distance between v and w.

D.W. Stroock, Essentials of Integration Theory for Analysis, Graduate Texts in Mathematics 262, 146
DOI 10.1007/978-1-4614-1135-2_6, © Springer Science+Business Media, LLC 2011
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Note that g is concave on C' if and only if {(z,t) € C xR :t < g(z)} is a
convex subset of V @ R. In addition, one can use induction on n > 2 to see

that
n n n
D aryr€C and g <Z akiUk) > onglyr)
1 1 1

for all n > 2, {y1,...,yn} C C and {a,...,a,} C [0,1] with > T oy = 1.
Namely, if n = 2 or «,, € {0,1}, then there is nothing to do. On the other
hand, if n > 3 and a,, € (0,1), set . = (1 —a,) "t Zz;ll aryk, and, assuming
the result for n — 1, conclude that

g (Z akyk> = g((1 = an)z + any,)
1
n
1 — OZn <Z Oék Oén > + ang yn Z yk

The essence of the relationship between these notions and measure theory
is contained in the following.

THEOREM 6.1.1 (Jensen’s inequality). Let C be a closed, convex subset
of RV, and suppose that g is a continuous, concave, non-negative function on
C. If (E,B,u) is a probability space and F : E — C a measurable function
on (E,B) with the property that |F| € L'(y; R), then

Jp Frdp

/Fd,uz el
E
Jp F dp

/goquﬁg(/ qu).
E E

(See Exercise 6.1.9 for another derivation.)

and

PROOF: First assume that F is simple. Then F = 7' _ yx 1y, for some n €
Z*, yo, ..., yn € C, and cover {Iy,...,[,} of E by mutually disjoint elements
of B. Thus, since > ¢ u(Ix) =1 and C is convex, [, Fdu = >0 yppu(ly) € C
and, because g is concave and Y ,_, u(Ik) =1,

(/ qu) g(kzoyku (Tk) ) > ég(yk)u(m :/Egoqu-

Now let F be general. The idea is to approximate F by C-valued simple
functions. For this purpose, choose and fix some element yo of C, and let
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{yr : k > 1} be a dense sequence in C. Given m € Z™, choose R,, > 0 and
Ny, € Z7T for which

1 T
/ (IF| + |yo|)dp < — and CNB(0,R,,) U (e, =)
{IF[ZRm} m

Next, set I o = {€ € E: |[F(§)| > Ry, }, and use induction to define

/—1
_— {f e 5\ | T - F6) B(y&;)}

k=0

for 1 < ¢ < n,,. Finally, set F,,, = > " yi1r,

m,k*

By construction, the F,,,’s are simple and C-valued. Hence, by the preced-

ing,
/FmdueC and g</ Fmdu> Z/goFmdu
E E E

for each m € Z*. Moreover, since |[F — F,,| < % on J;" Ty = E\ Do,

2
/\F Fo|dp= Z/ F - Fm}du<—+/ (] + lyol) dp < —.
vnl

Thus, || |F., — F| HLl(u;R)
now see that [, Fdu € C. At the same time, because (cf. Exercise 3.2.17)

g is continuous, g o F,,, — g o F in p-measure as m — oco. Hence, by the
version of Fatou’s Lemma in Theorem 3.2.12,

/goFd,u< lim goF, du < lim g(/ Fmdu>:g</Fd,u>. (]
m—oo J E m—0o0 E E

In order to apply Jensen’s inequality, we need to develop a criterion for
recognizing when a function is concave. Such a criterion is contained in the
next theorem. Recall that the Hessian matrix H,(z) of a function g that is
twice continuously differentiable at = is the symmetric matrix given by

Hy(z) = ((a;iiycw>)rqg<N.

Also, a symmetric, real N x N matrix A is said to be non-positive definite if
all of its eigenvalues are non-positive, or, equivalently, if (f , AE )R ~ <0 for all
¢ e RN,

— 0 as m — oo; and so, because C is closed, we

LEMMA 6.1.2. Suppose that U is an open, convex subset of RV, and set
C = U. Then C is also convex. Moreover, if g : C — R is continuous and
g | U is concave, then g is concave on all of C. Finally, if g : C — R is
continuous and g | U is twice continuously differentiable, then g is concave
on C' if and only if its Hessian matrix is non-positive definite for each x € U.
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PROOF: The convexity of C' is obvious. In addition, if g [ U is concave, the
concavity of g on C follows trivially by continuity. Thus, what remains to
show is that if ¢ : U — R is twice continuously differentiable, then g is
concave on U if and only if its Hessian is non-positive definite at each x € U.

In order to prove that g is concave on U if Hy(x) is non-positive definite at
every ¢ € U, we will use the following simple result about functions on the
interval [0,1]. Namely, suppose that v € C*([0,1];R), u(0) = 0 = u(1), and
u” < 0. Then u > 0. To see this (cf. Exercise 6.1.10 for another approach), let
€ > 0 be given, and consider the function u. = u+et(1—t). Clearly it is enough
to show that u. > 0 on [0, 1] for every ¢ > 0. Note that u.(0) = u.(1) =0
and ! (t) < 0 for every t € [0,1]. On the other hand, if u.(t) < 0 for some
t € [0,1], then there is an s € (0, 1) at which u, achieves its absolute minimum.
But this is impossible, since then, by the second derivative test, we would have
that u”(s) > 0.

Now assume that Hy(z) is non-positive definite for every x € U. Given
x,y € U, define u(t) = g((1 —t)z+ty) — (1 —t)g(x) —tg(y) for t € [0,1]. Then
u(0) = u(1) = 0 and

u'(t) = (y— o, Hy(1 = o+ ty)(y—2))_ <0
for every t € [0,1]. Hence, by the preceding paragraph, u > 0 on [0, 1]; and
so g((1 =t)x+ty) > (1 —t)g(x) + tg(y) for all t € [0,1]. In other words, g is
concave on U and therefore on C.

To complete the proof, suppose that Hy(x) has a positive eigenvalue for
some x € U. We can then find an e € SV~ and an ¢ > 0 such that
(e,Hg(m)e)RN >0and z+te € U for all t € (—¢,¢€). Set u(t) = g(x + te) for
t € (—€€). Then u”(0) = (e, Hy(x)e)yx > 0. On the other hand,

(0) — tng ) U1 = 20(0)
t—0 t2 ’

and, if g were concave,

2u(0) = 2u (t2t) = 29(%@ +te) + 3(z — te))
> g(x +te) + g(z —te) = u(t) + u(-1),

from which we would get the contradiction 0 < u”(0) < 0. O

When N = 2, the following lemma provides a useful test for non-positive
definiteness.

LEMMA 6.1.3. Let A= (‘; lc’) be a real symmetric matrix. Then A is non-
positive definite if and only if both a + ¢ < 0 and ac > b?. In particular,

for each o € (0,1), the functions (z,y) € [0,00)? — x%y'~ and (x,y) €

[0, 00)2 — (xo‘ + yo‘) ® are continuous and concave.
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PRrOOF: In view of Lemma 6.1.2, it suffices to check the first assertion. To
this end, let T = a + ¢ be the trace and D = ac — b? the determinant of A.
Also, let A and p denote the eigenvalues of A. Then, T'= A+ p and D = Ap.

If A is non-positive definite and therefore AV o < 0, then it is obvious that
T < 0 and that D > 0. Conversely, If D > 0, then either both A and p are
positive or both are negative. Hence if, in addition, 7' < 0, then A\ and p are
negative. Finally, if D = 0 and T < 0, then either A\ =0and 4 =T < 0 or
p=0and A\=T<0. O

My first application of these considerations provides a generalization, known
as Minkowski’s inequality, of the triangle inequality.

THEOREM 6.1.4 (Minkowski’s inequality). Let f; and f> be non-nega-
tive, measurable functions on the measure space (E,B,u). Then, for every

€ [1,00),
(o)’ = (o)’ ()

PRrROOF: The case p = 1 follows from (3.1.10), and so we will assume that
p € (1,00). Also, without loss of generality, we will assume that f! and f¥
are p-integrable and that f; and fy are [0, 0o)-valued.

Let p € (1,00) be given. If we assume that u(E) =1 and take o = %, then,
by Lemma 6.1.3 and Jensen’s inequality,

[ nyan= [ [0+ ()] an
<[(fora) s (L)
() (L5 ]

More generally, if u(E) = 0 there is nothing to do, and if 0 < u(E) < co we
can replace u by ﬁ and apply the preceding. Hence, all that remains is

the case p(E) = oco. But if u(E) = oo, take E,, = {f1V fo > 1}, note that

W(Ey) <nP [ fYdu+nP [ fYdp < oo, apply the preceding to fi, fa2, and p
all restricted to E,, and let n — oco. [

The next application, which is known as Holder’s inequality, gives a
generalization of the inner product inequality |(&,7)r~| < |€]|n| for &, n € RY.
In the Euclidean context, this inequality can be seen as an application of the
law of the cosine, which says that the inner product of vectors is the product
of their lengths and the cosine of the angle between them.
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THEOREM 6.1.5 (Holder’s inequality). Given p € (1,00), define the Hol-
der conjugate p’ of p € (1,00) by the equation % + ﬁ =1 (ie, p = p%)
Then, for every pair of non-negative, measurable functions f; and f, on the
measure space (E, B, i),

[ ntedu< (/Eff’du)'l’(/Efﬁdu)”

for every p € (1,00).

-

ProOOF: First note that if either factor on the right-hand side of the above
inequality is 0, then f;fo = 0 (a.e., ), and so the left-hand side is also 0.
Thus we will assume that both factors on the right are strictly positive, in
which case, we may and will assume in addition that both fV and f% " are -
integrable and that f; and f2 are both [0, co)-valued. Also, just as in the proof
of Minkowski’s inequality, we can reduce everything to the case u(E) = 1. But
then we can apply Jensen’s inequality and Lemma 6.1.3 with a = % to see

that
foso o i () (L)
- (/Effd“);(/h,fé’/dos/. O

Exercises for §6.1

EXERCISE 6.1.6. Here are a couple of easy applications of the preceding
ideas.

(i) Show that log is continuous and concave on every interval [e,00) with
€ > 0. Use this together with Jensen’s inequality to show that for every
n€ZT, pa,...,pun € (0,1) satisfying > _ pum =1, and aq, ..., a, € [0, 00),

n n
H a#mm < g Mo Qo+
m=1 m=1

1

In particular, when u,, = % for every 1 < m < n, this yields (a1 . --an)"
< %Z"mzl apm, which is the statement that the arithmetic mean dominates
the geometric mean.

(ii) Let n € ZT, and suppose that fi,..., f, are non-negative, measurable
> 3 ) : i AR n ) 3 is i
functions on the measure space (E, B, ). Given py Pn € (1, 00) satisfying
S pi =1, show that

/Eflmfndusi[l(/]ﬂfﬁrduf.
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EXERCISE 6.1.7. When p = 2, Minkowski’s and Holder’s inequalities are
intimately related and are both very simple to prove. Indeed, let f; and f5 be
bounded, measurable functions on the finite measure space (E, B, ). Given
any « # 0, observe that

1 \? 1
o< [(anzin) ai=c [ panse [ fipans 5 [ an
E @ E E a” Jg

from which it follows that

1
o [ nean| <t [ gans [
E E E

for every t > 0. If either integral on the right vanishes, show from the pre-
ceding that [ p fifedp = 0. On the other hand, if neither integral vanishes,
choose t > 0 so that the preceding yields

fnal< (L)’ ()"

Hence, in any case, (6.1.8) holds. Finally, argue that one can remove the
restriction that f; and fo be bounded, and then remove the condition that
w(E) < oo. In particular, even if they are not bounded, so long as fZ and
f2 are p-integrable, conclude that f; fo must be p-integrable and that (6.1.8)
continues to hold.

Clearly (6.1.8) is the special case of Holder’s inequality when p = 2. Because
it is a particularly significant case, it is often referred to by a different name
and is called Schwarz’s inequality. Assuming that both f7 and f3 are u-
integrable, show that the inequality in Schwarz’s inequality is an equality if
and only if there exist (o, ) € R? \ {0} such that af; + Bf2 =0 (a.e., ).

Finally, use Schwarz’s inequality to obtain Minkowski’s inequality for the
case p = 2. Notice the similarity between the development here and that of
the classical triangle inequality for the Euclidean metric on RV,

(6.1.8)

EXERCISE 6.1.9. A geometric proof of Jensen’s inequality can be based on the
following. Given a closed, convex subset C' of RY, show that ¢ ¢ C if and only
if there is a e, € S¥ ! such that (e4,q—x),y > 0 for all z € C. Next, given a
probability space (E, B, 1) and a u-integrable F : E — C, use the preceding
to show that p = [Fdp € C. Finally, let g : C — [0,00) be a continuous,
concave function, and use the first part to prove Jensen’s inequality. Here are
some steps that you might want follow in proving Jensen’s inequality.

(i) Show that if g; and g2 are continuous, concave functions on C, then so
is g1 A go. In particular, if g is a non-negative, continuous, concave function,
then g A n is also, and use this to reduce the proof of Jensen’s inequality to
the case in which ¢ is bounded.



§6.2 The Lebesgue Spaces 153

(ii) Assume that g : C' — [0,00) is a bounded, continuous, concave func-
tion, and set C' = {(z,t) € RN xR : 2z € C and t < g(z)}. Show that C is

a closed, convex subset of RN*1. Next, define F : E — C by F = (goFF),

note that F is u—iptegrable, and apply the first part to see that its u-integral
is an element of C'. Finally, notice that

/queé’ = /goFd,u<g(/Fd,u>.

EXERCISE 6.1.10. Suppose that u € C2([0,1];R) satisfies u(0) = 0 = u(1).
The goal of this exercise is to show that

(%) u(t) = — /[0 1](8 At —st)u(s)ds for t € [0,1].

In particular, if " < 0, then u > 0.

(i) Use integration by parts to show that

u(t) = tu'(0) + /[o , (t—s)u”(s)ds forte|0,1].

(ii) Using (i), show that «/(0) = — [,

0 1](1 — s)u”(s) ds and therefore that
(%) holds.

§6.2 The Lebesgue Spaces

In the first part of this section I will introduce and briefly discuss the standard
Lebesgue spaces LP(u;R). In the second part, I will look at mixed Lebesgue
spaces, one of the many useful variations on the standard ones.

§6.2.1. The LP-Spaces: Given a measure space (E,B, ) and a p € [1,00),

define )
D
1 llr e = ( [E I du)

for measurable functions f on (E,B). Also, if f is a measurable function on
(E, B) define

£l oo (usmy = inf{M € [0,00] : |f| < M (a.e.,p)}.

Although information about f can be gleaned from a study of || f[| 1»(ur)
as p changes (for example, spikes in f will be emphasized by taking p to be
large), all these quantities share the same flaw as || f||11(,r): they cannot
detect properties of f that occur on sets having p-measure 0. Thus, before we
can hope to use any of them to put a metric on measurable functions, we must
invoke the same subterfuge that I introduced in §3.1.2 in connection with the
space L'(u; R). That is, for p € [1,00], denote by LP(u;R) = LP(E, B, 11;R)
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the collection of equivalence classes | f]i of R-valued, measurable functions f
satisfying || f||z»(um) < 00. Once again, I will consistently abuse notation by

using f to denote its own equivalence class | f]m

Obviously [[af||zr(ur) = lall|fllzr(ur) for all p € [1,00), a € R, and B-
measurable f’s. Also, by (3.1.10) and Minkowski’s inequality, we have the
triangle inequality

If1 + fallzour) < 1f1lleegur) + 1f2ll L (ur)

for all p € [1,00) and fi, fo € LP(u;R). Moreover, it is a simple matter to
check that these relations hold equally well when p = oco. Thus, each of the
spaces LP(u; R) is a vector space. In addition, because of our convention and
Markov’s inequality (Theorem 3.1.6), || f||zr(u;r) = 0 if and only if f = 0 as an
element of LP(u; R). Hence, || f2 — fil|Lr(ur) determines a metric on LP(u; R),
and I will write f,, — f in L?(y;R) when {f, : n > 1} U {f} C L?(1;R)
and ||f7l - f”LT’(p,;]R) — 0.

The following theorem simply summarizes obvious applications of the re-
sults in §§3.1 and 3.2 to the present context. The reader should verify that
each of the assertions here follows from the relevant result there.

THEOREM 6.2.1. Let (E, B, i) be a measure space. Then, for any p € [1, 0]
and f, g € LP(1; R),

| HgHLT’(H;R) - ||f||LP(u;]R)| S ”g - f”LP(;L;R)'

Next suppose that {f, : n > 1} C LP(u;R) for some p € [1,00] and that f is
an R-valued measurable function on (E, B).

(i) If p € [1,00) and f, — f in LP(u;R), then f, — f in p-measure. If
fn — [ in L*=(u;R), then f, — f uniformly off of a set of u-measure 0.

(ii) If p € [1,00] and f, — [ in p-measure or (a.e., ), then | f|lrr(ur) <

lim . | fullze(ur). Moreover, if p € [1,00) and, in addition, there is a
g € LP(u;R) such that |f,| < g (a.e.,u) for each n € ZT, then f, — f in
LP(1;R).

(iii) If p € [1,00] and limy, 00 SUP, >, || fn — fmllLr(ur) = 0, then there is
an f € LP(u;R) such that f, — f in LP(u;R). In other words, the space
LP(p; R) is complete with respect to the metric determined by || - || 1 (uw)-

Finally, we have the following variants of Theorem 3.2.14 and Corollary
3.2.15.

(iv) Assume that u(E) < oo and that p,q € [1,00). Referring to Theorem
3.2.14, define S as in that theorem. Then, for each f € LP(u;R) N LY(p; R),
there is a sequence {,, : n > 1} C S such that p,, — f both in LP(u;R) and
in LY(u;R). In particular, if pu is o-finite and B is generated by a countable
collection C, then each of the spaces LP(u;R), p € [1,00), is separable.
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(v) Let (E,p) be a metric space, and suppose that p is a measure on
(E, Bg) for which there exists a non-decreasing sequence of open sets E,, /' E
satisfying u(E,) < oo for each n > 1. Then, for each pair p,q € [1,00) and
f € LP(u;R) N L9(u; R), there is a sequence {¢, : n > 1} of bounded, p-
uniformly continuous functions such that y,, = 0 off of F,, and p,, — f both
in LP(u; R) and in L9(p; R).

The version of Lieb’s variation on Fatou’s Lemma for LP-spaces with p # 1
is not so easy as the assertions in Theorem 6.2.1. To prove it we will need the
following lemma.

LEMMA 6.2.2. Let p € (1,00), and suppose that {f, : n > 1} C LP(u;R)
satisfies sup,, > || fullLe(ur) < 00 and that f, — O either in y-measure or
(a.e., ). Then, for every g € LP(u; R),

Jin (17 gldp =0 = i [ 17,]1gl" " dn

ProOOF: Without loss of generality, we will assume that all of the f,, 's as well
as g are non-negative. Given d > 0, we have that

/fﬁ’lgdu:/ fﬁ’lgdw/ o gdp
{f’ngég} {fn>5g}

< HgllTs sy +/ ﬁ’lgdu+/ fE g du.
2 Sz {9<5)

n

Applying Holder’s inequality to each of the last two terms, we obtain

/fﬁflg dp <P~! ||g||ip(u;R)

1 1
b ([ odn) ([ gau
{fn>6%} {9<6}

Since, by Lebesgue’s Dominated Convergence Theorem, the first term in the
final brackets tends to 0 as n — 0, we conclude that

-1
hm /fp Yogdp < 677 Y |g||? p(ﬂ;]R)Jrngl)an”ip(#;R)Hl{ggé}g”Ll’(u;R)

for every § > 0. Thus, after another application of Lebesgue’s Dominated
Convergence Theorem, we get the first equality upon letting § \ 0.

To derive the other equality, apply the preceding with f2=1 and gP~! re-
placing, respectively, f,, and g and with p’ = T in place of p. 0O
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THEOREM 6.2.3 (Lieb). Let (E,B, ) be a measure space, p € [1,00), and

{fn: n =1} U{f} C LP(w;R). If sup,>y [|fallLe(ur) < o0 and fr — f in
p-measure or (a.e., i), then

i [ |1Ful? = 117 = 1f = 17 | ds =0

n—oo

and therefore ||fn - f”LP(/L;R) — 0 if an”LP(/L;R) — Hf”LP(/L;R)'

PROOF: The case p = 1 is covered by Theorems 3.2.3 and 3.2.5, and so we
will assume that p € (1,00). Given such a p, we will first check that there is
a K, < oo such that

() [P = lal” —[b—al” | < Kp (|b— al”[al + |af" " b —al), abeR.

Since it is clear that (x) holds for all a,b € R if it does for all a € R\ {0}
and b € R, we can assume that a # 0 and divide both sides by |a|?, thereby
showing that (x) is equivalent to

[P = 1= fe= 1P| < Ky (Je = 1P~ +e—1]) . c€R

Finally, the existence of a K, < oo for which this inequality holds can be
easily verified with elementary consideration of what happens when c is near
1 and when |c| is near infinity.

Applying (x) with a = f,(x) and b = f(x), we see that

} |fn|p - |f|p - |fn - f‘p{ < Kp (|fn _f|p71|f‘ + |fn - f||f‘p71)

pointwise. Thus, by Lemma 6.2.2 with f,, and g there replaced by, respectively,
fn — f and f here, our result follows. [

Before applying Holder’s inequality to the LP-spaces, it makes sense to
complete the definition of the Holder conjugate p’ that was given in Theorem
6.1.5 only for p € (1,00). Namely, I will take the Holder conjugate of 1 to be

oo and that of oo to be 1. Notice that this is completely consistent with the

equation % + 1% = 1 used before.

THEOREM 6.2.4. Let (E, B, 1) be a measure space.
(i) If f and g are measurable functions on (E, B), then for every p € [1, o0],

1 f gl ury < I Leury 1911 Lo (uimy-

In particular, if f € LP(u;R) and g € LP (j; R), then fg € L*(y; R).
(ii) If p € [1,00) and f € LP(u;R), then

I fllzeusry = sup{ | fgllLrumy = 9 € LP (1:R) and [|g]| 1o () < 1}-
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In fact, if || f| zr(ur) > 0, then the supremum on the right is achieved by the
function )
_ P
g=—"1_

TS

(iii) More generally, for any f that is measurable on (E, B),

[ 1o (usy > sup{ | fgll L1 ury = 9 € LP (13 R) and ||l o () < 1},

and equality holds if p =1 or p € (1,00) and either u(|f| > 0) < oo for every
6 > 0 or p is o-finite.

(iv) If f : E — R is measurable and u(|f| > R) € (0,00) for some R > 0,
then

£l oo sy = sup{ [l fgll L1 (um) : 9 € L' (13 R) and ||| 11 (umy < 1}

PROOF: Part (i) is an immediate consequence of Holder’s inequality when
p € (1,00). At the same time, when p € {1,000}, the conclusion is clear
without any further comment. Given (i), (ii) as well as the inequality in (iii)
are obvious.

When p = 1, equality in (iii) is trivial, since one can take g = 1. Moreover,
in view of (ii), the proof of equality in (iii) for p € (1, 00) reduces to showing
that, under either one of the stated conditions, || f||z»(.r) = 0o implies that
the supremum on right-hand side is infinite. To this end, first suppose that
w(|f| > &) < oo for every § > 0. Then, for each n > 1, the function given by

Un =S (1[%@] ° Ifl) +nlieyo f

is an element of LP' (u;R). Moreover, if Ilfll e (u;r) = 00, then, by the Mono-
tone Convergence Theorem, |[tn]| 10 (,,.z) — 00. Thus, since || fn | L1(umr) >

||1/Jn\\i,p/(mR), we see that

. Un
£ gnllLr(umry — 00 if | fll o () = 00 and g = —————.
(iR) P (i) L+ [nll 2o um)

To handle the case p is o-finite and p(|f] > §) = oo for some § > 0, choose
{E, : n>1} C Bsuch that E, /' E and u(FE,) < co for every n > 1. Then

it is easy to see that lim, o || fgn|lL1 (k) = 00 When

Ir, with T, = E, n{|f| >}

(1+p(T)

In

=

Since |[gn | 1o (,ir) < 1, this completes the proof of (iii).
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Finally, to check (iv), first note that the right side dominates the left. To
get the opposite inequality, define gp; = ;éIMTO;]J\% for M € [0,00) satisfying
u(|fl = M) € (0,00). Obviously, [garllrr(umr) =1 and |[fgnrllorum) = M.
If R = ||fHL°°(/—L§]R)a take M = R to get ||ngHL1(;L;R) > Hf”Lm(;L;R)- IfR<
| fll Lo k), get the same conclusion by considering M € [R, || f|lr=(ur))-
Thus, the left side dominates the right. O

§6.2.2. Mixed Lebesgue Spaces: For reasons that will become clearer
in the next section, it is sometimes useful to consider the following slight
variation on the basic LP-spaces. Namely, let (E1, By, 1) and (E2, Ba, pus2) be
a pair of o-finite measure spaces and let p1,ps € [1,00). Given a measurable
function f on (Ey x Eo, By x Bs), define

L
P2

[ /E 2 < /E Sz u1<dx1>> " ()

and let L(P1:72) ((ul, 12); R) denote the mixed Lebesgue space of R-valued,
By x By-measurable f’s for which || f[| ;o1 p2) (g, 0)r) < 00 Obviously, when

pP1=Dp=Dp2, Hf||L(P1=P2)((p1,;L2);R) = ||fHLP(u1x;L2;R) and L(#1-72) ((m,uz);R) =
LP(py % po; R).

The goal of this subsection is to show that when p; < po the L®1P2)-norm
of a function is dominated by its L(>1)-norm, and the following lemma will
play a crucial role in the proof.

Hf”L(Pl*?Q)((Ml,uz);R)

LEMMA 6.2.5. For all f and g that are measurable on (Ey X Ea,B1 X Bs),

||f + QHL(m,m)((“l,ﬂQ);]R) < ||fHL(p1,pz)((#h“z,);R) + ||g||L(p1’p2)((/Ll,/LQ);R)7

(6.2.6)

179l 2t xpa)i®) < W ermo (uaiayiy 191 Lo 25 imyimy:
Moreover, if {f, : n > 1}U{f} C L(p17p2)((u1,u2);R), o — [ (ae, g1 X pa),
and | f,| < g (a.e, p1 X ug) for each n > 1 and some g € L(pl’m)((ul,,ug);R),
then ||f, — f||L<p1,,,2)((m7M2);R) — 0. Finally, if 1 and uo are finite and G
denotes the class of all {)’s on Ey x Ey having the form Y 1p, (- 1)@m(+2)
for some n > 1, {¢m : 1 < m < n} C L>®(u;R), and mutually disjoint
Tiq,...,T0, € By, then, for each f € LP1P2) ((u1, u2); R) and € > 0, there is
a ¢ € G for which ||f — ’L/)||L(p1,p2)((m7u2);R) < €.

PRrROOF: Note that

(*) £ Lo w2) (ur iy = D IFC 152 Neer uas) | s (g imy-

Hence the assertions in (6.2.6) are consequences of repeated application of
Minkowski’s and Holder’s inequalities, respectively. Moreover, to prove the
second statement, observe (cf. Exercise 4.1.9) that, for ps-almost every xg €
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By, fu(+ 22) — f(o,22) (ae, ), |fu(-,22)| < g(-,22) (ae.,p1), and
g(+,x2) € LP'(u1;R). Thus, by part (ii) of Theorem 6.2.1, for po-almost
every xo € Ey, || fn(-,22) — f(-,22)| r1 (uy;r) — 0. In addition,

(s w2) = FCs @) liwn (uumy < 201905 22)l|Lon i)

for ps-almost every zo € Eo and, by (x) with g replacing f,

|| ||g( "1 '2)||LP1(/_L1;R) HLpz(lQ;]R) < 0.

Hence the required result follows after a second application of (ii) in Theorem
6.2.1.

We turn now to the final part of the lemma, in which both the measures
w1 and po are assumed to be finite. In fact, without loss of generality, we will
assume that they are probability measures. In addition, by the preceding, it
is clear that, for each f € L®1.r2) ((M17M2);R),

||f - f"HL(Plva)((/“,Mg);R) — 0 where fn = f]-[—n,n] © f

Thus, we need only consider f’s that are bounded. Finally, because u; X po
is also a probability measure, Jensen’s inequality and (x) imply that

Hf_'I/JHL(m,pQ)(/Ll,/LQ) < ”f _w”Lq(ulxuz) where ¢ =p1V po.

Hence, all that remains is to show that, for every bounded, By x Bs-measurable
[ Eyx Ey — Rand € > 0, there is a ¢ € G for which || f — 9|l a(u, x ) < €.
But, by part (iv) of Theorem 6.2.1, the class of simple functions having the
form

n
’(/}: E am1F1,7rL><F2,7n
m=1

with I} ,,, € B; is dense in L(pq X po;R). Thus, we will be done once we
check that such a 1 is an element of G. To this end, set Z = ({0, 1})n and,

for n € Z, define Ty ,, = (" _, T\") where I'® = T'¢ and T =T Then

m=1"1,

Y(x1,m2) = Z am Z Nmlr , (1) | 1n,,, (z2) = Z 1r, , (21) pn(22),

m=1 ner nel

where
n
$Pn = Z nmamll“z,,,,p
m=1
Since the I, ’s are mutually disjoint, this completes the proof. [

We can now prove the following continuous version of Minkowski’s
inequality.
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THEOREM 6.2.7. Let (E;,B;, ), ¢ € {1,2}, be o-finite measure spaces.
Then, for any measurable function f on (E; X Es,B; X Bs),

1l orm (ur uoysy S MF Lo (o )iy LS 1< p2 < oo
PROOF: Since it is easy to reduce the general case to the one in which both
p1 and po are finite, we will take them to be probability measures from the
outset.

Let G be the class described in the last part of Lemma 6.2.5. Given ¢ =
> Ar, . (1) @m(-2) from G, note that, since the I' ,,’s are mutually dis-
joint, | Y7 amlr .| = 37 lam| 1r, ,, for any r € [0,00) and a4,...,a, € R.
Hence, by Minkowski’s inequality with p = ;Lf

n g—’;’ %
|w||L<m,p2><<M);R>—VE (Zmn,m)wm(xz)v“) uz(dxz)]
2

m=1

= H Z H1 F1m |90m )|p1

b2
LP1 (p2sR)

M n PL n
> (i) | ™ || 22 ] [Zm Crm)l0m 12, R>]
o] P1 (p2;R) -

;

1

P1

IN

- /Z ]'Flm xl)HSOmHLpz(H2 R) ,Ltl(dxl)
m=1

LE
_ ) 1
n fa_; P1

= /(Z 1F1,771<x1)Som||1[jl2p2(u2;R)> /,Ll(d./fl)

LE m=1

[ P2 g—; %
-/ (/ (1) (2) Mz(dxz)) i (de)

LE, E»

= 1l w200 (uzogin) -

Therefore we are done when the function f is an element of G.

To complete the proof, let f be a measurable function on (E7 X Eq, By X Bs).
Clearly we may assume that [|f|| Lwa.p0) ((uy,41);r) < 00- Using the last part of
Lemma 6.2.5, choose {1, : n > 1} C G such that [[¢n—fll Lwar0) (ugp) ) —
0. Then, by Jensen’s inequality, one has that ||, — f|| 1 ((u, xpus);r) — 0, and
therefore that v,, — f in g1 X pe-measure. Hence, without loss of generality,
assume that ¥, — f (a.e., 1 X u2). In particular, by Fatou’s Lemma and
Exercise 4.1.9, this means that

/E @) P pa(der) < lim [ [n(an, 22)|P pua(das)

n—oo J Fq
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for po-almost every zo € FEs; and so, by the result for elements of G and
another application of Fatou’s Lemma, the required result follows for f. O

Exercises for §6.2

EXERCISE 6.2.8. Let (E,B, ) be a measure space and f : F — R a B-
measurable function.

(i) If pu is finite, show that || f|| e (.m) < /UL(E)%fi IfllLaqum) for 1 <p < g <
oco. In particular, when p is a probability measure, this means that || f[| 1»(,.r)
is non-decreasing as a function of p.

(ii) When E is countable, B = P(FE), and 4 is the counting measure on

E (ie., p({x}) = 1 for each x € E), show that ||f||1r(,;r) is a non-increasing
function of p € [1, x0].
Hint: First reduce to the case when £ = {1,...,n} for some n € Z". Second,
show that it suffices to prove that Y. _ a? < 1 for every p € [1,00) and
{am : 1 <m <n} C[0,1] with }° | an, = 1, and apply elementary calculus
to check this.

(iii) If p is finite or f is p-integrable, show that, as p — oo, || f|l Lr(ur) —
£l Lo (u;r) for any B-measurable f: E — R.

(iv) Let (Ey,B1) and (E2, B3) be a pair of measurable spaces, and let ps be
a o-finite measure on (Fs, B2). If f : E; x E5 — R is B x By-measurable, use
(iii) to show that 21 € Ey +— [|f(21, - )| 1o (uo;r) € [0, 00] is Bi-measurable.
Hence, we could have defined L®1:72) ((,ul, ug);]R) for all py, p2 € [1, 0.

EXERCISE 6.2.9. Let a measure space (E,B,u) and 1 < ¢o < ¢1 < oo be
given. If f € L% (u;R) N L% (p; R), show that for every t € (0,1)

1 t 1—1t
£l zae (uir) < ||f||qu(/L R) Hf”qu(#R where a = qio + P
Note that this can be summarized by saying that p ~> —log || f|l L (ur) is a
concave function of %.

EXERCISE 6.2.10. If (Eq, By, 1) and (Es, Bs, ps) are a pair of o-finite mea-
sure spaces and p € [1,00), show that the set of functions that can be written
in the form Z;zl fim(z1) fo,m(x2), where n > 1, {fim : 1 <m < n} C
LP(p1;R), and {fam : 1 <m <n} C LP(ug;R), is dense in LP(py x pg;R).
Hint: First reduce to the case in which p1 and pe are finite, and then apply
part (iv) of Theorem 6.2.1 to handle this case.

EXERCISE 6.2.11. Let (E, B, 1) be a measure space, g a non-negative element

of LP(u;R) for some p € (1,00), and f a non-negative, B-measurable function
for which there exists a C' € (0, 00) such that

(*) u(f>1) < Q/ gdu, te(0,00).
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The purpose of this exercise is to show that (x) allows one to estimate the LP-
norm of f in terms of that of ¢ when p > 1. The result here is a very special
case of a general result known as Marcinkiewicz’s Interpolation Theorem.

(i) Set v(I') = [ gdu for I' € B, note that () is equivalent to

p(r >0 < Sulr >0, e 0.)

and use (5.1.7) or Exercise 5.1.11 to justify

Hﬂﬂm®=p4;)W1Mf>wﬁ

gcp/ tP2u(f > t)dt = O /fp Ldv.
(0,00) p—=

Finally, note that [ fP~'dv = [ fP~'gdu, and apply Hélder’s inequality to
conclude that

(s5) 1712y < ~ 2l 125y

(ii) Under the condition that ||f[|zs(ur) < 00, it is clear that (+x) implies

Cp
(6.2.12) Hf”LP(,u R) = 7Hg||LP(,u iR)-

Now suppose that pu(F) < co. After checking that (x) for f implies (x) for
fr = f AR, conclude that (6.2.12) holds first with fr replacing f and then,
after R ' oo, for f itself. In other words, when p is finite, () always implies
(6.2.12).

(iii) Even if u is not finite, show that (%) implies (6.2.12) if, for every € > 0,
u(f >e) < 0.
Hint: Given e > 0, consider pc = p | B[{f > €}], note that () with z implies
itself with p., and use (ii) to conclude that (6.2.12) holds with p. in place of
w. Finally, let € N\, 0.

EXERCISE 6.2.13. In §3.3.2 I derived the Hardy-Littlewood inequality
(3.3.7) and pointed out the one cannot pass from such an estimate to an
estimate on the L'-norm. Nonetheless, use (3.3.7) together with Exercise
6.2.11 to show that

2p
1M fll L (agir) < 7||f||Lp(A]R r) forall p € (1,00).



§6.3 Some Elementary Transformations on Lebesgue Spaces 163

§6.3 Some Elementary Transformations on Lebesgue Spaces

The most natural transformations on a vector are linear, and in this section I
will discuss some linear transformations on the Lebesgue spaces.

Linear transformations on finite-dimensional vector spaces are represented
in terms of matrices. To think about R™ in measure-theoretic terms, one
first identifies it with the space of R-valued functions on {1,...,n} and then
gives it any one of the topologies that comes from putting a measure p on
E ={1,...,n} and introducing the norm || - || z»(,;r) for some p € [1,00]. (Of
course, in order for the resulting topology to be Hausdorff, one has to choose
a p that assigns positive measure to each element of E.) Next suppose that
K is a linear transformation on R™. Then the measure-theoretic analogue of
the matrix representation of K takes the form Kf(z) = [, K(x,y)f(y) p(dy).
That is, summation is replaced by integration with respect to u, and the
matrix is replaced by a function, called a kernel, on F x E.

As long as one is working in a finite-dimensional context, the choice of
norm is not crucial. Indeed, every norm on a finite-dimensional vector space is
commensurate with every other norm on that space, and every linear operator
is continuous no matter what norm is used. However, in infinite dimensions,
the choice of norm is critical. In fact, for a given kernel, in general the
linear operator that it represents will be well-defined only when the norm is
judiciously chosen. In the following subsection, I will derive a useful criterion
for deciding when a kernel determines a continuous map between Lebesgue
spaces, and in the subsequent subsection I will apply that criterion.

§6.3.1. A General Estimate for Linear Transformations: In the fol-
lowing, (E1, B1, p11) and (Esq, Ba, p2) are a pair of o-finite measure spaces and
K is a measurable function on (E; x Fa, By x Bs).

LEMMA 6.3.1. Assume that

My = sup ||K(-,22)|ra(u;r) <00 and My = sup [[K (1, -)||pa(uym) < 00
r2€E> 1€,

for some q € [1,0), and define

Kf(xy) = : K(x1,22) f(22) pu2(dze) for xy € Ey and f € qu(ug;R).

Then for each p € [1,00] satisfying L =1 +1—-1>0,

S
Q=

q 1—4 ’
ch| L7 (p1;R) < er M2 " ”fHLP(M;JR)v f € L1 (/~L2?R)~

ProOOF: First suppose that r = oo and therefore that p = ¢/. Then, by part
(i) of Theorem 6.2.4,

|Kf(21)| < HK(xl,-)HLq(m;R) I fllLe(ussry for all zy € Ey;
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and so there is nothing more to do in this case.
Next, suppose that p = 1 and therefore that ¢ = r. Noting that [[Kf||zr(u,;r)
<K FIl L (g0 )sm)» We can apply Theorem 6.2.7 to obtain

AN Lrrimy < NEFlLam (uain)ivy < PN L6 (G )5%)

[ ([ it )t ) et
By \JE,
:/E (5 22) | Ly ) [ f(@2)] pa(dz2) < M| fllot (uir)-

Finally, the only case remaining is that in which r € [1,00) and p € (1, 00).
Noting that r € (¢,00), set @ = 2. Then, a € (0,1) and (1 — a)p’ = q. Given
gelL" (11;R), we have, by the second inequality in (6.2.6), that

||glcf||L1(u1;]R) < ||gKf||L1(M1 X pra;R)
< BN o o gnriry 19T ) (g iy

Next, observe that

H |K|a fHL(T*p)((Nth)sR)

%A%Wﬁwmmwmmymw]gmmmm

At the same time, since p < r and therefore ’ < p’, one can apply Theorem
6.2.7 to see that Hg |K|1_a”L(T/‘p’)((#l,w)?R) = Hg |K|1_aHL(P'*Tl)((#2,#1)§R)' By
the same reasoning as we just applied to ||| K| f|| L¢) (4, ,p0)m)» We find that
||g|K|170‘||L(r/,,1/)((ul)m);R) < M2~170‘||g|\Lr/(M2;R). Combining these two, we
arrive at [|[gKf|l1unm) < MMy~ || fllpo(ur) for all g € L™ (u1;R) with
9l 1+ (4 r) < 1; and so the asserted estimate now follows from part (iii) of
Theorem 6.2.4 . O

In Lemma 6.3.1, £ f was defined only when f € Lq/(ug;R). However, the
estimate in that lemma says that, so long as § + ¢ > 1, the definition can be

extended as a map from LP(ug;R) into L"(p1;R), where 1 = % + % —1. A
precise description of this extension is the content of the following.

THEOREM 6.3.2.  Let everything be as in Lemma 6.3.1. For measurable
[ By — R, define

Ag(f) = {xl € By /E !K(xl,x2)| ’f(l‘g)‘/,ég(dl‘g) < oo}

and

K T1,T2 X9 2 dIg lfIl A
Kf(xl)z{({&’ (w1, 22) f(2) po(ds) € Ar(f)

otherwise.
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Next, let p € [1,00] satistying % + % > 1 be given, and define r € [1,00] by
121—1—%—1. Then

T p
(63.3) i (Ak(N) =0 and [[f] 0 m < M7 My " [ lleogunsmy

for f € LP(ug;R). In particular, as a map from LP(ug;R) into L™ (uq;R), K
is linear. In fact, f € LP(ug; R) — Kf € L"(uy;R) is the unique continuous
mapping from LP(u2;R) into L"(p1; R) that coincides with K on LP(ug;R) N
L (u2; R).
PRrROOF: If r = oo, and therefore p = ¢/, there is nothing to do. Thus, we will
assume that r and therefore p are finite.

Let f € LP(pu2;R) be given, and set f, = f1;_,, , o f for n € Z*. Because
p<q and f, € LP(ug; R) N L®(ug; R), fu € LP (s R) N L (u2; R). Hence,
by the estimate in Lemma 6.3.1 applied to | K| and |f,],

T

| K (21, 22)| | fu(22)| pa(dza) | pa(day)
{z2:|f(22)|<n}

< MY My fll Lo uomy < MY My ™ F Lo (i)
In particular, by the Monotone Convergence Theorem, this proves both parts

of (6.3.3). Furthermore, if f, g € LP(u2;R) and «, 8 € R, then

K(af +B9) =aKf+5Kg on Aw(f)NAx(g).
Thus, since both Ag(f)¢ and Ax(g)® have pi-measure 0, we now see that,
as a mapping from LP(y;R) into L"(uq;R), K is linear. Finally, it is obvious
that Kf = Kf for f € LP(u2;R) N LY (uo; R). Hence, if K’ is any extension
of K | LP(ug; R) N LY (12; R) as a continuous, linear mapping from LP(u9; R)
to L"(p1;R), then (with the same choice of {f,, : n > 1} as above)

E;

HKf —K'f L7 (p15R) < n@o Hff B Kf”| L7 (p1sR)
- n@o HKO[ - f”)| L™(p1sR) &S Ml% MQli% n@c IF = anLp(“l;R) =00

§6.3.2. Convolutions and Young’s inequality: One of the many applica-
tions of Theorem 6.3.2 is to the multiplication operation known as convolution.
To be precise, given p € [1,00], define the convolution f * g of a function
f € LP(Agn; R) with a function g € LP (Ag~;R) by

(6:3.4) fra@ = [ fe =)y

Clearly f * g is well-defined and measurable for f and g from Holder comple-
mentary Lebesgue spaces. In addition, for such functions, it is obvious that
f* g is bounded and that |[f * gllu < [[fllzr(x,x ;R)||g||Lp/(/\RN ). However, it
is less obvious whether convolution can be extended to functions that are not
in complementary Hélder spaces or, if it can, in what space the resulting fxg

will land. For this reason, the following is interesting.
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THEOREM 6.3.5 (Young’s inequality). Let p and ¢ from [1, o] satisfying
% —|—% > 1 be given, and define r € [1,00] by % = % + % — 1. Then, for each
f e LP(Mgn;R) and g € LY(Ag~;R), the complement of the set

M) = {a e [ Ire = nllatldy < oo}
has Lebesgue measure 0. Furthermore, if

Jan f(@—y)g(y)dy when x € A(f,g)
0

otherwise,

f*g(:ﬂ){

then f*g=gx* [ and
(6.3.6) 1f* gllrogn®) < N fllzeopn R N9l La o R)-

Finally, the mapping (f,g) € LP(Apn;R) X LY(Agn;R) — fxg € L™ (Mg R)
is bilinear.

PROOF: As was observed above, there is nothing to do when r = oo and
therefore ¢ = p’. Thus, we will assume throughout that r and therefore also
p and ¢ are all finite. Next, using the translation invariance of Lebesgue
measure, first note that A(f,g) = A(g, f) and then conclude that fxg = gx*f.
Finally, given ¢ € [1,00) and g € LY(RY;R), set K(x,y) = g(z — y) for
z, y € RY. Obviously,

sup |K(-,y)llapnm = sup [|K(z, )|lLapun®) = 9llzao, v r) < 00:
yERN z€ERN

and, in the notation of Theorem 6.3.2, A(f,g) = Ax(f) and f*g=Kf. In
particular, for each f € LP(Agn;R), A(f, g)c has Lebesgue measure 0 and
(6.3.6) holds. In addition, f € LP(Agn;R) — f*g € L"(Agn; R) is linear for
each g € LY(Agn;R); and therefore the bilinearity assertion follows after one
reverses the roles of f and g. [

The most frequent applications of these results are to situations in which
f € LP(Mgn;R) and g € LY(Agn; R) where either p = ¢/ (and therefore r = 00)
or p = 1 (and therefore r = ¢). To get more information about the case p = ¢/,
we will need the following.

LEMMA 6.3.7. Given h € RY, define 7, f for functions f on RN by 7,f =
foTn = f(-+h). Then 1, maps LP(Ag~;R) isometrically onto itself for every
h € RN and p € [1,00]. Moreover, if p € [1,00) and f € LP(A\g~;R), then

(6.3.8) Jim (|17 = fllze (aow i) = 0.

Proor: The first assertion is an immediate consequence of the translation
invariance of Lebesgue measure.
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Next, let p € [1,00) be given. If G denotes the class of f € LP(A\g~;R) for
which (6.3.8) holds, it is clear that C.(R;R) C G. Hence, by (v) in Theorem
6.2.1, we will know that G = LP(Ag~;R) as soon as we show that G is closed
in LP(Ag~;R). To this end, let {f, : n > 1} C G and suppose that f, — f
in LP(Ag~; R). Then

}13% I7nf = fllLe(n ®)
< }%11}1%) 7 (f — fn)HLp()\]RN;]R) + }llli% 170 fn — fn”LP(/\RN;R) + [ fn — f”LP()\RN;]R)

:2||fn_fHLP(,\RN;]R)—>O asn —oo. U

THEOREM 6.3.9. Let p € [1,00], f € LP(A\g~;R), and g € LP (\gn;R).
Then
Th(f*g) = (Thf) * g = f *(1hg) forall h € RY.

Moreover, f * g is uniformly continuous on R and
1 * glla < NFle g ) 191 2o () -

Finally, if p € (1,00), then lim|, o f * g(z) = 0.

PRrROOF: The first assertion is again just an expression of translation invari-
ance for Ag~, and the estimate on ||f * g||, is a simple application of either
Holder’s inequality or Theorem 6.3.5. To see that f * g is uniformly continu-
ous, first suppose that p € [1,00). Then, by the preceding estimate, Holder’s
inequality, and (6.3.8),

70 (f* 9) = F*glla = (70 f = [) * gllu < N0 f = Flleon @ 191l 2o @vy — 0

as |h| — 0. When p = oo, reverse the roles of f and ¢ in this argument.

To prove the final assertion, first let f € C.(RY;R) be given, and define G
to be the class of g € LP (Agn;R) for which the assertion holds. Then it is
easy to check that C.(RY;R) C G;. Moreover, from our estimate on || f * g||,
one sees that Gy is closed in LP (\g~;R). Hence, just as in the final step of
the proof of Lemma 6.3.7, we conclude that Gy = LPI(ARN;R). To complete
the proof, let g € LPI(ARN;R) be given, and define H, to be the class of
f € LP(A\gn;R) for which the assertion holds. By the preceding, we know
that Ce(Agv;R) € H,. Moreover, just as before, H, is closed in LP(Agn;R),
and therefore H, = LP(Ag~;R). O

Both Theorems 6.3.5 and 6.3.9 tell us that the convolution product of two
functions is often more regular than one or both of its factors. An applica-
tion of this fact is given in Exercise 6.3.17 below, where it used to give an
elegant derivation of Lemma 2.2.16. What follows can be seen as a further
development of the same basic fact.



168 6 BASIC INEQUALITIES AND LEBESGUE SPACES

LEMMA 6.3.10. Let p € [1,00] and g € C'(A\g~n;R) be given. If g as
well as 0,,g for each 1 < i < N are elements of LPI(AR;R), then, for every
feLPOpy;R), fxge CHRYN;R) and 0,,(f * g) = f * (0, 9)-

PRrROOF: Let e € SV~! be given. By Theorem 6.3.9, Tie(f ¥ g) — f g =
[ * (Tieg — g) for every t € R. Since

w — / (e, Vg(y + ste))  ds,
[0,1]

and, when p’ € [1,00), Theorem 6.2.7 together with Lemma 6.3.7 implies that

H/[o,u (e,Vg(. + ste) — Vg(- ))RN ds

< / \
[0,1]

as t — 0, the required result follows from (6.3.6). On the other hand, if
p' = oo, then, for Ag~-almost every v,

L?' (AN sR)

ds — 0
Ly’ (/\JRN ;R)

Tstw (ea Vg)RN - (ev VQ)RN ‘

Tteg\Y) — 9\Y

% = /[0 ; (e,Vg(y + ste)) yn ds — (e, Vg(y)) pn
boundedly and pointwise, and therefore the result follows in this case from
Lebesgue’s Dominated Convergence Theorem. [

§6.3.3. Friedrichs Mollifiers: The results in the preceding subsection lead
immediately to the conclusion that the smoother g is, the smoother f * g
is. Therefore convolution provides a flexible procedure for transforming in-
tegrable functions into smooth ones. The systematic development of this
procedure seems to been made first by K.O. Friedrichs.

For a given a multi-index a = (ay,...,ax) € NV, set |laf = Zf’ a; and

o _ aa N
0% =0y --- 0.

One of the two key ingredients in Friedrichs’s procedure is the following
immediate corollary of Lemma 6.3.10. Namely, if ¢ € C®(A\g~n;R) and
0%g € Lp/<)\RN;R) for some p € [1,00] and all a’s, then

(6.3.11) frge C®RY;R) and 9%(f*g) = f* (%)
for every f € LP(Agn;R).

The second key ingredient is the following general method for constructing
what are called approximate identities.
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THEOREM 6.3.12.  Given g € L'(Agn;R), define gi(-) = t Ng(t~'-) for
t > 0. Then g; € L'(M\g~;R) and [ gidx = [ gdx. In addition, if [ gdz =1,
then for every p € [1,00) and f € LP(Agn;R),

tli\I"I(I) Hf * gt — f”LP(ARN;R) =0

PrROOF: We need only deal with the last statement.
Assume that [gdz = 1. Given f € LP(A\gn;R), note that, for Agny-almost
every x € RV,

fra@)=f@) = [ (Ha=n)=1@)ady = [ (Ha=tn)=f@)aw)dv.

N

Hence, if Ui (z,y) = (f(x —ty) — f(x))g(y), then, by Theorem 6.2.7,

If* gt — f”LP(/\RN R) < ”\I/tHL(1>P)((>\RN7/\RN);R)

< ||‘I’t||L<p,1>((,\RN,,\RN);R) = /RN ||T—tyf - f||Lp(,\RN;R)|9(1/)|dy-

Since [Tty f — fllLeagn ®) < 2l fllLr (A, n k) the result follows from the above
combined with Lebesgue’s Dominated Convergence Theorem and (6.3.8). O

Theorem 6.3.12 should make it clear why, when g € Ll()\]f{; R) and [ gdz =
1, the corresponding family {g; : ¢ > 0} is called an approximate identity.
To understand how an approximate identity actually produces an approrima-
tion of the identity, consider a g which is non-negative and vanishes off of
B(0,1). Then the volume under the graph of g; continues to be 1 as t \, 0,
whereas the base of the graph is restricted to B(0,t). Hence, all the mass is
getting concentrated over the origin.

Combining Theorem 6.3.9 and (6.3.11), we arrive at Friedrichs’s main result.

COROLLARY 6.3.13. Let g € C°(RY;R)N LY (A\gn;R) with fRN g(x)dx =1
be given. In addition, let p € [1,00), and assume that 0%g € v (Arn;R) for
all « € NV, Then, for each f € LP(\gn;R), f*g; — f in LP(Agn;R) as
t \( 0. Finally, for each t > 0, f % g; has bounded, continuous derivatives of
all orders and 0°(f = g;) = f * (0“g;), a € NV,

Because it is usually employed to transform rough functions into smooth
ones, the procedure described in Corollary 6.3.13 is called a mollification
procedure, and, when it is non-negative, smooth, and has compact support
(i.e., vanishes off of a compact), the function g is called a Friedrichs mol-
lifier. It takes a second to figure out how one might go about constructing
a Friedrichs mollifier: it must be smooth, but it cannot be analytic. The
standard construction is the following. Begin by considering the function
¥ : [0,00) — [0,00) that vanishes at 0 and is equal to et for £ > 0. Be-
cause derivatives of ¢ away from 0 are all polynomials in =1 times 1, it is
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easy to convince oneself that ¢ € C*([0,00);[0,00)). Hence, the function
zeRYN — ((1—|z[*)T) € [0,00) is a smooth function that vanishes off of
B(0,1). Now set

exp(—(1—[z*)7") ifz € B(0,1)

(6.3.14) plz) = kN{ 0 if # ¢ B(0,1)

where ky is chosen to make p have total integral 1. Then p is a non-negative
Friedrichs mollifier that is supported on B(0, 1).

An important application of Friedrichs mollifiers is to the construction of
smoothed replacements, known as bump functions, for indicator functions.
That is, given a I' € Brx and an € > 0, then an associated bump function
is a smooth function that is bounded below by 1r and above by 1p¢). Ob-
viously, if p is a Friedrichs mollifier supported on B(0,1), then pe * 15, is
an associated bump function. To appreciate how useful bump functions can
be, recall the statement that I gave of the Divergence Theorem. Even though
I assumed that the vector field V' was globally defined and had uniformly
bounded first derivatives, one should have suspected that only properties of
V' in a neighborhood of the closure of G ought to matter, and we can now
show that to be the case. Namely, suppose that V is a twice continuously
differentiable vector field defined on an open neighborhood of the bounded
smooth region G, and choose an € > 0 for which G(¢) is a compact subset of
that neighborhood. Next, take 7. = pg x 1 and define V; to be equal to

a5
nV on G and 0 off of G(9). Since the Divergence Theorem applies to V,
and gives a conclusion that depends only on V | G, we now know that the
global hypotheses in Theorem 5.3.7 can be replaced by local ones. Similarly,
the hypotheses in Corollary 5.3.8 as well as those in Exercises 5.3.10-5.3.12
admit localization.

Finally, the following application of Friedrichs mollifiers shows that the
smooth, compactly supported functions are dense in the Lebesgue spaces.

THEOREM 6.3.15. For each p € [1,00), the space C2°(RY;R) of compactly
supported, infinitely differentiable functions is dense in LP(Agn~;R). In fact,
ifp, g € [1,00) and f € LP(Agn; R)NLI(Agn;R), then there exists a sequence
{pn : n > 1} C C®(RN;R) for which ¢, — f in both LP(A\gn;R) and
Li(Agn;R).

PrOOF: Given f € LP(Agn;R) N LI (Agn;R), Lebesgue’s Dominated Conver-
gence implies that

Jim (If@)P +[f(2)|7) dz = 0.
=X J|z|>R
Hence, it suffices to treat f’s that have compact support. Furthermore, if f €
LP(Agn; R) N L2(Ag~; R) has compact support and p is a Friedrichs mollifier,
then p; * f € C(RY;R) for each t > 0 and, as t \, 0, p; * f — f in both
LP (Mg R) and Li(Agn;R). O
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Exercises for §6.3

EXERCISE 6.3.16. Given f, g € L'(Ag~;R), show that

/f*g(:c)dx:/f(x) d:z:/g(x) dz.

EXERCISE 6.3.17. Here is the promised alternative derivation of Lemma

2.2.16. Let I' € E];“}VN have finite, positive Lebesgue measure, and set u =
1_p#1p. Show that u(x) < Agn (T)1a, where A=T-T ={y—z: a2,y €T},
and that u(0) = Agn~ (I") > 0. Use these observations, together with Theorem
6.3.9, to prove that A contains a ball B(0,6) for some 6 > 0. Thus, the
R¥-analogue of Lemma 2.2.16 holds.

EXERCISE 6.3.18. Given a family {f, : a € (0,00)} C L'(A\g~n;R), one
says that the family is a convolution semigroup if fo43 = fo * f3 for all
o, B € (0,00). Here are four famous examples of convolution semigroups,
three of which are also approximate identities.

i) Define the Gauss kernel v(z) = (27 *%exp 2P for € RY. Using
2

the result in part (i) Exercise 5.1.13, show that [,5 v(z)dz = 1 and that (cf.
the notation in Theorem 6.3.12)

Y5 ¥ Vi = Ve for s, t € (0,00).

Clearly this says that the approximate identity {7 5 : t € (0,00)} is a convolu-
tion semigroup of functions. It is known as either the heat flow semigroup
or the Weierstrass semigroup.

(ii) Define v on R by

): 1(0,00)(5 €

3

ol

oo | ~—

V(¢

(NI

™

Show that [, v(£)d§ =1 and that
Vg2 % Vg2 = V(g44)2 for s, t € (0, OO)

Hence, here again, we have an approximate identity that is a convolution
semigroup. The family {v;z : ¢ > 0}, or, more precisely, the probability
measures A ~ [ 4 ve2(§) d€, play a role in probability theory, where they are
called the one-sided stable laws of order 2.

2
Hint: Note that for n € (0, 00),

st 1 52 2
52 2 - — - 3 - d )
e = /<0ﬂ7> (s(n—s))2exp[ ¢ ’75} g

try the change of variable ®(¢§) = ﬁ, and use part (iv) of Exercise 5.1.13.
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(iii) Using part (ii) of Exercise 5.2.20, check that the function P on RV
given by

2 2\~ 5 N

has Lebesgue integral 1. Next prove the representation
Plo) = [y e
(0,00) 2

Finally, using this together with the preceding parts of this exercise, show
that

Ps*Pt:Ps+t7 S,tE(0,00),

and therefore that {P; : ¢ > 0} is a convolution semigroup. This semigroup
is known as the Poisson semigroup among harmonic analysts and as the
Cauchy semigroup in probability theory. The representation of P(x) in
terms of the Gauss kernel is an example of how to obtain one semigroup from
another via the method of subordination.

(iv) For each a > 0, define g, : R — [0,00) so that go(x) = 0if 2 <0

and (cf. (ii) in Exercise 5.1.13) gqo(z) = (F(a))flxafle*"” for x > 0. Clearly,
Jz 9a(x) dz = 1. Next, check that

 anl(z) = ['(a+5) a-1¢1 _ p\B-1 .
Yo * gp(x) <F(a)F(ﬁ)/(o,1)t (1—1) dt>ga+ﬂ( )

and use this, together with Exercise 6.3.16, to give another derivation of the
formula, in (i) of Exercise 5.2.20, for the beta function. Clearly, it also shows
that {go : @ > 0} is yet another convolution semigroup, although this one is
not obtained by rescaling.

EXERCISE 6.3.19. Show that if u is a finite measure on R and p € [1, 00l
then for all f € C.(R";R) the function f * u given by

fxp() = /RNf(w—y)u(dy), z €RY,
is continuous and satisfies

(*) I1f # pll o agnmy < BRI f o apn m)-

Next, use (x) to show that for each p € [1, 00) there is a unique continuous map
K, : LP(Agnv;R) — LP(Agn;R) such that K, f = f xp for f € C.(RV;R).
Finally, note that () continues to hold when f x i is replaced by K, f.



Exercises for §6.3 173

EXERCISE 6.3.20. Define the o-finite measure 1 on ((0,00), B(0,00)) by

1
,LL(F)Z/F;CIZ.I for FEB(O,OO),

and show that p is invariant under the multiplicative group in the sense
that

/ f(a) u(dz) = / @) p(dz),  a e (0,00),
(0,00)

(0,00)

/( Om)f (i) p(dz) = /( . f(z) p(de)

for every By o)-measurable f : (0,00) — [0, 00]. Next, for By o)-measura-
ble, R-valued functions f and g, set

Aulfog) = {x € (0,00) /(Om) ‘f (Z)\ l9()| 1) < oo},

feoglx)= { f(O,oo)f (%) g(y) u(dy) when =z € Au(f, 9)

0 otherwise,

and

nd show that fe g = ge f. In addition, show that if p, ¢ € [1, 00] satisfy

1 1
5+a—1207then

S =

rr(ur) < Ifllze(ur) 9] Lagur)

p(Au(f.9)%) =0 and [feg

for all f € LP(u;R) and g € L%(u;R). Finally, use these considerations to
prove the following one of G.H. Hardy’s many inequalities:

L " e ), Y
[/(O,w) plto </(O,x) L10(y> dy) d ‘| < o (/(O,Oo) y1+a dy)

for all @ € (0,00), p € [1,00), and non-negative, B(g oc)-measurable ¢’s.

Hint: To prove everything except Hardy’s inequality, one can simply repeat
the arguments used in the proof of Young’s inequality. Alternatively, one can
map the present situation into the one for convolution of functions on R by
making a logarithmic change of variables. To prove Hardy’s result, take

1) = (1) M) and go) =o' Fela),

and use [|f ® gLy (ur)y < I fll2r(ur) (9] 2e (uir)-



CHAPTER 7

Hilbert Space and Elements of Fourier Analysis

The basic tools of analysis rely on the translation invariance properties of
functions and operations on Euclidean space, and, at least for applications
involving integration, Fourier analysis is one of the most powerful techniques
for exploiting translation invariance.

This chapter provides an introduction to Fourier analysis, but the treatment
here barely scratches the surface. For more complete accounts, the reader
should consult any one of the many excellent books devoted to the subject.
For example, if a copy can be located, the book H. Dym and H.P. McKean’s
Fourier Series and Integrals, published by Academic Press is among the best
places to gain an appreciation for the myriad ways in which Fourier analysis
has been applied. More readily available is the loving, if somewhat whimsical,
treatment given by T.W. Korner in Fourier Analysis, published by Cambridge
University Press. At a more technically sophisticated level, E.M. Stein and G.
Weiss’s book Introduction to Fourier Analysis on Fuclidean Spaces, published
by Princeton University Press, is a good place to start, and for those who want
to delve into the origins of the subject, A. Zygmund’s classic Trigonometric
Series is available, now in paperback, from Cambridge University Press.

Before getting to Fourier analysis itself, I will begin by presenting a few
facts about Hilbert space, facts that will subsequently play a crucial role in
my development of Fourier analysis.

§7.1 Hilbert Space

In Exercise 6.1.7 it was shown that, among the LP-spaces, the space L? is the
most closely related to familiar Euclidean geometry. In the present section, I
will expand on this observation and give some applications of it.

§7.1.1. Elementary Theory of Hilbert Spaces: By part (iii) of Theorem

6.2.1, if (E,B,u) is a measure space, then L?(u;R) is a vector space that

becomes a complete metric space when one uses ||g — f1|2(,;r) to measure the

distance between functions g and f. Moreover, if B is countably generated

and p is o-finite, then (cf. (iv) in Theorem 6.2.1) L?(u;R) is separable.
Next, if one defines

(£.9) € (L1 R)* — (£,9) 12y = /Efgdu €R,

D.W. Stroock, Essentials of Integration Theory for Analysis, Graduate Texts in Mathematics 262, 174
DOI 10.1007/978-1-4614-1135-2_7, © Springer Science+Business Media, LLC 2011
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then (f, g) L2(uR) is bilinear (i.e., it is linear as a function of each of its entries),
and (cf. part (ii) of Theorem 6.2.4), for f € L?(u; R),

||f||L2(;,L;]R) = (f7 f)L2(u;]R)
= sup{(f, g)LQ(’u;R) . g € L*(u;R) with llgllz2(ur) < 1}_

Thus, (f, g) L2(uiR) plays the same role for L?(u;R) that the Euclidean inner
product plays in RY. That is, by Schwarz’s inequality (cf. Exercise 6.1.7),

|(f79)L2(M;R)’ < WA lezqur 9l L2 uimy

( (f7 g)LQ(u;]R) )
arccos
||f||L2 (p;R) HgHLQ(p;R)

and

can be thought of as the angle between f and g in the plane that they span.
For this reason, I will say that f € L?(u;R) is orthogonal or perpendicular
to S C L*(y; R) and write f L S if (f, g)LQ(“.R) =0 for every g € S.

For ease of presentation, as well as conceptuél clarity, it is helpful to abstract
these properties and to call a vector space that has them a real Hilbert
space. More precisely, I will say that H is a Hilbert space over the field
R if it is a vector space over R that possesses a symmetric bilinear map, known
as the inner product, (z,y) € H? — (x,y)g € R with the properties that:

(a) (x,2)g > 0 for all x € H and ||z||g = /(x,2)g = 0 if and only if
r=0in H.

(b) H is complete as a metric space when the metric assigns ||y — z|| g as
the distance between y and x.

A look at the reasoning suggested in Exercise 6.1.7 should be enough to con-
vince one that bilinearity and symmetry combined with (a) implies the ab-
stract Schwarz’s inequality |(z,y)r| < ||lz||lm|lyllm. Thus, once again, it is

natural to interpret
arccos | —————
]z |yl e

as the angle between = and y. In particular, if S C H and = € H, I will
say that z is orthogonal to S and will write L S if (,y)g = 0 for all
y € S and ¢ L y when S = {y}. Finally, once one knows that the Schwarz
inequality holds, the reasoning in Exercise 6.1.7 shows that || - |z satisfies the
triangle inequality ||z +y||z < |||z + [|y||z, which, together with (a), means
that (z,y) € H> — |z — y|lg € [0,00) is a metric. In addition, because
(x,2)m — (y,2)u| = [(x —y,2)u| < ||z — y|lg||z||g, it should be clear that
(x,y) € H? — (z,y)n € R is continuous.

A further abstraction, and one that will prove important when I discuss
Fourier analysis, entails replacing the field R of real numbers by the field C of
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complex numbers and considering a complex Hilbert space. That is, H is a
Hilbert space over C if it is a vector space over C that possesses a Hermitian
inner product (property (a) below) (z,() € H? — (2,{)g € C with the
properties that

(a) (z,Q)g = (¢,2)y forall z, ( € H,
for each ( € H, z € H — (2,()u € C is (complex) linear,

(b)

(¢) (z,2)g > 0and ||z||g = /(2,2)g =0 if and only if z=01in H,

(d) H is complete as a metric space when the metric assigns ||z — (||z as
the distance between z and (.

Once again, the reasoning in Exercise 6.1.7 allows one to pass from (a), (b),
and (c) to Schwarz’s inequality |(z, ()| < |||z ||¢||7 and thence to the tri-
angle inequality and the conclusion that (2,¢) € H?> — ||z — (||gz € [0,00)
is a metric. Perhaps the easiest way to see that the argument survives the
introduction of complex numbers is to begin with the observation that it suf-
fices to handle the case in which (z,{)y > 0. Indeed, if this is not already
the case, one can achieve it by multiplying z by a § € C of modulus (i.e.,
absolute value) 1. Clearly, none of the quantities entering the inequality is
altered by this multiplication, and when (x,({)y > 0 the reasoning given in
Exercise 6.1.7 applies without change. Having verified Schwarz’s inequality,
there is good reason to continue thinking of

arccos (KZ’OH' )
Izl z ISl e
as measuring the size of the angle between z and (. In particular, I will
continue to say that z is orthogonal to S and write z L S (z L ¢) if (2,{)y =0
for all ¢ € S (when S = {(}), and, just as before, (z,y) € H? — (2,y)g € C
is continuous.
Notice that any Hilbert space H over R can be complezified. For example,

the complexifiction of L?(u;R) is L?(u; C), the space of measurable, C-valued
functions whose absolute values are u-square integrable, and with inner prod-

uct given by
(fa g)L2(u;(C) = /f(l‘)g(ﬁﬂ) dx

More generally, if H is a Hilbert space over R, its complexification H, is the
complex vector space whose elements are of the form x + iy, where z, y € H.
The associated inner product is given by

(i €+ in)yy, = (.6) 4 (1) +i((0:6) — (21),)

and so ||z + iy||3;. = |z[|3 + llyll%. Thus, for example, the complexification
of R is C with the inner product of z, ¢ € C given by multiplying z by the
complex conjugate ¢ of (.
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It is interesting to observe that, as distinguished from the preceding con-
struction of a complex from a real Hilbert space, the passage from a complex
Hilbert space to a real one of which it is the complexification is not canonical.
See Exercise 7.1.10 for more details.

§7.1.2. Orthogonal Projection and Bases: Given a closed linear sub-
space L of a real or complex Hilbert space, I want to show that for each z € H
there is a unique Il 2 with the properties that

(7.1.1) Mpze L and || —Mpz||gp =min{|jlz —y|lxg: v € L}.

An alternative characterization of Il x is as the unique element of y € L for
which x —y L L. That is, Iy« is uniquely determined by the properties that

(7.1.2) Mz el and z—T 2z L L.

To see that (7.1.1) is equivalent to (7.1.2), first suppose that yo is an element
of L for which ||z — y||g > || — yo||g whenever y € L. Then, for any y € L,
the quadratic function

tER— [lz —yo + tyllF = o — yoll T +2tRe((@ — yo,9)m) + £ lyl%

achieves its minimum at ¢ = 0. Hence, by the first derivative test, the real
part of (z — yo,y)n vanishes. When H is a real Hilbert space, this proves
that © —yo L L. When H is complex, choose 6 € C of modulus 1 to make
(x—y0,0y) g = 0(x—yo,y) g > 0, and apply the preceding with y to conclude
that [(x —yo,y)m| = (£ — yo,0y) g = 0. Conversely, if yo € L and  —yo L L,
then, for every y € L,

lz=yllE = llz—yollZ +2Re((2—yo, yo—y)mr) +llyo—ylzr = lz—yolzr+lvo—vlZ,

from which is clear that ||z — yo|/x is the minimum value of ||z — y||g as y
runs over L. Hence, (7.1.1) and (7.1.2) are indeed equivalent descriptions of
IT 2. Moreover, I 2 is uniquely determined by (7.1.2), since if y1, yo € L
and both z —y; and x —y» are orthogonal to L, then y, —y; is also orthogonal
to L and therefore to itself.

What remains unanswered in the preceding discussion is the question of
existence. That is, we know that there is at most one choice of II;x that
satisfies either (7.1.1) or (7.1.2), but I have yet to show that such a IIpx
exists. If H is finite-dimensional, then existence is easy. Namely, one chooses
a minimizing sequence {y, : n > 1} C L, one for which

[ = ynllg — 0 =min{[lz —yl|[m : y € L}.

Since {||yn ||z : n > 1} is bounded and bounded subsets of a finite dimensional
vector space are relatively compact, it follows that there exists a subsequence
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of {yn : m > 1} has a limit yg, and it is obvious that any such limit yo will
satisfy || — yollg = 0.

However, when H is infinite-dimensional, one has to find another argument.
It simply is not true that every bounded subset of an infinite-dimensional
space is relatively compact. For example, take £2(N;R) to be L?(u;R) where
& is the counting measure on N (i.e., u({n}) = 1 for each n € N), and let
Tp, = 1yy,) be the element of (2(N;R) that is 1 at n and 0 elsewhere. Clearly,
|Znll2v;r) = 1 for all n € N, and therefore {z,, : n € N} is bounded. On the
other hand, ||z, — 2 [l;zyr) = V2 for all n # m, and therefore {z,, : n € N}
can have no limit point in £2(N;R).

As the preceding makes clear, in infinite dimensions one has to base the
proof of existence of IIyx on something other than compactness, and so it
is fortunate that completeness comes to the rescue. Namely, I will show
that every minimizing sequence {y, : n > 1} is Cauchy convergent. The
key to doing so is the parallelogram equality, which says that the sum of the
squares of the lengths of the diagonals in a parallelogram is equal to the
sum to the squares of the lengths of its sides. That is, for any a, b € H,
lla+ bl|% + |la — bl|% = 2||al|? + 2/|b||%, an equation that is easy to check by
expanding the terms on the left-hand side. Applying this when a = = — vy,
and b = x — y,,, one gets

Yt m|’

o= 2 = sl = 2=l + 2l =l
H

and therefore, since W € L, that

1Y — Yyl < 2lla = ynllF + 2]z — ym |7 — 46°.

Thus, the Cauchy convergence of {y, : n > 1} follows from the convergence
of {||x — ynllm : n>1} to 4.

Before moving on, I will summarize our progress thus far in the following
theorem, and for this purpose it is helpful to introduce a little additional
terminology. A map ® taking H into itself is said to be idempotent if
®o® = D, it is called a contraction if | ®(x)| g < ||z| g for all z € H, and
it is said to be symmetric (or sometimes, in the complex case, Hermitian)
if (@(m),y)H = (ac,CI)(y))H for all x, y € H.

THEOREM 7.1.3. Let L be a closed, linear subspace of the real or complex
Hilbert space H. Then, for each x € H there is a unique llpx € L for
which (7.1.1) holds. Moreover, IIpx is the unique element of L for which
(7.1.2) holds. Finally, the map x ~» Il x is a linear, idempotent, symmetric
contraction.

PrOOF: Only the final assertions need comment. However, linearity follows
from the obvious fact that if, depending on whether H is real or complex, oy
and ay are elements of R or C, then for any z1, o € H, ay I x1+asllzy € L
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and a1 + aexs — anllpay — agllpazs L L. As for idempotency, use (7.1.1)
to check that Iz = x if x € L. To see that II;, is symmetric, observe that,
because v — IIpz L L and y — Iy L L,

(z,0py),, = (Mpa, Mry) , = (Mpz,y) ,

forall z, y € H. Finally, because x—Ipx L L, ||z||% = |[TLz| 4+ z—Lz|%,
and so ||y < ||z|g. O

In view of its properties, especially (7.1.2), it should be clear why the map
11, is called the orthogonal projection operator from H onto L.

An immediate corollary of Theorem 7.1.3 is the following useful criterion.
In its statement, and elsewhere, S+ denotes the orthogonal complement
a subset of S of H. That is, z € S+ if and only if z L S. Clearly, for any
S C H, S+ is a closed linear subspace. Also, the span, denoted by span(S5),
of S is the smallest linear subspace containing S. Thus, span(S) is the set of
vectors > " | QuyTy, where n € Z, {z,, : 1 <m <n} C S, and, depending
on whether H is real or complex, {a,, : 1 <m < n} is a subset of R or C.

COROLLARY 7.1.4. If S is a subset of a real or complex Hilbert space H,
then S spans a dense subset of H if and only if S+ = {0}.

PROOF: Let L denote the closure of the subspace of H spanned by .S, and
note that S+ = L*. Hence, without loss in generality, we will assume that
S = L and must show that L = H if and only if L+ = {0}. But if L = H and
x L L, then z L x and therefore ||z||% = 0. Conversely, if L # H, then there
exists an x ¢ L, and so x — Iz is a non-zero element of L. [

Elements of a subset S are said to be linearly independent if, for each
finite collection F' of distinct elements from S, the only linear combination
erF o that is 0 is the one for which «, = 0 for each x € F. A basis in H
is a subset S of H whose elements are linearly independent and whose span is
dense in H. A Hilbert space H is infinite-dimensional if it admits no finite
basis.

LEMMA 7.1.5. Assume that H is an infinite-dimensional, separable Hilbert
space. Then there exists a countable basis in H. Moreover, if {x,, : n > 0}
is linearly independent in H, then there exists a sequence {e,, : n > 0} such
that (em,en)n = Om,pn for allm, n € N and

span({zo,...,x,}) = span({eo,...,e,}) for eachn € N.

In particular, if {x,, : n > 0} is a basis for H, then {e,, : n > 0} is also.

PRrROOF: To produce a countable basis, start with a sequence {y, : n > 0}
C H\ {0} that is dense in H, and filter out its linearly dependent elements.
That is, take ny = 0, and, proceeding by induction, take m,,+1 to be the
smallest n for which y, & span({yo,...,yn—1}). If 2, = yn,,, then it is clear
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that the x,,’s are linearly independent and that they span the same subspace
as the y,,’s do. Hence, {z,, : m > 0} is a countable basis for H.

Now suppose that {z,, : n > 0} is linearly independent, and set L, =
span({xo, ..., 2, }). Then L, is finite-dimensional and therefore (cf. part (ii)
in Exercise 7.1.9) closed. Because x,,+1 — I 2,41 # 0 for any n > 0, we can
take

Lo

~lzolla

Tn4+1 — HLnl'nqu

e and en41 =

#n+1 —p, 2pialln
If we do so, then it is obvious that span({eo, .. .,en}) is contained in L,
for each n > 0. To see that it is equal to L,, one can work by induction.
Obviously, there is nothing to do when n = 0, and if L,, = span({eo, . ,en}),
then, because x, 11— ||€nr1 =1L, Tpi1lment1 € Ly, the same is true for n+1.
Finally, because, by construction, ||e,|lg = 1 and e,11 L L, for all n € N,
(emaen)H = 6m,n~ O

A sequence {e, : n > 0} C H is said to be orthonormal if (e,,,e,)p =
Om n, and the preceding construction of an orthonormal sequence from a lin-
early independent one is called the Gram—Schmidt orthonormalization
procedure.

LEMMA 7.1.6. Suppose that {e,, : n > 0} is an orthonormal sequence in H.
Then, depending on whether H is real or complex, for each {c,, : m > 0} €
2(N;R) or {a,, : m > 0} € (3(N;C), the series > .-, ane, converges in H.
That is, the limit

o) N
E ape, = lim E apen, exists in H.

N —o00 0

n—

n=0

Moreover,

2 o0
= lanl.

H n=0

oo
E OnCn

n=0

Oy = <Z €, em> for allm € N and
H

n=0

Finally, the closed linear span' L of {e,, : n > 0} in H coincides with the set
of sums Y o7 | ayey, as {ay, : n > 1} runs over (2(N;R) or *(N; C). In fact, if
x € H, then, depending or whether H is real or complex, {(z,e,)g : n > 0}
is an element of £*(N;R) or ¢2(N;C), and

oo

Il x = Z(z,en)Hen.

n=0

I The closed linear span of a set is the closure of the subspace spanned by that set. It is easy
to check that an equivalent description is as the smallest closed linear subspace containing
the set.
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In particular,
o0
Z|(m,en)H|2 = |l z||% < ||=||3 forallx € H,

and
oo

(Hany)H = Z(x;en)H(yyen)H for all x, Y S Ha
n=0

where the series on the right is absolutely convergent.
Proor: To prove that Y -, ane, converges, note that, because (€, €,) g =
6m,na

2 2

N

= 2 ol

H n=M+1

N
E QnCn

n=M+1

N M
§ Ap€n — E Qp€n
n=0 n=0

H

for all M < N. Hence, since Y -, |ay,|* < oo, {ZTJLO apen: N > O} satis-
fies Cauchy’s convergence criterion. Furthermore,

)
= lim E Un€n, €m = § Un€n, Em )
N—o00
H n=0 H

and

2

0o 2 N N [e's)
= i 2 _ 2
apen anenll = lim |, |” = lavn|”.
N —o00
n=0 H n=0 H n=0 n=0

Obviously, >°° jane, € L for all {a,, : n > 0} from ¢*(N;R) or ¢?(N;C).
Conversely, if Ly = Span({eo, ey eN}), then it is obvious that

= lim
N —o0

N
(Z(z,en)Hen,em> = (x,em)H for all 0 <m < N,
H

n=0

from which it is an easy step to see that x — Zgzo(x,en)Hen 1 Ly and
therefore that Il ,x = 22[:0 (x, en)men for all N > 0 and © € H. Hence,

N 2

Z(x, e")He"

n=0

= HHLNJ:HH < ||x||H7

H

and therefore

Z\ (. e) |* < llall3y < oo.
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In particular, the series {(x,e,)g : n > 0} is an element of /*(N;R) or
2(N; C), S>> (,e,) e, converges in H to an element of L, and

n=0
(x, em)H = (Z (m, en)Hen, em> for all m € N.
n=0 H

Since this means that = — Y7 (z,e,) e, is orthogonal to {e, : m > 0},
and therefore to L, we now know that Il x = Zfzo(x,en)Hen for v € H.
Finally, if x, y € H, then

N
(y2.y), = Jim_ <Z<>Hy>
=

H
N e’}
= ]\;E}loo 0($7€n)H(6n,y) = Zo(xaen)H(y7en)H7
n= n=

and the absolute convergence from the Schwarz’s inequality for /2(N;R). [

The inequality Y 07 [(z,e,)m|? < |lz]|3, in Lemma 7.1.6 is often called
Bessel’s inequality.

By combining Lemmas 7.1.5 and 7.1.6, one arrives at a structure theorem
for infinite-dimensional, separable Hilbert spaces.

THEOREM 7.1.7. Let H be an infinite-dimensional, separable Hilbert space.

Then, there exists a linear isometry ® from H onto, depending on whether H
is real or complex, (*(N;R) or /?(N;C).

PRrROOF: Choose, via Lemma 7.1.5, an orthonormal basis {e,, : n > 0} for H,
and define ®(x) = {(z,en)g : n > 0}. Now apply Lemma 7.1.6 to check that
® has the required properties. [

I will finish this survey of Hilbert spaces with a procedure for constructing
a basis out of other bases. In order to avoid the introduction of the general
notion of tensor products, I will state and prove this result only for L?-spaces.

If fi: By — C and fy: By — C, then f; ® f5 is the C-valued function
on Fy x Ey given by f1 ® fa(z1,22) = f1(z1) fa(z2). Of course, if f1 and fa
are R-valued, then so is f1 ® fo.

THEOREM 7.1.8. Let (E1, By, 1) and (Es, Ba, p2) be a pair of o-finite mea-
sure spaces whose o-algebras are countably generated. If {e1, : n > 0}
and {ez,, : m > 0} are orthonormal bases for L?(u1;R) (or L*(u1;C)) and
L?(ua; R) (or L?(uo; C)) respectively, then {e1.,, ® €2, @ (n1,n2) € N?} is
an orthonormal basis for L?(j1 x pa;R) (or L?(p1 @ pa; C).

PRrROOF: Since the proof is the same in both cases, we will deal only with the
R-valued case.
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By Fubini’s Theorem,
(el’ml & €2,ms5 €1my O eQ’nz)Lz(Ml X p2;R)
- (61,m1 1€ ) L2(p13R) (62’m2 ’ 62’"2)L2(;L1;R)’

and so it is clear that {€1 ,, ® €2, : (n1,n2) € N?} is orthonormal. Thus, it
suffices to check that L = span({e1m, ® €2m, : (m1,mz) € N?}) is dense in
L?(uy x pg;R). Since, for f1 € L?(u1;R) and fo € L?(u2; R), one has

M M
]\/}g)noo ( Z (fl’el,ml)LQ(Ml;R)€17"7ll> b2 (Z (f2’627m2)L2(/,1,2;R)627m2>

m1=0 7)’L2=O
M
= D (Fiserm) pauym (f2: €2m2) Loy my€1m © €2mas

7TL171’TL2:0

where the convergence is in L?(py x po;R), fi ® fo € L. Hence, L contains
the linear span of such functions, and, by Exercise 6.2.10, that span is dense
in L2(py x po;R). O

Exercises for §7.1

EXERCISE 7.1.9. Let H be a real or complex Hilbert space, and note that
every closed subspace of H becomes a Hilbert space with the inner product
obtained by restriction. Here are a few more simple facts about subspaces of
a Hilbert space.

(i) Show that for any S C H, S* is always a closed linear subspace of H.

(ii) The proof of Lemma 7.1.5 used the fact that the subspaces L,, there
are closed. Of course, once one knows that L,, admits an orthonormal basis
{em : 0 < m < n}, this can be easily checked by noting that z € L, —
x=>"_o(x en)nem, and therefore if {z; : k > 1} C L, and 2, — = in
H, then

n

- Z (z,em)mem
H

m=0

n

Tk — > (Th,em)Hem

m=0

=0.
H

= lim
k—o0

More generally, without using the existence of orthonormal bases, show that
any finite dimensional subspace L of H is closed.

Hint: If L = {0} there is nothing to do. Otherwise, choose a basis {b1,...,bs}

1
for L, and show that ’22:1 akkaH > € (Zf;:l |ozk|2)2 for some € > 0.
Conclude from this that if {x,, : n > 1} C L converges to x, then z =

22:1 agby, € L for some real or complex coefficients {ay, : 1 < k < £}.

(iii) Show that C(]0,1];R) is a non-closed subspace of L2()\[O’1};R). Hence,
when dealing with infinite-dimensional subspaces, closedness is something that
requires checking.
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EXERCISE 7.1.10. Given a complex, infinite-dimensional, separable Hilbert
space H, there are myriad ways in which to produce a real Hilbert space
of which H is the complexification. To wit, choose an orthonormal basis
{en : n > 0} for H, and let L be the set of © € H such that (z,e,)g € R
for all n > 0. Show that L becomes a real Hilbert space when one takes the
restriction of (-, - )y to L to be its inner product. In addition, show that H
is the complexifiction of L.

EXERCISE 7.1.11. Suppose that II is a linear map from the Hilbert space H
into itself. Show that II is the orthogonal projection operator onto the closed
subspace L if and only if L = Range(II) and II is idempotent and symmetric
(ie., 12 = 1T and (x,y) g = (z,y) g for all z, y € H). Also, show that if L
is a closed, linear subspace of H, then I1; . = I —II, where [ is the identity
map.

EXERCISE 7.1.12. It may be reassuring to know that, in some sense, the
dimension of a separable, infinite-dimensional Hilbert space is well-defined
and equal to the cardinality of the integers. To see this, show that if E is an
infinite subset of H that is orthonormal in the sense that
1 if f=e
(e,f)H:{ fore, feFE,

0 otherwise

then the elements of E are in one-to-one correspondence with the integers.

EXERCISE 7.1.13. Assume that H is a separable, infinite-dimensional, real or
complex Hilbert space, and let L be a closed, linear subspace of H. Show that
L is also a separable Hilbert space and that every orthonormal basis for L can
be extended to an orthonormal basis for H. That is, if F is an orthonormal
basis for L, then there is an orthonormal basis F for H with E C E. In fact,
show that F = E U E’, where E’ is an orthonormal basis for L.

§7.2 Fourier Series

Much of analysis depends on the clever selection of the “right” orthonormal
basis for a particular task. Unfortunately, the “right” choice is often un-
available in any practical sense, and one has to make do with a choice that
represents a compromise between what would be ideal and what is available.
For example, when dealing with a situation in which it is important to exploit
features that derive from translation invariance, a reasonable choice is a basis
whose elements transform nicely under translations, namely, exponentials of
linear functions. This is the choice made by Fourier, and it is still the basis
of choice in a large variety of applications.

§7.2.1. The Fourier Basis: For each n € N, set ¢, (z) = €™, Obviously,
{en : n € N} is an orthonormal sequence in LQ()\[O,H;(C), and my goal in this
subsection is to show that it is an orthonormal basis there. There are many
ways to prove this result. For example, one can make a change of venue and
replace [0,1) by the unit circle S!, thought of as a subset of the complex plane
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C. That is, from Exercise 5.2.18, one sees that Ag1 = 27(e1)«A[,1), and so the
problem becomes one of showing that the sequence {(27)"22" : n € N} is an
orthonormal basis in L?(\g1; C). Again orthonormality is obvious. Moreover,
by the complex version of the Stone—Weierstrass Theorem (cf. Theorem 7.33
in W. Rudin’s Principles of Mathematical Analysis published by McGraw-
Hill), the span of the functions {z" : n € Z} is dense in C(Sl;C). Hence, if
fL{z": neZ}in L?(\s:;C), then f L C’(Sl;@), which, since C'(St;C) is
dense in L*(S*; C), is possible only if f = 0 as an element of L?(S'; C). Now
apply Corollary 7.1.4 to conclude that the span of {2 : n € Z} is dense in
L*(S';C) and therefore that {e, : n € N} is a basis in L*(\jg,1; C).

Elegant as the preceding approach is, its reliance on Stone—Weierstrass is
unfortunate from a measure-theoretic standpoint. For this reason, I will give
a second proof, one that seems to me more consistent with the content of
this book. Again the idea is to prove that there are enough functions in the
span of {¢, : n € N} to apply Corollary 7.1.4. For this purpose, consider the
function given by

P(r,z) = Z rimle, (z)  for (r,x) € [0,1) x R.
neN

For each r € [0,1), it is clear that P(r, ) is a smooth, periodic function

each of whose translates is an element of L = span({e, : n € N}). Now let
C9([0,1];C) be the space of continuous functions f : [0,1] — C which are
periodic in the sense that f(0) = f(1), and define

uf(r,x)z/ P(r,z—y)f(y)dy forfeC’?([O,l};(C).
[0,1]

Then ug(r, -) € L for each r € [0,1). Therefore, if I show that, as r
L u(r, ) — fin L*(Aj,1);C), then we will know that C{([0,1];C) C L.
Finally, because it is clear that C{ ([0, 1];C) is dense in L*(Xjo,1; C), we will
have a second proof that {e, : n € N} is a basis for L*(Xp,1): C).

To carry out this strategy, break the summands defining P(r, -) into two
parts: those with n > 0 and those with n < 0. The resulting sums are
geometric series that add up to, respectively,

1 11
T | M.
1 —req(z) 1—re_q1(x)
Hence, another expression for P(r, - ) is
1—172
7.2.1 P = .
( ) (7‘,.13) |7’€1($)—1|2

Obviously, P(r, -) > 0. Secondly, by using the initial expression for P(r, -),
one sees that

/[o 1] P(r,x)dr = Z(e"7°0)L2(/\[o,114© =1

neN
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In particular, after combining these, one finds that ||us||y < |/f||u. Finally, if
f€C9([0,1];C) and

wr(0) =sup{|f(z) = f(y): [y —z[ Al —y+z| Al -z +y| <5},

then

|ug(r,2) = f(2)] =

| P =) (7w - ) dy
[0,1]

: /[0,1] P(r,y — )| f(y) — f(x)| dy

< wi(6) + 2/ fllu / P(r.z — y) dy,

{yel0,1):|ly—z|Al—y+z|A[l—2+y[|<5}
Hence, since

1—r

<
Plrz—y) < 1 — cos(2md)

when 6 < |y —z|A[l—y+a|All -z +y[ <1,

we see that lim, ~1|us(r,x) — f(z)| < ws(0) for all § € (0,1]. That is, I have
shown that, as r 7 1, ug(r,z) — f(z) for each « € [0,1], and so, since
uy is bounded, one can use Lebesgue’s Dominated Convergence Theorem to
complete the proof that lim,  us(r,-) = f in L*(Xjp1);C) for each f €
C?([0,1];C). As a consequence, we now have two proofs of Fourier’s basic
theorem.

THEOREM 7.2.2.  The sequence {e, : n € Z} is an orthonormal basis for
L*(X\jo,15; C). Hence, for every f € L?(Xj,1); C), the Fourier series

S (Fren) L2 (o) en

neZ

converges in L*(Aj,1):C) to f.

Theorem 7.2.2 has several more or less immediate corollaries, of which the
following is perhaps the most familiar.

COROLLARY 7.2.3. The family
{V2cos(2mnx) : n € N}U{V2sin(2mnz) : n € 2}

is an orthonormal basis for L*(Xj 1); R).
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PROOF: There is no doubt that this family is orthonormal. To prove that it
is a basis, suppose that f € L?(A\g;R) is orthogonal to all its members. Then,
as an element of L2(>\[0,1]§ C), f Le, for all n € N, and so, by Theorem 7.2.2,
f =0. Now apply Corollary 7.1.4. O

Although, as we have just seen, the Fourier series for an f € L? (Mo, €)
converges to f in L2()\[071]; C), for many years it was unknown whether the
Fourier series converges to f Ajg,1j-almost everywhere. That is, given an f €
L?(Xjo,1: C), we know that

Z(f, e")L"‘(/\[O,l];C)e” converges to f in L*(Ajp15; C),
nez

but does it do so almost everywhere? An affirmative answer to this question
was given by L. Carleson in an article! that remains one of the outstanding
Twentieth Century contributions to analysis. Beautiful as Carleson’s theorem
is, in many circumstances one knows enough about the function f that one
can check almost everywhere convergence, and more, without recourse to his
profound result. For example, if, for ¢ € ZT, Cf([O, 1];(C) is the space of /-
times, continuously differentiable functions that, together with their first £—1
derivatives, take the same value at 0 and 1, then for f € C{([0,1];C) one can
use integration by parts to check that

— (s —L 0
(7.2.4) (f. e”)L2(,\[0,1];C)_ (i2mn) (f( ), en)LZ(A[OJ];C) for n #£ 0,

where f(*) denotes the /th derivative of f. Starting from (7.2.4), it is easy to
prove the following corollary to Theorem 7.2.2.

COROLLARY 7.2.5. If¢ € Z* and f € C{([0,1];C), then (7.2.4) holds and
so the series ), 7 (f,en)r2(x ;06 converges uniformly and absolutely to
f. Moreover, for each 1 <k < ¢,

(k) — § ; k
f - (’LQTI"I’L) (f7 en)Lz (>\[0,1]§(C) e’rﬂ
neEZ
where again the series is absolutely and uniformly convergent.

PrOOF: Because we already know that > . (f,en)r2(n,,c)¢n converges
to f in L?(Ap,1); C) and that (7.2.4) holds, the first assertion comes down to
the fact that .~ , n~2¢ < co. Indeed, by Bessel’s inequality,

2

Z ’ LZ(AOI] :C) "| Z | L2(,\01]<c Z |n‘722

In|=N In|=N >N

< ||f(€)||i2(,\[071];C) Z n| =%,

[n|=N

L On convergence and growth of partial sums of Fourier series, Acta Math. 116, Nos. 1-2,
135-157 (1966).
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and so there is nothing more to do.
Turning to the second part, assume that 1 < k < ¢, and apply the first part
to f*) to see that

f(k’) = Z (f(k)ﬂ e774)[,2()\[0,1]§C) e

neZ+t\{0}
where the convergence is absolute and uniform, and then use (7.2.4) to show
that
k — (s k
(1. 0) a0y = 02700 (F80) Laag
for each n #0. O

§7.2.2. An Application to Euler—Maclaurin: In this subsection I will
use the considerations in §7.2.1 to give another derivation of (1.3.3) and to
evaluate the numbers by in (1.3.7).

Let f € C{([0,1];C) for some ¢ > 1. By the first part of Corollary 7.2.5
and (7.2.4), we know that

(126) = [ f@detr@n Y i) b0, 00

[0.1] jez\{0}

where the convergence is absolute and uniform. Next, observe that if n € Z™,
then (cf. the notation in (1.3.2))

1 & 1 ifn|j
7z”ej:nzjej(m:{0 if n fj

m=1

where n | j means that £ is an integer. Hence,

f(]?) dzx — Rn(f) = _(i27rn)_£ Zj_z(f(£)7 enj)Lz(A[gyl];C)’

(0.1] 70
and so
1
2
(7.2.7) F(z)de — R (f)] < —Hf( l2200©) 22 2
[071] - (27T’rl ’

which represents a slight improvement of the result obtained in (1.3.3) of
§1.2.1.

More interesting than the re-derivation of (1.3.3) is the fact that we can
now compute the numbers by for £ > 2. To see how this is done, let

L
:Z bg kl‘

=0
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be the polynomial introduced in (1.3.20). By (1.3.22), we know that P; =
—Py_ for £ > 1 and that P;(1) = Pp(0) for £ > 2. Thus,

(P, eO)LQ(AIO,mC) = Pp1(0) — Py (1) =0 for £> 1,
and, by (7.2.4),

1/ 1-¢
(PZ’Q")L%)\[OJ);(C) = (_1)2 1(227TTL) (Pl’en)Lz()‘[O,l)?C)
for £ > 2 and n # 0.

Hence, since P;(z) = £ — x and therefore
. —1
(Pr, en)Lz()\[oyl);C) = - /[0 , zep(—a)do = (i2wn)

we now know that

(7.2.8) Py(z) = — < ! >Z Z e (2) for £> 2 and x € [0, 1].

2 nt
n#0

Starting from (7.2.8), the calculation of the by’s is easy. Namely, by = 1 by
definition, by = £ follows from (1.3.7), and, by evaluating both sides of (7.2.8)

at 0,
N
_ ¢ )
b4—<27r) E n for ¢ > 2.

n#0
Thus, if ((s) = >.,2, n~ ¢ is the Riemann zeta function for s > 1, then
b { (=1)2t12(2m)~4C(¢) for even £ > 2
o for odd £ > 2.

Alternatively, one can combine (7.2.9) with (1.3.7) to evaluate ((2m) for m €

Z*. Namely, (7.2.9) says that

(_1)m+1 (2,”_)27nb2m
2

and from (1.3.7) and the fact that the by = 0 when ¢ > 2 is odd, we know that
1

(7.2.9)

(7.2.10) ¢(2m) = for m € 7T,

m—2 bgk
@2m+1)! 2 (2m — 2k + 1)1

1<k<m

1
(7211) b() = 1, b1 = 5, and bgm =

Hence, ((2) = %2, (4) = g—g, ¢(6) = %, etc.

Before closing, I would be remiss if I did not point out that the polynomials
Py in (1.3.20) have a long history. Indeed, P, = ¢!By, where By is the (th
Bernoulli polynomial.? To see this, one can use the characterization of the
By’s as the unique functions that satisfy By = 1, B, = ¢{B, for £ > 1, and
B¢(0) = By(1) for £ > 2. Hence, by Exercise 1.3.21, it is clear that P, = ¢! By.
In the literature, B,(0) is known as the (th Bernoulli number, and so we
now know that by is ¢! times the £th Bernoulli number.

2 For an account of the Bernoulli polynomials, see Chapter VIII of G.H. Hardy’s Divergent
Series, now available from the AMS in its Chelsea Series.
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Exercises for §7.2

EXERCISE 7.2.12. Here are a few easy consequences of Theorem 7.2.2.

(i) For n = (n1,...,ny) € ZY and = = (21,...,2n5) € RY, set en(z) =
H;.V:l ¢n, (z;) and show that {e, : m € ZV} is an orthonormal basis for
LQ(/\[O,l]N§(C)'

(ii) Given a < b, set

T
b—a

¢[a,b,n(T) = (b— a)_%en < > for n € Z and z € [a, b],
and show that {e(q ), : n € Z} is an orthonormal basis for LQ()\[a)b]; C).
(iii) Show that both

{1}U{2%2cos(mn-): ne€ Z'} and {27sin(mn-): neZt}

are orthonormal bases for L? (X 1]; R).

Hint: In doing part (iii), consider what happens when one extends a real-
valued function on [0, 1] as an even or an odd function on [—1,1].

EXERCISE 7.2.13. The evaluation of ¢((2) = Y72, n™2 can be done much
more easily than that of {(2m) when m > 2. Namely, take f(z) = x, show
that

in ifn#0

o 2m
(-f’ en)LQ()\[o,l)?C) o { % if n = 07

. 2 2
and derive ((2) = & from ||f||%2(/\[oyl);c) = ZnEZ|(f7 e”)L2(/\[0,1>;C) .

EXERCISE 7.2.14. Let ¢ € C([0,1];C), and assume that

Z|(%%)L2([o,1];c)| < 00.
nez

Show that 3, (®,¢n)r2(j0,15;c)¢n converges uniformly to ¢. In particular,
@(1) = QD(O) = ZnGZ(<p7 en)LQ([O’ILC)'
EXERCISE 7.2.15. One should ask whether there is a theorem about Fourier
series for f € L'(Ap,1:C). That is, given f € L*(Ap,1):C), set an(f) =
f[o 1 f(z)e_p(z)dx for n € Z. The question is what one can say about the
series Yy an(f)en.

(i) Show that sup,,cz |an(f)| < ||f||L1(,\[011];<C). Next, show that a,(f) — 0

as |n| — oo, first for bounded and then for general f € L' (A 1); C). This fact
is known as the Riemann—Lebesgue Lemma.
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(ii) Define P(r,z) as in (7.2.1), and set uys(r,z) = f[o g Pl - y) f(y) dy
for r € [0,1). Show that [lus(r, )lng.:0) < [[fllLiap.:c) and that

ug(r,-) — fin Ll()\[oyl];(C) as r N1, first for f € C?([Q 1];(C) and then
for all f € Ll ()\[071],(:)

(iii) Continuing (ii), show that

Uf(’l", 17) = Z T‘nlan(f)en(x)a

ne”Z

and conclude that the series on the right converges to f in Ll()\[071};((3) as

r 1.
§7.3 The Fourier Transform

Let f be a smooth, compactly supported, complex-valued function on R. Then
as soon as L > 0 is large enough that [—L, L] contains its support, we know
from part (ii) of Exercise 7.2.12 that

1 / i2rm(z—y)
T) = — e~ 2L dy.
f(x) 5T > i f(y) Yy

meEZ

Thus, if one closes ones eyes, suspends ones disbelief, lets L — oo, interprets
the sum as a Riemann approximation, and indulges in a certain amount of
unjustified re-arrangement, one is led to guess that

(7.3.1) f(a) = /R eionte ( /R F(y) e~ i2men dy) dé.

In this section, I will give two justifications for this guess. The first justifica-
tion is for functions f € L'(Ag;C), and the second, which is the more intricate
but more satisfactory, is for f € L%(Ag;C).

§7.3.1. L'-Theory of the Fourier Transform: Set ¢¢(z) = e??7(&)n for
(z,€) € RY x RV, and define

&= [ [f(x)ec(x)d,
(7.3.2) R for f € L'(Agw;C).
fl@)y= | f(&ew(&)ds

RN

The following lemma is the analogue in this setting of part (i) in Exercise
7.2.15.

LEMMA 7.3.3. Let Co(RY; C) be the space of continuous, C-valued functions
on RY that tend to 0 at infinity, and give Co(R™;C) the uniform topology,
the one corresponding to uniform convergence on RY. Then f € Cy(RY;C)
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for each f € L*(Ag~;C) and the map f € LY(RN;C) — f € Co(RY;C) is
both linear and continuous. Furthermore, if f, g € L*(R";C), then

(7.3.4) f@) e = [ Q@ de.
RN RN

PROOF: Since it is obvious that f € Cy(RN;C) with [|f]la < [|fllz:@~.c)
and that f ~ f is linear, the only part of the first assertion that requires
comment is the statement that f tends to 0 at infinity. However, Co(RY;C)
is closed under uniform limits, and so, by continuity, Theorem 6.3.15 tells
us that it is enough to check f € Co(RN;C) when f € C(RN;C). But if
f € CX(RY;C), then we can use Green’s Formula (cf. Exercise 5.3.10) to see
that, because f has compact support,

—|2néf (¢ / f(@)Ace(x
- /. Af(x)ee(r) dz = AF().

Thus |f(€)] < 127E[ 2| Af|| o gn ey — 0 s [€] = oo
Finally, to prove (7.3.4) apply Fubini’s Theorem to justify

[ Fen@as - [ f@rc@ia@axd

RN xRN

- [[ 0t os@ i~ [ @@

RN
RN xRN

The function f is called the Fourier transform of the function f. The
fact that f tends to 0 at infinity was observed originally (in the context of
Fourier series) by Riemann and is usually called the Riemann—Lebesgue
Lemma. In this connection, the reader should not be deluded into thinking
that {f . f € LYRY;C)} = Co(RY; C); it is not! In fact, I know of no simple,
satisfactory characterization of {f : f € L'(RY;C)}.

To complete my justification of (7.3.1) for f € L*(RY;C), I will need the
computation contained in the next lemma.

LEMMA 7.3.5. Given t € (0,00), define g, : RN — (0, 00) so that

2
(7.3.6) gi(z) =172 exp (_7r|;£|> , xRN,

Then, for all t > 0, g; has total integral 1. In fact, for all ¢ € CV,

(7.3.7) / 27N g (1) dr = exp mZgj
RN
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In particular,
(7.3.8) Gi(&)=e ™ and (§)Y =g,

PROOF: The first part of (7.3.8) is an easy application of (7.3.7), and, given
the first part, the second part is another application of (7.3.7). Thus we need
only prove (7.3.7). First note that, by Fubini’s Theorem, it is enough to
handle the case N = 1. That is, we have to check that

2
/ exp (—% + 271'@5) dz = !¢
R

for all t > 0 and ¢ € C. To this end, observe that, for any given ¢ > 0, both
sides of (%) are analytic functions of ¢ in the entire complex plane C. Hence,
for each ¢ > 0, (%) will hold for all { € C as soon as it holds for ¢ € R.
Furthermore, given ¢ € R, a change of variables shows that (x) for some ¢ > 0
implies () for all ¢ > 0. Thus, we need only prove (x) for ¢ € R and ¢t = 27.
But, for ¢ € R,

1 /€7é+2ﬂ'<$ dr = 1 . 6271'242/67%(17271()2 dx
R (2m)2 R

= LB%QCQ / e_é dx = 627T2C2,
(2m) R

N

(%) t

Nl

where, in the last equation, the computation made in part (i) of Exercise
5.3.10 was used. [

We can now prove for the Fourier transform the analogue of part (iii) in
Exercise 7.2.15.

THEOREM 7.3.9. Given f € L'(RY;C) and t € (0,00), (cf. (7.3.6))

fro@= [ oo
and so
/ eI (=€) f(€) de —> f(x) in L'RN;C) as t \, 0,
RN

In particular, if f € L*(RY;C) and f = 0 A\g~-almost everywhere, then f = 0
Arn~-almost everywhere.

PRrROOF: By Theorem 6.3.12,! it suffices to prove the initial equation. To this
end, observe that (recall that 7,.f = f o T,)

(7.3.10) 7o f(€) = ee(—2) F(£).

I In the notation of that theorem, g¢ here would have been 97 there.
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Hence, because g:(~y) = g:(y) = (9¢)" (y), the desired equality follows from
(7.3.4) applied to 7. f and ¢g;. O

The preceding proof turns on a general principle that, because of its in-
terpretation in quantum mechanics, is known as the uncertainty principle.
Crudely stated, this principle says that the more localized a function f is, the
more delocalized its Fourier transform f will be. Thus, because g; gets more
and more concentrated near 0 as t \, 0, §; gets more and more evenly spread.
See Exercise 7.3.29 below to see this phenomenon in a more general context.

Before closing this discussion, I want to point out a couple of properties
that indicate why the Fourier transform is a powerful tool for the analysis of
operations based on translation.

THEOREM 7.3.11. Iff € CY(RY;C) and both f and |V f| are A\g~ -integrable,
then o R
Oz, f(&) = —i2m&; f(§) foreach 1 < j < N.

Also, if f, g € L' (Agn;C) then m = f§.

PRrROOF: The proofs of both these facts turn on (7.3.10). Indeed, since by
Lebesgue’s Dominated Convergence Theorem,

_ Toe, F(6) = f(6)

0r, () = lim 020,

the first assertion follows. As for the second, write fxg(z) as [ 7_, f(z)g(y) dy
and apply Fubini’s Theorem and (7.3.10) to conclude that

—

Fea(6) = f(©) / cc)gy) dy = F(E)3(6). O

§7.3.2. The Hermite Functions: My treatment of the L?-theory of the
Fourier transform will require the introduction of a special orthonormal basis
for L2(Ag~; C), and because the basis for L?(Agn;C) is the one constructed
from the basis for L?(Ag;C) as an application of Theorem 7.1.8, it suffices to
deal with the case N = 1.

Define

hn(x) = e_”2Hn(x) where H,(z) = (71)"62”285? (6_2”2) for n € N.

These functions were introduced by C. Hermite, and I will call h,, and H,,
respectively, the nth unnormalized Hermite function and Hermite poly-
nomial. Because Hy = 1 and H,(z) = 4nxH, _1(x) — H],_(z) for n > 1, it
should be clear that H,, is an nth order polynomial whose leading coefficient
is (4m)™. Hence, for each n > 0, the span of {H,, : 0 < m < n} is the same

as that of {2 : 0 <m < n}.
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In order to analyze the Hermite functions, it is helpful to introduce the
raising operator a, = 27z — J, and lowering operator a_ = 27z + 0,.
Alternatively,

2

arp(x) =—e™ 0, (e_m2<p(x)) and a_p(z) = e, (e™

2

().
Using this second expression, it is easy to check that aih, = h,41, which
explains the origin of its name. At the same time, a_h,(x) = e~ 0. Hy (),
which shows that a_ is lowering in the sense that it annihilates hy and, for
n > 1, takes h,, into the span of {h,, : 0 < m < n}. Arguing by induction,
one can easily pass from these to

(7.3.12)  al'hy = hypyn and a™h, = e—mza;an for all m, n € N,

and, taking into account the earlier remark about the structure of H,, one
can use the second of these to see that

(7.3.13) a™h, =0im>n and a”h, = (47)"nlhe.

LEMMA 7.3.14. If ¢, ¢ € C*(R;C) and @, (aip)p, and p(a_1p) are all in
LY(R;C), then [(ayp)pdir = [ p(a_t)) dAr.

PrROOF: When at least one of the functions has compact support, the equation
is an easy application of integration by parts. To handle the general case,
choose a bump function € C> (]R; [0, 1]) that is identically 1 on [—1, 1] and
vanishes off of [~2,2], and set nr(x) = n(R~'z) for R > 0. Then, for each
R >0,

/ (ay)nripdIr = / pa_(nrY) dAg = / (nrp)a—1 dAg + / NrYY dAr.

Hence, since [[nglls < 1 and |9/l = R7'|7'|lu, one can use Lebesgue’s
Dominated Convergence Theorem to get the desired result after letting R —
oco. O

By combining the first part of (7.3.12), (7.3.13), and Lemma 7.3.14, one
sees that

(4W)nn!||h0”%2(AR;(C) ifm=n

(hmv h")LQ(A]R;(C) = (ho’ aTh")LZ(AR;C) - { 0 if m > n.

Hence, since [|ho[|72,.c) = 273,
(7.3.15) (hns ) 2 iy = 27 % (4) ™ MG .

This proves that the h,,’s are mutually orthogonal in L?(\g;C), and, among
other things, this fact also allows us to compute a_h,,. We already know that
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a_hyg = 0. Further, as I noted earlier, when n > 1, a_h,, is in the span of
{hm : 0<m < n}, and so a_h, = Zz;lo .y, for some choice of a,,’s. In
fact, using Lemma 7.3.14 and (7.3.15), one finds that

2_%(47r)"n!(5m7n,1 = (a,hn, hm) 2_%(47r)mm!am for 0 <m < n,

L2(xiC) ©
from which it follows that
(7.3.16) a_ho=0 and a_h, = 4mnh,_, for n > 1.
By adding the first part of (7.3.12) with m = 1 to (7.3.16), one arrives at
(7.3.17) drxhy, () = hpyr1(x) + 4mnhy,_1(xz) for n > 1.

We now have all the machinery needed to prove the basic properties of the

Hermite functions, properties that I will use in the next subsection to develop
the L2-theory of the Fourier transform.

THEOREM 7.3.18. Set

W=

~ 2
h, = ——=—h,, forn € N.
(4m)"n!

Then {h,, : n € N} is an orthonormal basis for L>(\g;C), and
(7.3.19) (2mx)%h,, — b (z) = 27(2n + 1)h,, for each n € N.
Furthermore, ||ho| < ||]~10HL1(>\R;(C) =21 and

(1+ 47 +2n)2

5 forn > 1.

[l < [l L1 (apse) <

Finally,

o~

(7.3.20) h,, = i"h,, for all n € N.

Proor: The orthonormality assertion is simply a restatement of (7.3.15). To
check that {h, : n € N} is a basis, Corollary 7.1.4 says that it suffices to
check that the only f € L?(\g;C) satisfying (f, ﬁn)LQ(AR;C) =0forallneN
vanishes Ag-almost everywhere. To this end, let f be given and set ¢ = fhy.
Then, by (7.3.7), for any £ € R,

2
g2 —1 ng?
(femertotar) < Uthaoe [0 e =2 o 067
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Hence, since

>

m=0

S p(a)| < (276 + e (o),
Lebesgue’s Dominated Convergence Theorem says that

) %W(x) — eg(2)p(x) in L'(Az; C).

m=0

Now suppose that f is orthogonal to {Bn : n € N}. Since, for all n € N, the
sets {H,, : 0 < m < n} and {z™ : 0 < m < n} span the same subspace,
J x™p(x)dx = 0 for all m € N and therefore, by the preceding, ¢(£) = 0 for
all £ € R. Now apply the last part of Theorem 7.3.9 to conclude first that
¢ = 0 and then that f = 0 Ag-almost everywhere.

To derive (7.3.19), combine the first part of (7.3.12) with (7.3.16) to see
that ((271'33)2 - 02 — 277) hn, = ara_h, = 4wnh,.

To prove the Ll-estimates, first note that ||iL0||L1(>\R;(C) = 2% hollLr (aesc) =
2. When n > 1, use (7.3.17) and (7.3.15) to see that

16772/x2hn(x)2 dx = 2_%(477)"“71!(271 +1),

or, equivalently, that foiLn ()% dx = 22X Thus, since

47
= (1+2?)
lonls ey = [ Ty
r (14 22)

the required estimate follows. Moreover, [[hnllu < ||Anll£1(apc) Will follow

[N IS

2
7 2\ 7, 2
|hn(x)|da:> §7r/R(1+at Vin(2)2 da,

as soon as we know that h, = i"h, and therefore that ||iLn||L1(>\R;C) =
[Anll L1 (pic)-

The proof of the final assertion comes down to another application of
Lemma 7.3.14 and the first part of (7.3.12). Namely, begin with the ob-

servation that hy = ho. Next, assume that l;; = 1"h,, and apply Lemma
7.3.14, (7.3.12), and the identity (a_)ze¢(x) = i(ay)eee(x), where the sub-
script indicates on which variable the operator is acting, to justify

(9 = [ ee)ashn)@)do = [(a)uecalha(o) do

=ia1hn(§) =" haga(6). O

The functions iLn in Theorem 7.3.18 are called the normalized Hermite
functions.

The following corollary is an easy consequence of Theorems 7.3.18 and 7.1.8.
In its statement, ||n| = Z;V:I n; for n € NV,
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COROLLARY 7.3.21. Foreachn = (ni,...,nx) € NV define ho :RY — R
by

N
hn(z) = H an(x]) for z = (z1,...,zy) € RV,
j=1

Then {hy : n € NN} is an orthonormal basis in L?(Ag~; C) and
(27|2])2hn () — Ahg () = 27(2||n|| + 1)hn(z) for all n € NV,

Furthermore, ||hn|y < ”ﬁn”Ll(ARN;C) < Cy(1+ |n|)* for some Cy < oo,

and hy = il®llh,, for allm € N.

§7.3.3. L?-Theory of the Fourier Transform: Referring to Corollary
7.3.21, define the Fourier operator F : L?(Agn;C) — L?(Ag~; C) by

]_'f = Z ’L”nH (fv BU)LQ(/\RN;C)E‘“.

nezZN

Clearly F is a linear isometry from L?(Ag~;C) onto itself, and its inverse is

given by
J—_'*lf = Z —Z”n” (fv hn)L2()\TRN;C)hn -

nezZN

.*h\|

In addition, as an invertible isometry, F is unitary in the sense that
_ —1
(7322) (ff’g)L2(ARN;C) - (f?f g)L2(ARN§C).
Indeed, simply note that, because it is an isometry,
-1 _ -1 _
(f7-7: g)LZ()\]RN;C) — (]:fu]:O]: g>L2()\]RN;C) — (]:f?g)LQ(ARN;C).

THEOREM 7.3.23.  For every f € L'(Agn;C) N L?(Agn;C), Ff = f and
F~1f = f Ag~-almost everywhere. In particular, for every f € L?(Agn;C),

/ e (2) f(x) dw —> FF(€)
lz|<R in L?>(Ag~; C) as R — oo.

/ ez () f(§)d§ — F ()
€I<R

ProOF: It suffices to prove the first assertion when f € C2°(RY;C). Indeed,
given any f € L'(\gn;C) N L2(A\gn; C), we can apply Theorem 6.3.15 to its
real and imaginary parts to produce a sequence {f, : n > 1} C C>=(RY;C)
for which f,, — f in both L'(Ag~;C) and L?(\g~;C). Hence, if we knew
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that Ff, = ﬁ for each n, then, because };A*) f uniformly and Ff,, — Ff
in L2(Ag~; C), we would know that Ff = f Ag~-almost everywhere.
Now assume that f € C°(RY;C), and set

Pm = Z (f’iL“)L%\RN;(C)iL“ for m > 0.

[n][<m

We know that ¢,, — f and therefore that F¢,, — Ff in L?(A\gn;C).
Furthermore, by Corollary 7.3.21, ¢,, € L*(Ag~n;C) and @, = Fp,, for each
m > 0. Hence, if we can show that ¢, — f in L' (A\g~; C), then we will know

that f = Ff Ap~v-almost everywhere. But, since ¢,, — f in Agp~-measure,
Fatou’s Lemma says that

1f = emllzrogne) < Im flon — @mllniogy o)

M— o0
= Z |(fvhn)L?(ARN;C)|th”Ll(*RN;C)'

[nf>m

Furthermore, by Corollary 7.3.21, [|n|z1(x. y:c) < Cn(1 + [n]))* and

=N 3

(2n(2ln] + 1))~ (1, P

_ N417 _ (yN+1p 7
= )= OO L)
where H is the operator (27|z|)? — A and Green’s formula was applied to get
the final equality. Thus, we now have that

(1+|njp* Nilp 7
1f = emlliagnic) < On | % (27 (2||n]| + 1))N+1 ‘(H I hn)L2(>\RN;(C)’
(1 + n|)™ N1
<en| X @r(2[n] + 1))2v 72 IH T fllzz(agn:c) — 0 as m — oo.

[[n][>m

Knowing that Ff = f for f ¢ L_I(ARN;(C) N L?(Ag~; C) and noting that

F~1f = Ff, one sees that F~1f = ? for f € L*(A\gn;C) N L2(Agn; C).
Given the first part, the second part is easy. Namely, if f € L?(\gn;C),
then fr = 1j g f € L' (Agn;C) N L*(Agn; C), and therefore

Frrl€) = Fal€) = /| @

o

F o fn(x) = Tale) = /|§|<Rew(£)f(£) de.
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Hence, since fr — f and therefore Ffp — Ff and F 1fr — F 1fin
L?(\gn; C), we are done. [J

The fact that F is unitary is so important that two of its consequences have
names of their own. The formula

(7.3.24) f= lim ¢ ()Ff(&)de in L*(Agn;C)
R=oo Jig)<r

is called the Fourier inversion formula and
(7325) (]:f’]:g)LQ(/\RN;(C) = ('f’g)L2()\RN;(C)

is known as Parseval’s identity.

REMARK 7.3.26. As Theorem 7.3.23 shows, F on L?(Ag~;C) is the continu-
ous extension from L'(Ag~;C) N L?(Agn; C) of the L!-Fourier transform, and
it is conventional to continue to use f and f to denote Ff and F~!'f. This
convention is a little misleading since f for f € L'(A\g~;C) is defined point-
wise by a well-defined Lebesgue integral whereas Ff is, in general, defined
only up to a set of Agn-measure 0 and is given as a limit in L?(\g~;C) of
Lebesgue integrals.

The L2-version of Theorem 7.3.11 is the following.

THEOREM 7.3.27. If f € CY(RY;C) and both f and |V f| are in L*(\g~; C),
then, for each 1 < j < N,

F(Op, f)(§) = —i2n&; F f(§)  for Agn-almost every & € RN,

and therefore |¢|F f(€) isin L*(Agn; C). If f € L (Agn;C) and g € L?(A\gn; C),
then F(f x g) = fFg.

ProOF: Choose a bump function n € C* (]RN; [0, 1]) for which n = 1 on
B(0,1) and 0 off B(0,2), and set ng(x) = n(R~'z). Given an f with the
properties in the first assertion, take fr = nrf. Then, by Theorems 7.3.23
and 7.3.11, F(0,, fr)(€) = —i2n&;Ffr(§) for Agn-almost every & € RV,
Furthermore, as R — oo, fr — f and

0, fr(z) = R™((02,m) (R 2)) f () + nr(2)0u, f () — Os, f(2)

both pointwise and in L?(Ag~;C). Hence, Ffr — Ff and F(Or, fr) —
F(Oz,f) in L?(Agn; C), and so we can find R,, /* oo such that

—i2m& Ff(€) = lim i2nfr (€) = lim 0, [r,(€) = [F(0:, )] (€)
for Agv-almost every & € RY.

To prove the second part, take nr as above and gr = nrg. By Theorems
7.3.23 and 7.3.11, F(f *x gr) = f]-'gR. Moreover, gr — g and, by Young’s
inequality, f * g — f * g in L?(\gn;C). Hence, the second part is also
proved. [l
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Exercises for §7.3

EXERCISE 7.3.28. Using part (iii) of Exercise 5.1.13, show that, for € R
(cf. part (iii) of Exercise 6.3.18),

2 1 12
P(x) = prwiza T / tfye*%e*% dt.
wy (14 |z]?) 2 (2m) 72 J(0,00)

Next, using (7.3.8), conclude that

/ t—3em e t2mIER gy,
(07%)

Finally, use part (iv) of Exercise 5.1.13 to conclude that

N

P& = (2m)~

P(¢) = e kel

Use this computation to give another derivation of the convolution semigroup
property in part (iii) of Exercise 6.3.18.

EXERCISE 7.3.29. Let g € L'(Ag~;R) with [ g(x)dz = 1 be given, and
define g;(z) =t Ng(t~1x). Clearly, as t \, 0, g; gets more and more localized
at 0 in a sense made precise by Theorem 6.3.12. Show that, at the same time,
J¢ is becoming delocalized in the sense that §:(£) = §(t§) — 1 uniformly on
compacts. As I said earlier, this property is a manifestation of the uncertainty
principle.?

EXERCISE 7.3.30. Let v be the Borel measure on R determined by v(T") =
Jr e=27" g,

(i) Set H, = 2%(\/(47r)”n!)71Hn, and show that {H, : n € N} is an
orthonormal basis for L?(vy; C).

(ii) Show that

7r:v77r2 - Cn
AnCa—2nC :Z()HHn(z) for (¢,2) € C x R,
n=

where the convergence is uniform over compact subsets of C x R. In addition,
show that, for each ¢ € C, the convergence is in L?(v;C) and that the rate of
this convergence in uniform in ¢ from compact subsets of C.

(iii) Use part (ii) to give another derivation of the fact that h, = i"h,,.

2 For the reader who wants to learn more about the uncertainty principle, G. Folland’s
Harmonic Analysis in Phase Space, published by Princeton Univ. Press, is a good place to
start.
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EXERCISE 7.3.31. There are a few formulas whose inherent beauty brings
tears to the eyes of even the most jaded mathematicians, and among these is
the formula to be derived in this exercise. Let f € L'(R;C) N C(R;C), and
assume that

(Z sup f(w+n)|> v <Z|f(n)|> < oo

nerE[O,l] nel

The Poisson summation formula is the intriguing statement that

(7.3.32) > fm)y=>" f(n).

ne”Z nez

To prove (7.3.32), define f(z) for z € [0,1] by f(z) = Y onez fx +n), and
show that f € C’?([O,l];@) and that (f, k) 2([0,1]:C) = f(—k) Now apply
Exercise 7.2.14 with ¢ = f to arrive at (7.3.32).

EXERCISE 7.3.33. Using (7.3.32) and (7.3.8), show that
77’712
e =2 Zeft’mz, t> 0.
nez nez

Similarly, using the calculation in Exercise 7.3.28, show that

1 ml4+e 27t s
Z t2 T n2 = ? 1_ e—27rt = ? COth(’ﬂ't)7 t > 0.
new

71'2

Starting from the second of these, give another proof that > -, # =%.-In
addition, show that it leads to B

sinh(7t) = 7t H (1+ :Tz)’

n=1
which, after analytic continuation, yields Euler’s product formula

oo

sin(wt) = 7t H (1- fl—i)

n=1



CHAPTER 8
The Radon—Nikodym Theorem,
Daniell Integration,

and Carathéodory’s Extension Theorem

In this concluding chapter I will deal with several matters that are of a rather
abstract nature. The first of these is the famous theorem of Radon and
Nikodym, which can be viewed as a generalization of the results in §3.3. The
second is the abstraction of Lebesgue’s integration theory that results from
thinking about integrals as linear functions. For reasons that I do not under-
stand, this theory is called Daniell integration even though all the key ideas
seem to have been F. Riesz’s. Be that as it may, Daniell’s theory is an interest-
ing interpretation of integration theory and leads to a powerful procedure for
constructing measures. However, the finiteness hypotheses under which this
construction procedure works are too restrictive to handle the construction of
measures, like those of Hausdorff, that are wildly non-finite. For this reason, I
will close with a construction procedure, invented by C. Carathéodory, which
can used to construct such measures, and I then will apply his procedure to
the construction of Hausdorff measures. Finally, I will prove the relationship
between Hausdorff measure and surface measure on hypersurfaces.

§8.1 The Radon—Nikodym Theorem

Given a pair of measures ;1 and v on the measurable space (E, B), recall (cf.
Exercises 2.1.27 and 2.1.28) that u is absolutely continuous with respect
to v, abbreviated by p < pu, if (') = 0 whenever T' is an element of B for
which v(T') = 0 and that u is singular to v, abbreviated by p L v, if there is
a ' € B for which u(I'®) = 0 = »(I'). A purely measure-theoretic statement
of Theorem 3.3.12 is that each finite Borel measure p on R has a unique
decomposition into a part pu, that is absolutely continuous with respect to Ag
and a part us that is singular to Ag. In addition, Theorem 3.3.6 says that
there is a unique f € L*(Ag;R) for which 1,(I') = [, f dAg. The theorem of
Radon and Nikodym, which is the topic of this section, shows that both these
statements admit vast generalizations.

The proof that I will give of the Radon—Nikodym Theorem is due to J. von

D.W. Stroock, Essentials of Integration Theory for Analysis, Graduate Texts in Mathematics 262, 203
DOI 10.1007/978-1-4614-1135-2_8, © Springer Science+Business Media, LLC 2011
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Neumann. Von Neumann’s idea was that the absolutely continuous part of
should be viewed as some sort of projection of p onto v, and he implemented
this idea as an application of the easiest of F. Riesz’s many representation
theorems.

THEOREM 8.1.1. If H is a real or complex Hilbert space and A is a linear
map with values in R or C, then A is continuous if and only if there exists a
g € H such that A(h) = (h,g)y for all h € H, in which case there is only one
such g.

PROOF: Since it is clear that h ~» (h, ¢)g is continuous, linear, and uniquely
determines g for any g € H, it remains only to prove the existence part of
the “only if” assertion. Thus, assume that A is continuous, and take L to be
the null space {h € H : A(h) = 0} of A. By linearity, L is a linear subspace,
and, by continuity, L is closed. If L = H, then one can take g = 0, and
so we will assume now that L # H. Then, by Corollary 7.1.4, one can find
an f € Lt with ||f||z = 1, in which case A(f) # 0 and, for any h € H,

A (h — %f) = 0. Equivalently, h — %f € L and therefore (h, f) g = %

for all h € H. In other words, when L # H one can take g = A(f)f.

The next step is to prove the analogue of Lemma 3.3.4 in this context. That

is, I will prove the Radon—Nikodym Theorem in the special case of measures
satisfying p < v in the sense that u(T') < v(T') for all T € B. Notice that, by
starting with simple functions and taking monotone limits, one can show that
this condition implies [¢du < [ pdv for every non-negative, B-measurable
®.
LEMMA 8.1.2. Suppose that (E,B,v) is a o-finite measure space and that
i Is a finite measure on (E, B) with the property that p < v. Then there is a
unique ¢ € L*(v;R) such that u(I') = [ dv for all T € B. Moreover, ¢ can
be chosen to take its values in [0, 1].

PROOF: Since E can be written as the countable union of disjoint elements
of B on each of which v is finite, we will, without loss of generality, assume
that v is finite.

Noting that L?(v;R) C L*(u;R) € L'(p;R), define A(h) = [hdp for
h € L*(v;R), and observe that h ~» A(h) is linear and satisfies

A < 1Al ) < 1B Il z2uim) < 1(E)F ] 2omy-

Hence, [A(Rh') —A(h)| = |A(K —h)| < w(E)2 | —h||£2(;r), Which means that
A is continuous on L?(v;R). In particular, by Theorem 8.1.1, there exists
a ¢ € L*(;R) such that [hdp = A(h) = [hedv for all h € L*(v;R),
and clearly this means that u(I') = [@dv for all T € B. Finally, since
Jredv=pu(T) € [0,v(E)] for all T € B, we know (cf. Exercise 3.1.14) that ¢
is uniquely determined up to a set of v-measure 0 and that it takes its values
in [0, 1] v-almost everywhere. [
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The first part of the next theorem is called Lebesgue’s Decomposition
Theorem, and the second part is the Radon—Nikodym Theorem.

THEOREM 8.1.3. Suppose that (E, B, v) is a o-finite measure space and that
(i is a finite measure on (E, B). Then there is one and only one way of writing
1 as the sum of a measure p, < v and an measure us L v. Moreover, there is
a B € B such that pg(I') = u(I' N B) and therefore i, (') = (I N BC) for all
I € B. In addition, there is a unique f € L'(v;R) such that pi,(T) = [ f dv
for all T' € B, and f can be chosen to be non-negative. In particular, u < v
if and only if u(T') = [ fdv, T € B, for some f € L'(v;R).

PROOF: First note that if u(I") = [ f dv for some f € L'(v;R) and all T € B,
then, by Exercise 3.1.13, ¢ < v. In addition, by Exercise 3.1.14, f is uniquely
determined up to a set of v-measure 0 and is non-negative (a.e.,v).

Next we will show that there is at most one choice of p, and therefore of
is. To this end, suppose that p = p, + pus = pl + pl, where p, and p, are
both absolutely continuous with respect to v and both ps and p are singular
to v. Choose B, B’ € B such that

v(B)=v(B')=0 and p(B% =0=pu((B""),

and set A = BU B’. Then v(A) = 0 and 1s(A%) = 0 = 1. (A®), and so, for
any I' € B,

pa(D) = pa(D N AS) = p(1' 0 A®) = (T 0 A%) = (1),

In other words, p, = pl,.
To prove the existence statements, first use Lemma 8.1.2, applied to u and
i+ v, to find a B-measurable ¢ : E — [0, 1] with the property that

u(l")z/(pdu—&-/gpdu forall T € B.
r r

Proceeding by way of simple functions and monotone limits, one sees that

/gdu=/gwdu+/gs@dv

for all non-negative, B-measurable g’s, from which it is clear that

/g(l—w)du=/gs@dv,

first for all g € L'(u; R)N LY (v;R) and then for all non-negative, B-measurable
g’s. Now set B = {p = 1}, and define j,(I') = u(I'NBL) and () = p(I'NB)
for all I' € B. Since

v(B) = v({p=1}) =/{ }sodv=/{ (- pdu=0,
p=1 p=1
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it is clear that jus is singular to v. At the same time, if f = (1 — ¢) ™! p1ge,
then, by taking g = (1 — )~ '1pc, one sees that

ua(F):u(FﬂBE):/g(l—w)du:/rfdv

foreachI"'e B. O

Given a finite measure p and a o-finite measure v, the corresponding mea-
sures p, and s are called the absolutely continuous and singular parts
of i with respect to v. Also, if p is absolutely continuous with respect to
v, then the corresponding non-negative f € L!'(v;R) is called the Radon—
Nikodym derivative of  with respect to v and is often denoted by Z—’:. The
choice of this terminology and notation comes from the general fact, of which
Theorem 3.3.6 is a special case, that the Radon—Nikodym derivative of p with

respect to v is truly a derivative.!

Exercises for §8.1

EXERCISE 8.1.4. Let J = [a,b] € R be a compact interval and ¢ a right-
continuous function of bounded variation on J. Next, define ¥, and ¥_ as
in Theorem 1.2.13, and let p4 and p— be the Borel measures on R whose
distribution functions are, respectively,  ~» ¢4 ((a\/ ) A b) and x ~ P_ ((a V
x) A b). Now set u = p4+ + p—, and note that p has distribution function
T~ Var(w; [a, (a V) A b]) Finally, show that there is a B € B for which

Ay
dp
Hint: Set fi = dg—;, and note that f, and f_ can be chosen to be non-
negative and satisfy fy 4+ f_ = 1;. The hard part is to show that fif, =0
p-almost surely. To this end, for z € J, set

=1p and dg—#‘ = 1gzc. In particular, py L p_.

Ya(x) = Yy (z) — frf-dp and Y1 (z) = ¢_(z) — T+ /- dp.

[a,a] [a.a]

Show that 1, and w5 are right-continuous, non-decreasing functions on J
satisfying ¢1(a) = 0 = ¢2(a) and p = ¥(a) + 12 — ;. Now use Exercise
1.2.22 to conclude that 9 > ¥ and therefore that f; fo = 0 p-almost surely.

EXERCISE 8.1.5. Let (E,B,v) and p be as in Theorem 8.1.3, and show that
ps(T) =sup{u(l'NA): A€ Bandv(4) =0} foralll €B.
In addition, show that there is a By € B such that v(By) = 0 and
1(Bo) =k = {u(A): A€ Bandv(A)=0}.

Finally, show that if B € B and v(B) = 0, then pus(I') = u(I'NB) for allT € B
if and only if u(B) = k.

I For further information, see Theorem 5.2.20 in the second edition of my book Probability
Theory, an Analytic View, published by Cambridge Univ. Press.
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EXERCISE 8.1.6. Suppose that P is a countable partition of the non-empty
set F, and use B to denote o(P).

(i) Show that f : E — R is B-measurable if and only if f is constant on
each A € P. Also, show that a measure v is o-finite on (F, B) if and only if
v(A) < oo for every A € P. Finally, if p is a second measure on (E, B), show
that p < v if and only if u(A) =0 for all A € P satisfying v(A) = 0.

(ii) Given any measures p and v on (E, B) and a B-measurable, v-integrable
[+ E — [0,00), show that pu(A) = [, fdv for all A € B implies that, for

every A € P, v(A) € (0,00) = fFA:’;Eﬁi and v(A) =00 = f| A=
0.

(iii) Using the preceding, show that, in general, one cannot dispense with
the assumption in Theorem 8.1.3 that v is o-finite.

EXERCISE 8.1.7. Let pq and us be a pair of finite measures on the measurable
space (E,B). Given a o-finite measure v on (E,B) for which 1 < v and
po KL v, set

d
(1, p2) /f1 f22 dv  where f1 = and fy = du;

Show that the number (p1, o) is mdependent of the choice of v and that
(1, 2) = 0 if and only if pq L po. In particular, one can always take
V= U1+ po.

EXERCISE 8.1.8. Given a Banach space X over R, in functional analysis
an important role is played by its dual space X*: the space of continuous
linear maps A : X — R. When X is a Hilbert space, Theorem 8.1.1 allows
one to identify X* with X itself via the inner product. In particular, if
X = L?*(p;R), then A € X* if and only if there exists an f € L?(u;R) such
that A(@) = (¢, f)r2(ur) for all ¢ € L?(u;R). More generally, at least when
p is o-finite, it is known? that, for any p € [1,00), a similar identification
exists of LP(u;R)* with Lp,(u;]R), where p’ is the Holder conjugate of p.
Namely, A € LP(u; R)* if and only if there exists an f € LP (1; R) such that
Alp) = [fdup for all ¢ € LP(p; R). The goal of this exercise is to prove
this identification in a special case. Since, by (i) in Theorem 6.2.4, it is clear
that ¢ € LP(u;R) — [fdp € R is a continuous, linear map for every
f € LP (j; R), what remains is to show that every A € LP(;; R) arises in this
way. See Exercise 8.2.21 for further information.

(i) Show that a linear map A : X — R is continuous if and only if there
exists a C' < oo such that [A(z)| < C||z|x for all z € X.

(ii) Given a measure space (E,B,u), a p € [1,2], and an f € L*(u;R), use
Theorem 6.2.4 to show that f € L? (j;R) if there exists C' < oo for which
lefllur) < CllellLeur) for all ¢ € L*(u; R).

2 See, for example, IV.8 in Linear Operators, I by N. Dunford and J. Schwartz, published
by Wiley-Interscience and sold by them for an obscene price.
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(iii) Suppose that (E,B,u) is a finite measure space and that p € [1,2].
Given A € LP(u;R)*, choose C' < oo as in (i), and show that |A(p)] <
C,U(E)%_%H(PHLZ(;L;R) for all p € L?*(u;R). Next, apply Theorem 8.1.1 to
produce an f € L?(u;R) such that A(p) = (¢, f)r2(ur) for ¢ € L*(1;R),
use (ii) to see that f € L¥ (u;R), and conclude that A(p) = [ ¢f du for all
¢ € LP(1; R).

(iv) Show that the same conclusion holds when p is o-finite.

§8.2 The Daniell Integral

The idea underlying Daniell’s theory is that it is smarter to start with an
abstract theory of integration and extract the measure from the integration
theory rather than start with the measure. In other words, one should reverse
the procedure that was adopted in Chapters 2 and 3. In this section, I will
describe how this can be done, and I will begin by setting the stage.

Let E be a non-empty set. I will say that a subset L of the functions
f: E — Ris a vector lattice if L is a vector space and fT = f V0 is in
L whenever f € L. Because fVg= f+(g— f)T, fVgisin L and, because
fAg=—(=f)V(=g)), fAgis also in L whenever both f and g are. In
particular, f~ and |f| € Lif f € L.

Given a vector lattice L, I will say that the map I : L — R is an integral
on L if

(a) I is linear,

(b) I is non-negative in the sense that I(f) > 0 for every non-negative
felL,

(c) [(fn) N\ 0 whenever {fn : n > 1} C L is a non-increasing sequence
that tends (pointwise) to 0.

Finally, say that a triple Z = (E,L,I) is an integration theory if L is a
vector lattice of functions f: F — R and [ is an integral on L.

EXAMPLES 8.2.1. Here are three situations from which the preceding notions
are derived.

(i) The basic model for the preceding definitions is the one that comes from
the integration theory for a measure space (E,B7 u). Indeed, in that case,
L= L'(R) and I(f) = [ fdp.

(ii) A second basic source of integration theories is the one that comes from
finitely additive functions on an algebra. That is, let (cf. Exercise 2.1.16) A be
an algebra of subsets of E and denote by L(A) the space of simple functions
f+ E— R with the property that {f = a} € A for every a € R. It is then an
easy matter to check that L(.A) is a vector lattice. Now let p: A — [0, 00)
be finitely additive in the sense that

M(Pl U Fg) = ,u(I‘l) + M(I‘Q) for disjoint Iy, I € A.
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Note that, since u(@) = p(@U D) = 2u(0), (@) must be 0. Also, because only
finite additivity was used in the proof of Lemma 3.1.2, one can use the same
argument here to show that

FELA) —I(f)= > ap({f=a})

acRange(f)

is linear and non-negative. Finally, observe that I cannot be an integral unless
1 has the property that

(8.2.2) 1(L,) N\ 0 whenever {T, : n > 1} C A decreases to 0.

On the other hand, if (8.2.2) holds and {f, : n > 1} C L(A) is a non-
increasing sequence that tends pointwise to 0, then for each € > 0,

T I(f,) < eI(1) 4 [|fille T p({f > e}) = eI(1).

Thus, in this setting, (8.2.2) is equivalent to I being an integral.

(iii) A third important example of an integration theory is provided by
the following abstraction of Riemann’s theory. Namely, let E' be a compact
topological space, and check that C'(E;R) is a vector lattice. Next, suppose
that I : C(E;R) — R is a linear map that is non-negative. It is then clear
that [I(f)| < C|fllu. f € C(E;R), where C = I(1). In particular, this means
that |I(fn)—1(f)| < C||fn—fllu — 0if f,, — f uniformly. Thus, to see that
I is an integral, all that we have to do is use Dini’s Lemma (cf. Lemma 8.2.15
below), which says that f, — 0 uniformly on E if {f, : n > 1} C C(E;R)
decreases pointwise to 0.

My main goal will be to show that, at least when 1 € L, every integration
theory is a sub-theory of the sort of theory described in (i) above. Thus,
we must learn how to extract the measure p from the integral. At least in
case (ii) above, it is clear how one might begin such a procedure. Namely,
A={T CE: 1r € L(A)} and (') = I(1p) for I' € A. Hence, what we
are attempting to do in this case is tantamount to showing that u can be
extended as a measure to the o-algebra o(A) generated by A. On the other
hand, it is not so immediately clear where to start looking for the measure
w in case (iii); the procedure that got us started in case (ii) does not work
here since there will seldom be many I' C E for which 1r € C(F;R). More
generally, we must learn first how to extend I to a larger class of functions
f+ E —> R and only then look for u.

§8.2.1. Extending an Integration Theory: The extension procedure has
two steps, the first of which is nothing but a rerun of what I did in §3.1, and
the second one is a minor variation on what I did in § 2.2.
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LEMMA 8.2.3. Let (FE,L,I) be an integration theory, and define L,, to be the
classof f : E — (—00, 00] that can be written as the pointwise limit of a non-
decreasing sequence {p,, : n > 1} C L. Then fVg and fAg areinL,, if f and g
are, and L, is closed under non-negative linear operations and non-decreasing
sequential limits (i.e., {f, : n > 1} C L, and f, / f implies that f € L,,).
Moreover, I admits a unique extension to Ly, in such a way that I(f,) ~ I1(f)
whenever f is the limit of a non-decreasing {f, : n > 1} C L,,. In particular,
forall f, g € Ly, —o0 < I(f) < I(g) if f < g and I(af + Bg) = aI(f) + BI(g)
for all a, 8 € [0, 00).

PRrROOF: The closedness properties of L, are obvious. Moreover, given that an
extension of I with the stated properties exists, it is clear that that extension
is unique, monotone, and linear under non-negative linear operations.

Just as in the development in §3.1 that eventually led to the Monotone
Convergence Theorem, the proof (cf. Lemma 3.1.4) that I extends to L, is
simply a matter of checking that the desired extension of I is consistent.
Thus, what we must show is that when ¢ € L and {¢, : n > 1} C Lis a
non-decreasing sequence with the property that ¢ < lim, ., ¢, pointwise,
then I(v) < lim, oo I(¢n). To this end, note that ¢, = ¥ — (¥ — ¢,) >
b — (b — )T, L3 (¢ —p,)T N\ 0, and therefore that

lim I(pa) = I() — lim I((v—gn)*) = I(8).

n—roo n— oo

As was said before, once one knows that I is consistently defined on L,,, the
rest of the proof differs in no way from the proof of the Monotone Convergence
Theorem (cf. Theorem 3.2.2). O

Lemma 8.2.3 gives the initial extension of I. What it provides is a rich class
of functions that will be used to play the role that open sets played in my
construction of measures in §2.2. Thus, given any f: F — R, define

I(f) =inf{I(¢): ¢ €L, and ¢ > f}.

Because of (2.2.4), it is clear that I(f) is the analogue here of the set function
i1 introduced in §2.2 following Lemma 2.2.1. At the same time, it will be
convenient to have introduced

I(f) =sup{—I(p) : ¢ € Ly and — ¢ < f},
the analogue of which in §2.2 would have been sup{f(F) : F(E) > F CT}.

LEMMA 8.2.4. For any R-valued function f on E, I[(f) < I(f), and

(af) = aI(f) and I(af) = al(f) ifa € [0,00),

(8.2.5) e -
I(af)=al(f) and I(af) =al(f) ifa€ (—o0,0].
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Moreover, if f and g map E to R, then
(8.2.6) f<g = I(f) <I(g) and I(f) < L(g),

and, when (f, g) takes values in (cf. §3.1.1) H/@,

@27 (1. T(9) € B = T(f +9) <T() +71(9)
(L(f).1(g)) € B2 = I(f +9) = I(f) + L(g).

Finally,

(8.2.8) feL, = I(f)=1(f) = L(f).

PRrROOF: To prove the initial assertion, first note that it suffices to treat the
case in which I(f) > —oo and I(f) < oo and then that, for any (¢,) € L2
with —p < f <), ¢+ > 0 and therefore I(p) + I(¢)) = I(p + 1) > 0.

Both (8.2.5) and (8.2.6) are obvious, and, because of (8.2.5), it suffices to
prove only the first line in (8.2.7). Moreover, when I(f) A I(g) > —oo, the
required result is easy. On the other hand, if I(f) = —oc and I(g) < oo, then
we can choose {¢y, : n > 1} U{¢} C L, such that f < ¢, I(¢,) < —n for
each n € ZT, g <, and I(¢)) < co. In particular, f + g < ¢, + ¢ for all
n € Z*, and so I(f + g) < lim, oo I(pn) + I(¥) = —cc.

Finally, suppose that f € L,. Obviously, I(f) < I(f). At the same time, if
{¢n : n > 1} C L is chosen such that ¢, 7 f, then (because —¢,, € L C L,
and —(—p,) = ¢, < f for each n € ZT)

l(f) > lim _I(_Spn) = lim I(Qpn) :I(f) O

n— o0 n— 00

From now on, I will use M(Z) to denote the class of those f : £ —i@ for
which I(f) = I(f), and I will define I : 9(Z) — R so that I(f) = I(f) =
1(f). Obviously (cf. (8.2.5)), for all a € R,

feMI) = af e M(T) and I(af) = od(f).

Finally, let L'(Z;R) denote the class of R-valued f € M(Z) with I(f) € R.

LEMMA 8.2.9. If f: E — R, then f € L*(Z;R) if and only if, for each
e > 0, there exist ¢, ¢ € L, for which —p < f < and I(¢) + I(¢)) < e.
Moreover, L*(Z;R) is a vector lattice and I is linear on L'(Z;R). Finally, if
{fa:n>1} CLYT;R) and 0 < f,, /* f, then f € M(T) and 0 < I(f,) /
1(f).
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PROOF: First suppose that f € L*(Z;R). Given € > 0, there exists (¢,1) €
L2 such that —p < f < ¢, I(f) < —I(p) + &, and I(¢)) < I(f) + §, from
which it is clear that I(y) + I(¢)) < e. Conversely, suppose that f: E — R
and that, for every € € (0, 00), there exists (¢, 1) € L2 for which —p < f <1
and I(¢)+1(¢) < e. Because I(p) NI () > —o0, —oo < I(¢)) < e—1(p) < 00
and —oco < I(p) < e — I(1)) < co. In addition, —I(¢) < L(f) < I(f) < I(¥).
Hence, not only are both I(f) and I(f) in R, but also I(f) — I(f) < €, which
completes the proof of the first assertion.

Next, suppose that f € L'(Z;R). To prove that f* € LY(Z;R), let € €
(0,00) be given, and choose (¢,%) € L2 such that —p < f < ¢ and I(y) +
I(¢)) < e. Note that —p~ = A0 € Ly, o7 = ¢V0 € Ly, and that ¢~ < f+ <
1T, Moreover, because ¢ + 1 > 0, it is easy to see that —p~™ + ¢+ < @ + 1),
and therefore that

I(=p7)+ 1) =I(—p~ +¢") < I(p +9) = 1(p) + () <€

To see that L' (Z;R) is a vector space and that I is linear there, simply apply
(8.2.5) and (8.2.7). Finally, let {f, : m > 1} be a non-decreasing sequence
of non-negative elements of L'(Z;R), and set f = lim, o fn. Obviously,
lim, oo I(fn) < I(f) < I(f). Thus, all that we have to do is prove that
I1(f) < limy, o0 f(fn) To this end, set hy = f1, hyp = fn — fn_1 for n > 2,
and note that each h,, is a non-negative element of L'(Z;R). Next, given
€ > 0, choose, for each m € Z*, v, € L,, such that h,, < 9, and I(wm) <
I(h )+ 27™e. Clearly, v = 21 Um € Ly andf<1/1 Thus, 1(f) < 1(¢).
Moreover, by Lemma 8.2.3 and the linearity of I on LY (Z;R),

1) = lim 1 (Z %> = J;H;OZI ¥m)

< nlgx;OZI(hm) +e= lim I(fn)+e O

n— oo

THEOREM 8.2.10 (Daniell). Let Z = (E,L,I) be an integration theory.
Then I = (E,LN(T;R), f) is again an integration theory, L C L*(Z;R), and
I agrees with I on L. Moreover, if {f, : n> 1} C LY(Z;R) is non-decreasing
and f, 7 f, then f € LY(Z;R) if and only if sup,, f(z) < oo for each x € E
and sup,, I(f,) < oo, in which case I(f,) /I(f).

PROOF: By Lemma 8.2.9, L'(Z;R) is a vector lattice and T is linear there.
Moreover, by (8.2.8), L C L'(Z;R) and I 'L =1]0L; and, by (8.2.6),
I(f) > I(0) = 0 if f € L'(Z;R) is non-negative. In addition, if f,, ~ f for
some {f, : n > 1} C LY(Z;R), then, by the last part of Lemma 8.2.9 applied
to{fn—fr:n>1}, f— fr € M(T) and

I(fo) = 1(f1) + I(fu — f1) S T(F) +I(f = fr).
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Since f = f1 + (f — f1) € M(T) and, by (8.2.7), L(f) = I(f1) +1(f — f1), the
last assertion is now proved.

Finally, if {f, : n > 1} € L*(Z;R) and f, \, 0, then I(f,) \, 0 follows
from the preceding applied to {—f, : n > 1}, and this completes the proof
that Z is an integration theory. [J

§8.2.2. Identification of the Measure: I am now ready to return to
the problem, raised in the discussion in the introduction to this section, of
identifying the measure underlying a given integration theory (F,L,I). For
this purpose, I introduce the notation (L) to denote the smallest o-algebra
over I/ with respect to which all of the functions in the vector lattice L are
measurable. Obviously, o(L) is generated by the sets {f > a} as f runs over
L and a runs over R.

THEOREM 8.2.11 (Stone). Let (E,L,I) be an integration theory, and as-
sume that 1 € L. Then

o(LNZ;R)) ={I C E: 1r € L"(T;R)},
the mapping
I'€o(LY(Z;R)) — p(T) = I(1r) € [0, 00)
is a finite measure on (E,o(L*(Z;R))), o(L*(Z;R)) is the completion of o(L)
with respect to ur, L' (ur; R) = LY(Z; R), and
i) = [ fdu for f e DEim).

Finally, if (E, B, 1/) is any finite measure space with the properties that L C
LY(v;R) and I(f) = [, f dv for every f € L, then o(L) C B and v coincides
with pr on o(L).

PrOOF: Let H denote the collection of sets described on the right-hand side
of the first equation. Using Theorem 8.2.10, one can easily show that # is a
o-algebra over F and that

IeH— () =1I(1r) € [0,00)

defines a finite measure on (E, #H). Our first goal is to prove that
(x)  LYZ;R) = L'(u;;R) and I(f) = / fdug for all f e LYZ;R).
E

To this end, for given f: F — R and a € R, consider the functions

gn = [n(f = fAaQ)] AL, neZt.
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If f € L'(Z;R), then each g, is also an element of L'(Z;R), g, lirsay
as n — 00, and therefore 15+, € LY(Z;R). Thus we see that every f €
LY(Z;R) is H-measurable. Next, for given f : E — [0, 00), define

4n

k
fn= Z 271{k<2nf§k+1} for nez’.
k=0

If f € LY(Z;R) U L' (us;R), then (cf. the preceding and use linearity) f, €
LYZ;R) N LY (ur;R), fo 7 fy and so f € LNT;R) N LY (ur;R) and 1(f) =
J fdpr. Hence, we have now proved (x).

Our next goal is to show that o(L)" = H = o(LY(Z;R)). Since L C
LY(Z;R) and every element of L'(Z;R) is H-measurable, what we know so
far is that o(L) C o(L'(Z;R)) C H. In addition, by the first part of Lemma

a7 I

8.2.9, it is clear that H = H

. Thus, all we need to do is show that

() HCo@",

But if I' € H, then we can choose sequences {¢, : n > 1} and {¢, : n > 1}
from L, NL(Z; R) such that —p,, < 1p < ¢, —I(¢n) A I(1r), and I(1h,) \
f(lp). Further, after replacing ¢,, and ¥, by @1 A-+- A, and 1 A+ Ay,
we may and will assume that each of these sequences is non-increasing. Next,
take ¢ = lim, o0 ¥n and ¢ = lim, . ¢¥,. Then ¢ and v are in L'(Z;R),
—p < 1p < 4, and —I(p) = I(¢). To complete the proof that T' € o(L)""
from here, first observe that every element of L, is o(L)-measurable and
therefore that ¢ and 1 are also. Hence, both the sets C' = {¢ < 0} and
D = {1 > 1} are elements of o(L). Finally, from —¢ < 1p < ¢ and —I(p) =
f(w), it is easy to check that —p < 1¢ < 1p < 1p < 7 and therefore that
11 (D\C) = pr(D)—pr(C) < I(¥)+1(p) = 0, which means that T’ € o(L)"" .
Thus, since v(E) = ur(E), we have proved (xx) and therefore the desired
equalities.

We have now completed the proof of everything except the concluding as-
sertion about uniqueness. But if L C L'(v;R), then obviously o(L) C B.
Moreover, if [ fdv =I(f) for all f € L, then one can prove that v | o(L) =
pr | o(L) as follows. Tt is clear that o(L) is generated by the II-system of sets
I' of the form I = {f1 > ay, ..., fo > ag}, where ¢ € ZT, {a1,...,as} C R,
and {f1,..., fe} € L. Thus, by Theorem 2.1.13, we need only check that v
agrees with p; on such sets I'. To this end, define

Gn = {n 1r§nk12z(fk — fx A ak)} A,

note that {g,: n>1} CLand 0 < g, / 1r, and conclude that

n—oo

v(I)= lim [ g,dv= lim /gndm =p(T). O
n—oo
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§8.2.3. An Extension Theorem: With the preceding results in hand, I
can now treat the situations described in (ii) and (iii) of the Examples 8.2.1
in the introduction to this section. In this subsection I will prove and apply
the following extension criterion, which handles (ii).

THEOREM 8.2.12. Let A be an algebra of subsets of E, and suppose that
w: A—1]0,00) Is a finitely additive function with the property that (8.2.2)
holds. Then there is a unique finite measure, again denoted by p, on (E , J(A))
that is an extension of p from A.

PROOF: Define L(A) and I on L(A) as in (ii) of the Examples 8.2.1. As was
asserted there, I is an integral on L(A). In addition, it is an easy matter
to see that o(A) = o(L(A)). Hence the desired existence and uniqueness
statements follow immediately from Theorem 8.2.11. [

To demonstrate how this criterion gets applied, I will use it to carry out a
general construction that plays an important role in probability theory, where
it is interpreted as guaranteeing the simultaneous existence of infinitely many
independent random variables. The setting is as follows. For each i from a
non-empty index set Z, (F;, B;, iu;) is a probability space. Given 0 # S C Z,
set s = [[,cs i, and use Ilg to denote the natural projection map from
E = E7 onto Eg, the one that takes x € E7 to x [ S. Finally, let § stand for
the set of all non-empty, finite subsets F' of Z, and denote by Bz the o-algebra
over E generated by sets of the form

I“FEHI;1 (HD), FegFandl; € B; forie L.

ieF

My goal is to show there is a unique probability measure p = [];.; s on
(E, Bz) with the property that

(8.2.13) p(Te) = [ mi (1)

ieF

for all choices of F € Fand I € B;, i € F.

Begin by observing that uniqueness is clear. Indeed, the collection that
generates Bz is obviously a Il-system that contains F, and therefore, by The-
orem 2.1.13, the condition in (8.2.13) can be satisfied by at most one measure.
Secondly, observe that there is no problem when Z is finite. In fact, when 7
has only one element there is nothing to do at all. Moreover, if we know how
to handle Z’s containing n € ZT elements and Z = {iy,... 411}, then we

can take [[7"" p;,, to be the image of

<H /’Lim,> X iy o
1



216 8 RADON-NIKODYM, DANIELL, AND CARATHEODORY
under the mapping

n+1

((xil,...,xln lenJrl (HE,M> x B ing1 T (xil,...,xinﬂ) S HElm
1

In other words, we know how to construct p when Z is finite.
Now assume that Z is infinite. Given F' € §, use pup to denote [, ;. In
order to construct u, introduce the algebra

A= U II.' (Br), where Bp = H B;,

Feg i€l

and note that Bz is generated by A. Next, observe that the map pu: A —
[0,1] given by

1(A) = pp(Iz"(1)) if A=T;"(T) for some F € F and I' € Bp

is well-defined and finitely additive. To see the first of these, suppose that,
for some I' € Bp and I € Bp/, I.Y(T') = I/ (IV). If F = F’, then it is clear
that T' = T and that there is no problem. On the other hand, if FF C F”,
then one has that IV =T x Epn p and therefore, since the p;’s are probability
measures, that

pr (') = H pi(Ei) = pp ().

7EF’\F

Thus, p is well-defined on A. Moreover, given disjoint elements A and A" of
A, choose an F € T for which A, A’ € H;l(BF), note that I' = TIg(A) is
disjoint from IV = IIr(A’), and conclude that

HAUA) = pp(DUT) = pp(D) + pr() = u(A) + p(A).

In view of the preceding paragraph and Theorem 8.2.12; all that remains
is to show that if {4, : » > 1} is a non-decreasing sequence from A and
Ny A, = 0, then p(A,) N\, 0. Equivalently, what we need to show is that
if {A, : n> 1} C A is non-decreasing and, for all n € Z* and some € > 0,
w(A,) > €, then (N A, # 0. Thus, suppose that such a sequence is given,
and choose {F}, : n > 1} such that A, € 11, (BF ) for each n € Z*. Without
loss of generality, assume that there exists a sequence {i, : n > 1} of distinct
elements of Z such that F,, = {i,...,4,} for each n € Z*. Thus, under the
condition that p(A,) > € > 0 for all n € ZT, we must produce a sequence

{a;, : n > 1} such that a;, € E; and (ai,...,a;,) € IIp, (A4,) for each
n € Z*. Indeed, given such a sequence {a;, : n > 1}, one can construct
an element a of (), A, by determining a by IIg,a = (a;,,...,a;,) for each

n € Z" and, if S = I\ S, F, # 0, Iga to be any element of Eg.

n=1
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To find the a;,,’s, first choose and fix a reference point e; € E; for each
i € Z. Next, for each n € ZT, define ®,, : Er, — F so that
b (or,) z; ifiekF,
Fnli e; ifie€Z\F,,

and set f,, =14, o ®,. Obviously,
e<udn) = [ fulor,) ur, (dor,)
EFn,

Furthermore, if, for each m € Z*, we define the sequence {g,, , : n > m} of
functions on Er,, by gm,m (xpm) = fm (;vpm) and

gm,n(ZFm) = /E fn((mea yFn\Fm)) HEN\F, (dyFn\Fm)

Fn\F1n,

when n > m, then g, nt1 < gm,n and

gm,n(me) = / gm+17n(('anm yim+1)) Moy g1 (dyim+1)
E.
Tm+1
for all 1 < m < n. Hence, g, = lim, o0 gm,» exists and, by the Monotone
Convergence Theorem,

(*) Im (me) = / Im+1 ((me s Yins1 )) Moy i1 (dyim+1 )

Einz+1

Finally, since

n—oo
Eil Fn

[ o m sy = lim [ fateor) e, (dor,) =l u(4,) 2 <

there exists an a;, € Ep, such that g(a;,) > €. In particular (since g1 < f1),
this means that a;, € Il (A4;1). In addition, from (%) with m =1 and xp, =
a;, , it means that there exists an a;, € E;, for which g2(a;,,a;,) > € and there-

fore (since g2 < f2) (ai,,ai,) € g, (Az). More generally, if (a;,,...,a;,) €
Er, and gm(ai,,...,a;,) > € then (since g < fin) (Giy, ... 0a4,) € p (An)
and, by (*), there exists an a;,,,, € EF, ,, for which gy y1(ai,, ..., a4, ) >

€. Hence, by induction, we are done and have proved the following theorem.

THEOREM 8.2.14.  Referring to the setting above, there exists a unique
probability measure j1 = ], pi on (E, Bz) for which (8.2.13) holds.

§8.2.4. Another Riesz Representation Theorem: Part (iii) of Exam-
ples 8.2.1 is another of the representation theorems for which F. Riesz is fa-
mous, and it is the one for which he developed the ideas that led to Daniell’s
theory of integration. In order to prove it as an application of Theorem 8.2.10,
I must first prove the lemma of Dini alluded to earlier.
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LEMMA 8.2.15 (Dini’s Lemma). Let {f, : n > 1} be a non-increasing
sequence of non-negative, continuous functions on the topological space E. If
fn ¢ 0 pointwise, then f, — 0 uniformly on each compact subset K CC E

ProoOF: Without loss of generality, assume that E itself is compact.

Let € > 0 be given. By assumption, we can find for each z € F ann(z) € Z*
and an open neighborhood U(z) of = such that f,(y) < € for all y € U(x)
and n > n(z). At the same time, by the Heine-Borel Theorem, we can
choose a finite set {z1,...,2} C F for which F = Ule U(xg). Thus, if
N(e) =n(x1)V---Vn(xp), then f, < e whenever n > N(¢). O

Given a topological space E, let C,,(E;R) denote the space of bounded
continuous functions on E, and turn C},(F;R) into a metric space by defining
llg—fIlu to be the distance between f and g. I will say that A : C,(E;R) — R
is a non-negative linear functional if A is linear and A(f) > 0 for all
fecy (E; [0, oo)) Furthermore, if A is a non-negative linear functional on
Cy(E;R), say that A is tight if it has the property that, for every § > 0, there
exist a compact Ks CC F and an As € (0,00) such that

AN < As sup |f(@)]+ 6 flla forall feCu(E;R).

Notice that when F is itself compact, every non-negative linear functional on
Cyv(E;R) is tight.

THEOREM 8.2.16 (Riesz Representation). Let E be a topological space,
set B = o(Cy(E;R)), and suppose that A : C,(E;R) — R is a non-negative
linear functional that is tight. Then there is a unique finite measure . on
(E,B) with the property that A(f) = [, fdu for all f € C,(E;R).

PROOF: Clearly, all that we need to do is show that A(f,) \, 0 whenever
{fn: n>1} C Cy(E;R) is a non-increasing sequence that tends (pointwise)
to 0. To this end, let € > 0 be given, set § = m, and use Dini’s Lemma to
choose an N(8) € Z* for which |f(z)| < 55> whenever n > N(0) and = € K,

where Ks and As are the quantities appearing in the tightness condition for
A. Then, ‘A(fn)| <eforn>N(). O

REMARK 8.2.17. Although the preceding theorem contains the essence of
what functional analysts call the Riesz Representation Theorem, it differs
from the usual statement in two ways. In a functional analytic context, Riesz’s
theorem is thought of as a description of the dual space (cf. Exercise 8.1.8)
C(E;R)* of the Banach space C(E;R) when E is compact. Because the dual
space contains all continuous, linear functionals, not just the non-negative
ones, the usual statement is that, for compact E’s, C(E;R)* can be identified
with the space of finite signed measures on o(C(E;R)). Thus, to get this
statement from Theorem 8.2.16, one has to show that every continuous linear
functional on C'(E;R) can be decomposed as the difference of two non-negative
ones. (Exercise 8.1.4 is closely related to a special case of this decomposition.)
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A second remark that should be made is that U(C (E; R)), which is called the
Baire o-algebra, does not always coincide with the Borel o-algebra Bg. It
is always contained in the Borel o-algebra, but it may be strictly smaller. On
the other hand, if the topology on F admits a metric p, then it is an easy
matter to show that the Baire and Borel o-algebras coincide. Indeed, in that
case, any open G is the union of the sets G,, = {z : p(x,GC) > %}, each of
which is a Baire set.

Exercises for §8.2

EXERCISE 8.2.18. Using the existence and properties of the Riemann integral
developed in §1.1, prove the existence of Az~ as a application of Theorem
8.2.16. Similarly, show that Theorem 8.2.16 can be used to derive Theorem
2.2.19 from the results in §1.1.2.

EXERCISE 8.2.19. It should be clear that the Bernoulli measures /3, con-
structed in §2.2.4 can also be obtained as the special case of Theorem 8.2.14
in which Z = Z* and E; = {0,1} and p;({1}) = p = 1—p;({0}) for alli € Z*.
The purpose of this exercise is to show that 3, can also be constructed as an
application of Theorem 8.2.16. To this end, first recall that Q = {0, 1}Z+ is a
compact metric space. Next, given f € C'(;R) and € > 0, show that there is
an n such that |f(w') — f(w)| < € if W'(i) = w(i) for 1 <4 < n, and use this
to show that

A (f hm Z fotn( 27 g =i ) exists,
776{0 1}

where, for each n > 1, ¢, : {0,1}" — Q is defined so that [¢,,(n)](7) is either
7(i) or 0 according to whether 1 < ¢ < n or ¢ > n. Further, show that A,
is a non-negative linear functional on C'(€;R) and that §, is the associated
measure in Theorem 8.2.16.

EXERCISE 8.2.20. Let F be a compact metric space and {u, : n > 1} a
sequence of finite Borel measures of E with the property that sup,,~, pin(F) <
oo. The purpose of this exercise is to show that there exist a subsequence
{ftn,, : m > 1} and a finite Borel measure p with the property that {u,,
m > 1} converges to u in the sense that [@du,, — [@du for all ¢ €
C(E;R). The first version of this result was proved when F is a compact
interval in R and is known as the Helly—Bray Theorem.

A critical ingredient in the argument outlined below is the fact that C(E;R)
with the uniform topology is separable. That is, there is a sequence {py :
k > 1} C C(E;R) that is dense in the sense that, for each ¢ € C(F;R),
infy>1 ¢ — @kllu = 0. For example, if E is a compact interval in R, then
the Weierstrass Approximation Theorem shows that the set of polynomials
with rational coefficients will be dense in C(E;R), and the general case can
be reduced to this one.!

I See, for example, Lemma 9.1.4 in the second edition of my book Probability Theory, an
Analytic View.
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Now let {p, : n > 1} be given, and use A,, to denote the non-negative,
continuous linear functional on C(E;R) given by A, () = [ ¢ dpu,. Also, let
{¢r : k> 1} be a dense sequence in C(E;R).

(i) Using a diagonalization procedure, find a subsequence {p,, : m > 1}
with the property that lim,, oo Ay, (¢r) exists for all & > 1.

(ii) Continuing (i), define A(py) = limy, o0 Ap,, (pk), and use the density
of {or : k> 1} in C(E;R) to show that A(p) = lim,, 00 Ap,, () exists for
all p € C(E;R).

(iii) Referring to (ii), show that ¢ ~» A(y) is a non-negative, continuous
linear functional on C(E;R), apply Theorem 8.2.16 and the second half of
Remark 8.2.17 to see that there exists a Borel measure p for which A(p) =
J ¢dp, and conclude that {p,,, : m > 1} converges to this p in the desired
sense.

EXERCISE 8.2.21. When p > 2, the argument in part (iii) of Exercise 8.1.8
does not work. Nonetheless, at least when A € LP(u; R)* is non-negative, in
the sense that A(¢) > 0 when ¢ > 0, a combination of the results in this and
the previous sections does work.

(i) Let (E, B, u) be a finite measure space, p € [1,00), and A € LP(u;R)*.
Assuming that A is non-negative, show that (E, L?(y;R), A) is an integration
theory, and use Theorem 8.2.11 to produce a finite measure v such that A(p) =
[ pdv for all ¢ € LP(u;R).

(ii) Continuing (ii), show that v < p, and set f = ng:‘ Using Theorem 6.2.4,

show that f is an element of L? (u;R) for which A(p) = J ¢ f dp whenever
¢ € LP(1; R).

(iii) Extend the preceding to cover p’s which are o-finite.

§ 8.3 Carathéodory’s Method

As I said before, the theory in §8.2 does not apply when the measure under
construction lacks sufficient finiteness properties. In this section I will present
a theory, due to C. Carathéodory, that does not share this deficiency.

§8.3.1. Outer Measures and Measurability: As distinguished from (ii)
in Examples 8.2.1, where we assumed that we already had a finitely additive
measure on an algebra of subsets of a set E, the starting point here will
an outer measure which is defined on all subsets of E. To be precise, a
function (cf. §2.1.2) i : P(E) — [0, oo] with the properties that u(0) =0, i
is monotone in the sense that A C B = [i(A) < ji(B), and [i is subadditive
in the sense that

(8.3.1) p(0)=0 and f (U rn> <> Q(T,)
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for all {I), : n > 1} C P(E). Such functions appeared in the construction
procedure in §2.2.1, and the way they arose there is typical (cf. Remark 8.3.5
and Exercise 8.3.18).

Just as was the case in §2.2.1, the idea is to pass from an outer measure
to a measure by extracting from P(F) a o-algebra on which its restriction is
a measure. The difference is that at this level of abstraction it is even less
obvious than it was there how to go about that extraction. The answer was
given by Carathéodory, who said that the o-algebra should consist of those
A C E with the property that

A(0) = (LN A)+ T NA%Y forallT CE,

and [ will say that A C E is Carathéodory measurable with respect to fi,
or, more economically, C-measurable, if it satisfies this condition. Observe
that, because [i is subadditive, A is C-measurable if and only if

(8.3.2) A(0) > (TN A)+ @ N A% forall T C E.

As we will see below, this definition is remarkably clever in that it always
produces a o-algebra on which f is a measure.

LEMMA 8.3.3.  Given an outer measure [i on P(E), let By denote the
collection of all C-measurable subsets of E. Then B is an algebra and

a(A) =0 = AeB;.

Proor: We first show that A € B if fi(A) = 0. Indeed, since a(I' N A) =0
and (I’ N AY) < (), (8.3.2) holds. In particular, this shows that () € Bj.
Obviously, A € B; — Ab ¢ Bj. Thus, all that remains is to show that
Bj is closed under finite unions, and clearly this reduces to showing that
A, BeB; = AUB € B;. But i(T) = a(l'NA) + (T N A%) and

a(CNA%) = a((nAYHNB) +a((CNA%NBE) = A(TNA°NB)+a(TN(AUB)L).

Thus,
A =T N A) + (TN AN B) + 4l n(AuB)).

=i
Finally, TN (AUB) =(T'nA)u((Tn Al n B), and so, by subadditivity,
i(CN(AUB)) < AN A) +a(CnA®nB).

Hence i(T) > (TN (AUB)) + (T n(AuB)t). O

THEOREM 8.3.4. If [i is an outer measure on P(E) and By is the collection
of all subsets that are C-measurable with respect to i, then By, is a o-algebra.
Moreover, if p is the restriction of fi to By, then p is a measure and (E, By, 1)
is complete.
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ProoF: Since By is an algebra, we will know that it is a o-algebra once we
have shown that it is closed under countable unions of mutually disjoint sets.
Thus, suppose that {4, : n > 1} is a sequence of mutually disjoint elements
of By, and set B, =J _; A, and B=J,°_, A

By Lemma 8.3.3, we know that B,, € By for each n > 1. We will now show
that

(%) (TN B,) Z (TNA,,) forallpn>1andT CE.

There is nothing to do when n = 1, and if (x) holds for n then, because
B, €B;, (TN Byy1)NB, =TNB,, and (TN B,1)N B =TNA,,

T N Byya) = TN By) + T N Anga) = Y T N Ay) + (T N Apys).

m=1

Given (x), we know that
ACNB)> Al NB,) =Y AT NAy) foraln>1,
m=1

and so i('NB) > > _ a(I' N A,,). Since the opposite inequality holds by
subadditivity, we have shown that

o0
(s5) pNB)=> ilNAy) forall CE.
m=1

Starting from () and (sx), the proof that B € Bj; is easy. Simply use them
to check that

A(T) = (I N By) + (0 N BS) = Z (TN Ay) + (N BY)

m=1

— (T N B) 4+ a(r n BY).

Hence, we now know that By is a o-algebra. In addition, from (xx) with
I' = B, we see that fi | By is countably additive and therefore that (E, By, 1)
is a measure space.

Finally, to check completeness, suppose that A C B C C', where A, C € B
and p(C'\ A) = 0. Then (B \ A) < u(C\ A) =0 and so

ATNB) < T NA) +pTn(B\A) =T NA) forany I CE.

Hence,
i(T) = (LN A) + (T n A% > (0 n B) + a(r n BY)

foralTC E. O
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REMARK 8.3.5. It is important to understand the relationship between C-
measurability and p-measurability. Thus, let (E, B, u) be a measure space,
and define g by

A =inf{u(A): I C A € B}.

It is an easy matter to check that i is an outer measure whose restriction to
B is . Furthermore, if A € B and I' C E, then, for every B3 B2OT,

w(B) = p(BNA)+ p(B N AP) > i(T N A) + (' n A°),

and therefore (") > (I’ N A) + (' N A%). Hence, B C Bj. In fact, when
(E, B, 1) is a complete, o-finite measure space, this inclusion is an equality. To
see this, first suppose that p is finite. Given B € Bj, choose a non-increasing
sequence {Cy, : n > 1} C B such that B C C,, and u(C,) < ju(B) + L for
eachn >1. Then C=(,_,C, € B, BC C, and ji(B) = u(C). Hence,

ji(B) = p(C) = i(C'N B) + i(C'N BY) = i(B) + ji(C'\ B),

and so i(C'\ B) = 0. Because B is also C-measurable, one can work by
complementation to produce an A € B such that A C B and (B \ A) = 0.
Combining these, one has that u(C\ A) < @(C \ B) + (B \ A) = 0 and
therefore that B € B. Now suppose that p is infinite but o-finite, and write
E = Uy, E,, where {E, : n > 1} is a sequence of elements of B with
finite y-measure. Note that fi, = i | P(E,) bears the same relationship to
tn = p | B[E,] as i does to p. Further, observe that if A is C-measurable with
respect to p, then A,, = ANE, is C-measurable with respect to fi,. Thus, by
the preceding, A,, is u,-measurable, which means that A,, is y-measurable as
well. Therefore, A =J;~, A, is also y-measurable.

§8.3.2. Carathéodory’s Criterion: The problem left open by the con-
siderations in the preceding subsection is that of determining for a given
outer measure what sets, besides the empty set and the whole space, are
C-measurable. This subsection is devoted to Carathéodory’s elegant solution
to this problem.

THEOREM 8.3.6 (Carathéodory). Let (E,p) be a metric space and ji an
outer measure on P(E). If, for all A, B C E,
(8.3.7) p(A,B) >0 — (AU B) = iA) + i(B),
then Bg C Bj. In particular, (8.3.7) implies that there is a Borel measure
that is the restriction of i to Bg.

The key step in proving this theorem is taken in the following lemma.

LEMMA 8.3.8. Assume that (8.3.7) holds, and let G be an open subset of
E. Given A C G, set A, = {z € A: p(x,G%) > 1Y forn > 1. Then
fi(A) = limp, 00 fi(An).
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PRrOOF: Obviously A, C A,y1 C A, and therefore i(A,) < a(Ap41) <
f(A). Hence, the limit lim, o i(A4,) exists, and all that we need to do
is check that it dominates f1(A); and clearly we need to do so only when
K = sup,,~q fi(A,) < oo. To this end, first observe that, because G is open,
A, /N A. Next, set D, = Apy1 \ An. Then

f(A) =i | Agm U U Dy, U U Doyt

n>m n>m
< fi(Agm) + Y jiD2n) + Y fi(Dany1)
n>m n>m

for all m > 1. Thus, we will be done if we show that both

Z (D2p,) and Zﬂ(Dan)

n=1

are convergent series. But p(Dy(y 41y, D2n) > 0, and so, by induction, (8.3.7)
implies that

M
K > i(Asp41) > [ (U DZn) = Zﬂ(DZn)

n=1 n=1

for all M > 1. Similarly, Zi/'[:l fi(Dapy1) < K for all M > 1. Hence, both
series converge. [J

Proor OoF THEOREM 8.3.6: We must show that every open set G is C-
measurable. To this end, let I' C F be given, set A = ' N G, and take the
sets A, as in the statement of Lemma 8.3.8. Then, p(A,, GB) > %, and so,
by that lemma and (8.3.7),

A(T) > (A, UM NGD)) = i(A,) + AT NGE) — AT NG)+ (T NGE). O

§8.3.3. Hausdorff Measures: Hausdorff measures provide an example of
the sort of situation to which Carathéodory’s method applies but Daniell’s
does not.

Recall from §4.2.2 the definition given in (4.2.5) of HY and the fact proved
in Theorem 4.2.7 that HY = Agy on Bg~y. One of advantage of Hausdorff’s
description is that it lends itself to generalizations that can detect sets that
are invisible to Lebesgue measure. Namely, for N € N, let Qx be the volume
of the unit ball in RY, with the understanding that Qo = 1, define'

Qs =(1-5)Qn +5Qn41 for s e€[N,N+1],

L 'When s is not an integer, there is no canonical choice of 25 and any positive number will
serve.
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and, for 6 > 0 and s € [0, 00), set
H'(T) = }1&1(1) H*°(I") where H*(T) equals

(8.3.9)
inf Z Qgrad(C)® : C a countable cover of " with ||C]| < ¢ p .
cec

Just as in the case s = N, H*%(I') is non-increasing as a function of § > 0,
and so there is no doubt that this limit exists.

THEOREM 8.3.10. For each s € [0,00), the restriction of H® to Brn is a
Borel measure.

PROOF: When s = 0, it is clear that H? is the counting measure: H(I") =
card(T"). Thus, we will assume that s > 0.

For each § > 0, it is easy to check that H®? is an outer measure, and so it
obvious that H*(()) = 0 and that H* is monotone. In addition, because H*»
is non-increasing in § > 0, for any {I, : n > 1} C P(RY),

o0 o0
H5? (U rn> < ZHS(F,L) for all § > 0,
n=1

n=1
and so

H* <U rn) < ZHS(FH).

n=1 n=1

Thus H?® is also an outer measure, and therefore it suffices to prove that
H*(AUB) > H*(A) + H*(B) if dist(A, B) > 24 for some dy > 0. To this
end, let C be a countable cover of AU B with ||C]] < § < dp, and define
Ch={CeC:CnNnA#0andCg ={C e€C: CNB # (}. Then Cxy
and Cp are disjoint, C4 is a countable cover of A with ||C4|| <, and Cp is a
countable cover of B with ||Cg| < §. Hence

> Qrad(C)* > Y Qaad(C) + Y Qurad(C)* > H*(A) + HY(B),
ceC cgeCa CcelCp

from which it is clear that H*?(AUB) > H*%(A)+H?*%(B) for all 0 < § < d.
Now let 6 \,0. O

REMARK 8.3.11. It should be clear that the Borel measure H® is translation
invariant for all s € (0, 00), but that HY is the only H* that assigns [0, 1]V a
positive, finite measure and is therefore the only one to which Corollary 2.2.14
applies. Applying that corollary, one knows that HY | Bgw~ is a positive mul-
tiple of Ag~, and one might think that this a priori information would afford
another derivation, one that does not require the isodiametric inequality, of
the fact, proved in §4.2.2, that HY | Bgy = Ag~v. Indeed, all that one has
to show is that HY (Bgn (0,1)) = Qu in order to conclude that the positive
factor is 1. However, when one attempts to prove this equality, one realizes
that one is more or less forced to derive the isodiametric inequality.
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It is obvious that if I' € R™ and F : I' — R is uniformly Lipschitz
continuous with Lipschitz constant L, then

(8.3.12) H*(F(I)) < L*HY(T) for all s € [0, 0).

Equally obvious is the fact that the measures H® corresponding to distinct
s’s are radically different. Indeed,

H*9(T) < H(T) for s1 < so.

Hence,

H*T) >0 = H () =occ forall &' < s
H*(T) < 0o = H*(T) =0 for all &' > s.

and so there is at most one s for which H*(I') € (0,00). More generally, for
any I' C RV, the Hausdorff dimension of I is the number

(8.3.13) Hdim(T) = inf {5 . lim H*(T'NB(0,R)) = o} ,
R—o00

which is obviously a number in the interval [0, N]. Although H*(I") will be
0 for s > Hdim(T") and oo for s < Hdim(T"), H*(T') can be zero, some finite
positive number, or infinite when s = Hdim(I"). Be that as it may, the reason
for its name is that Hausdorff dimension is usually thought of as some sort
of measure-theoretic analogue of the topological notion of dimension. How-
ever, one has to be a little careful not to push too hard on this analogy with
topological dimension. For example, topological dimension is a topological
invariant (i.e., it is invariant under homeomorphisms) whereas, by (8.3.12),
Hausdorff dimension is a bi-Lipschitz invariant (i.e., it is invariant under home-
omorphisms that are locally Lipschitz continuous and have locally Lipschitz
continuous inverse), but it is not a topological invariant. Thus, topological
dimension is more stable than Hausdorff dimension. On the other hand, none
of the topological definitions of dimension has the resolving power possessed
by Hausdorff’s. See Exercise 8.3.22 for an example of its power.

§8.3.4. Hausdorff Measure and Surface Measure: People working in
geometric measure theory? think of Hausdorff measure as providing a gen-
eralization of surface measure on submanifolds of RY. At least at a qual-
itative level, it is easy to understand what they have in mind. Namely, an
n-dimensional submanifold of RY is a set M C RY with the property that, for

2 The bible of this subject is H. Federer’s formidable Geometric Measure Theory, published
by Springer-Verlag as volume 153 in their Grundlehren series. For a less daunting treat-

ment, see L.C. Evans and R. Gariepy’s Measure Theory and Fine Properties of Functions,
published by the Studies in Advanced Math. Series of CRC Press.
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each p € M there is an r > 0 and a diffeomorphism ¥ € C*(Bg~(0,1); RY)
taking Bgn(0,1) onto Br~ (p,2r) N M. Thus, by (8.3.12), the pushforward of
ABgn (0,1) under ¥ is a measure that is bounded above and below by positive
multiples of H” | B By (p,r)NM and so, when M is an n-dimensional differ-
entiable submanifold of RV, H" | Bp,y (pr)nar is commensurate with the
restriction to By, of what differential geometers call the induced Riemannian
measure Ay; on M.

In fact, it turns out that H™ [ M is actually equal to A\p;. In that I have
discussed Ajp; only for hypersurfaces, I will prove this result only in that case.
That is, I will show that for hypersurfaces of the sort described in §5.2.2, the
surface measure Ay constructed there (cf. (5.2.9)) is equal to the restriction
of HV-1 to B

Since both Ay and HY~1! | Bj; are Borel measures and Ay is finite on
compacts, we will know that they are equal as soon as we know that for
each point p € M they agree on all sufficiently small open neighborhoods of p.
Further, by Lemma 5.2.11, each element of M lies in a bounded neighborhood
V in M for which there is a continuously differentiable choice of p € V +—
n(p) € SN"1NT,(M)* and a twice continuously differentiable map ¥3 of an
open U in RN¥~! onto V for which the map

(u, &) €U =U x (—p, p) — ¥(u,&) = U(u) + &n(T(u)) € RY

is a twice continuously differentiable diffeomorphism onto (cf. (5.2.8)) V(p) for
a sufficiently small p > 0. Hence, we need only show that Ay (V) = HYN=1(V)
for such a V. In addition, without loss in generality, I will assume that U is
convex, n o ¥ has bounded first derivatives, and that both ¥ and ¥~! have
bounded first and second derivatives.

I will begin by proving that Ay (V) < HY~1(V), and for this purpose I will
use the following lemma.

LEMMA 8.3.14. There exists a K < oo such that (cf. (5.2.8))
Aen (T(0)) < (1 + K06)N20Qy_rad(D)N 1

for all 0 < 6 < p and T’ € By with diam(T") < .

Proor: Without loss in generality, we will assume that Ogy-—1 € U, U(0gn-1)
= Og~v €T, and n(Ogp~) = ey, where (eq,...,ey) is the standard, orthonor-
mal basis for RY and I have used the subscript on 0 to distinguish between
the origin in RV~ and the one in RV.

Define 7 : RV — R¥~! x {0} to be the projection map given by 7(z) =
x — (z,en)rrven. Given ¢ € T and [¢] < J, write

q+&n(q) =7(q+&n(g) + (¢ +én(g),en)gnen.

3 For those who know about normal coordinates, the proofs of the results that follow are
simpler if ¥ is chosen so that the coordinate system that it determines is normal.



228 8 RADON-NIKODYM, DANIELL, AND CARATHEODORY
Because 7(q + &n(q)) = 7(q) + &m(n(g)) and 7(n(q)) = 7(n(q) — en),

|7(q+ én(q)) — m(q)| < [€]|n(q)

and so we can find a K < oo such that
7r(q + fn(q)) S W(F)(K‘Srad(r)) N (RN_l x {0}).

At the same time, if u(t) = (U (t¥~'(q)), en)yn for ¢ € [0,1], then u(0) = 0,
and, because

d
E\I/(t\lf Y(q))

t=0

4(0) = 0. Thus,
,en)py =u(l) = 1 —t)u(t) dt,
(g, en)r (1) /[01]( )ii(t)

and so, because |¥~!(g)| is dominated by a constant times |q|, we can adjust
K so that |(g,en)r~| < K62 Hence, K can be readjusted so that

‘ (q+¢n(q), eN)RN‘ < (1+ Kd)o.
Combining these, we now know that
L(6) C [m(D)Hr2dED) q (RN % {0})] x [~ (1 + K98)d, (1 + K6)d],
and therefore, by the isodiametric inequality for Ag~-1, that

Aen (T(8)) < Qn1 (14 K8)rad(T)) Y "26(1 + K4). O

Given Lemma 8.3.14, it is easy to see that Ay (I') < HY~1(T) for all T € By .
Indeed, if T € By and 0 < § < p, let C be a countable cover of I' with ||C|| < ,
and, (cf. Exercise 8.3.21) without loss in generality, assume that C C By. By
Lemma 8.3.14, A\gn (C(6)) < (1 + K6)V26Qy_1rad(C)N ! for each C € C,
and therefore

ARNS;((S)) .y ARNS((S)) 1+ KN S Oy irad(C
ceC ceC

Hence W < (1+K§NHN 1T, and so, after letting § \, 0 and using
(5.2.9), we obtain Ay (I') < HN=Y(T). In view of the remarks with which I
began this discussion, we now know that A\y; < HVN=1 | By,.

In order to prove the opposite inequality, I will use the following two lemmas.
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LEMMA 8.3.15.  For each open subset V' of V and 6 € (0,p), there ex-
ist sequences {p, : n > 1} C V' and {r, : n > 1} C (0,9) such that
Bgn (pn, ) € V'(6) for all n > 1, By (Pm,Tm) N Bey (Dn, 1) = 0 for all
m # n, and

HY-! (V’\ U (Ba~ (pn>70) mv’)) —

n=1

In particular

HY- o ZHN 1 B]RN(pn,Tn)ﬁV).

n=1

PROOF: The proof is modeled on the proof of Lemma 4.2.6.

We begin by showing that if I' € By and Agnv-1 (\Ilfl(l")) = 0, then
HY=1(T") = 0. To this end, for a given § € (0, p) and € > 0, choose a countable
cover C of U~1(I") by squares @ in RN =1 such that Q C ¢~1(V) forall Q € C,
[C]l < 6, and > 5ce Arn-1(Q) < €. Then the collection {¥(Q) : Q € C} is
a countable cover of I, and rad (¥(Q)) < Lrad(Q), where L = Lip(¥) is the
Lipschitz norm of W. Hence,

HY 15T < IV Y Oy grad(Q)
QeC

LN
N-1 < ( ) QN716.
In view of the preceding, it suffices to choose {p, : n > 1} C V and

{rn :+ n > 1} C (0,6) so that the balls B,, = B~ (pn,r,) are mutually
disjoint, B,, € V’(4) for all n > 1, and

)\RN1<U\U YB, mV))):o,

where U’ = U~1(V’). Using Lemma 2.2.12, choose a countable cover Cy of U’
by non-overlapping squares ) of diameter less than 6. If ) € Cy is centered
at ¢ and has side length 3¢, then

Bav 1 (c,a20) C U (BRN (¥ (c), al) N v’) c o,

where a = (Lip(¥) A Lip(\Il_l))fl. Thus, if Bg = Bgw (¥(c),al), then
Bg C V/(0) and Agnv—1 (P71 (Bg NV')) > 20Agn-1(Q) for some 6 € (0, 3)
that depends only on NV and «. One now proceeds in exactly the same way as

we did at the analogous place in the proof of Lemma 4.2.6. Namely, we can
find a finite subset {Q1,...,Qn, } C Co for which

ARN -1 (U \ O v BQm nv )) < (1—0)Agn— (U/)
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Applying the same argument to U{ = U’ \ U'_, V™! (Bg,, N V'), one can
remove a 6th of the Agy-1-measure of U{. Hence, proceeding by induction,
at each step consuming a 6th of the Agv-1-measure of what is left at the end
of the step before, one can construct the required sequence. The details are
left to the reader. [

LEMMA 8.3.16. There exist a K < oo, depending only on ¥, and, for each
0<e<pAl,ad(e) € (0,¢), depending only on ¢ and ¥, such that

Agn ([BRN (p,r) N V] (5)) > (1+ K8)"N2sQy_rN-!

for allp € V and all 0 < r < 6 < d(e) with Brn(p,e) C V(p).

ProoOF: Choose 0 < dp < 5, depending only on € and ¥, for which
(n(q), n(p))RN > 1 whenever p € V and ¢ € Bgn(p,dp) NV.

Let p € V with Bgn (p,€) C V(p) be given. Without loss in generality, we
will assume that Ogpy = p = U(0gn-1) and that n(p) = ey. Next, define
n(q + tn(g)) = n(q) for ¢ € V and |t| < p, and note that n is then a
continuously differentiable function on V(p) into S¥~1. Given e € S¥ =1 with
e | epn, consider the ordinary differential equation

(n(q(t),e)gn

q(t) =€ — (n(q(t)),eN)RN ey with q(O) = Opn~.

This equation is well-defined and has a unique solution g¢e for |t| < T =
sup{T : q(t) € Bgrn(Ogn,dp) for |t| < T}. Moreover, because ¢e(t) L n(ge(t))
for |t| < Te, qe(t) € Brn(Ogn,dp) NV for |t| < Te. At the same time,
because e L ey = n(ge(0)), |ge(t) — te| < Cot? for |t| < T, where Cy <
oo depends only on W. In particular, §o < T, + CoT2, and so T, > 6; =
ﬁ (V1I+4Chd — 1) > 0.

We will now show that there exists a Kg, depending only on W, such that

(Kodr)
Bgy-1(0gn-1,7) % (=8,0) C ([BRN (O, (14 Kod)r) N V] (5))

for 0 < r <6 < 6;. To this end, suppose that x € Bry-1(0gn-1,7) X (=6,0),

and choose e L ey in S¥71 s € (—r,7), and t € (—6,6) for which z =

se+tey. Then |ge(s) — se| < Cps?, and therefore |ge(s)| < |s|+ Cops?. Hence,
ge(s) + tn(qe(s)) c [BRN (0]RN7 (1+ 005)1") N V] (9).

At the same time, for some C; < oo, depending only on W, }eN — n(qe(s))| <
C4]s|, and so

’x — qe(s) — tn(qe(s))’ < Cos? + Cylst] < Co Vv Cr(1+0)r.
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Hence, We get the desired inclusion with Ky = Cp VvV Cy. Replacing r by
(1+ Ko) r, we have now proved that

(Koér)
(+) Brn-1 (Opv—1, (1 4+ Kod) 1) x (=6,0) C ([BRN (O, 7) N V] (5))

for0<r <éd<d.
To complete the proof, we need to show that there is a K7 < oo, depending
only on W, such that

(R)
(+%) ([BRN (Ogw,7) N V] (5)) C [Bn (Opw, 7+ K R) N V] (6 + K1 R)

for0 <r <d < §and 0 < R < §. For this purpose, recall the diffeomorphism
] discussed before Lemma 8.3.14, and let L > 1 be the larger of the Lipschitz
norms Lip(¥) and Lip(¥~!). Then

( Ban (Ogw, 7 ﬂV](&))(R)>
C

) (LR)

(\11 Y(Ban (O~ ,m) N V) x (=8 — LR,6 + LR),

and therefore
(”) ,
([Bax (0an, 1) NV](8)) € [Ban (Ogw,7 + L2R) N V](6 + LR).

Hence, since L > 1, (*x) holds with K; = L?.
By combining (%) with (sx), we see that if 0 < r < § < &, and Kyd? < §,
then

BRN—l (ORN—l, (]. + Koé)ilT) X (—5, (S)
g [BRN (O]RN7 (1 + K0K15)T) N V] ((1 + KOK15)5)

1

Thus, if §(¢) = d; A (m) *and K = Ko(1 + Ko + KoK, ), then

Bgn-1 (Ogx-1, (1+ K06)~'r) x (—(1+ K&)~'6, (1 + K6)~'6)
- [BRN (ORN , ’I") n V] (5)

for 0 < r < § < d(e), and clearly this implies the required estimate. [

Given Lemmas 8.3.15 and 8.3.16, it is easy to show that Ay (V) > HY~1(V).
Indeed, for 0 < e < p,set V. = {x € V : |x—VG| > €}, and choose K < oo and
0(e) > 0 as in Lemma 8.3.16. Given 0 < ¢ < d(¢), choose {p, : n > 1} C V.
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and {r, : n > 1} C (0,6] for V. as in Lemma 8.3.15. Then, by (8.3.2) and
that lemma,

HY (V) =HN! (U (Bea (pn,mm) N Ve)> ,
n=1

and, by Lemma 8.3.16, for each n,
Arn ([Brw (pns ) NV](0)) = (1+ K&)_NQN7126TTJZI—1_

Hence, because

0 (v O Bt ) <m0 (v U Bt ) =0

n=1 n=1

and QN_lrleil > HN?L(S (B]RN (pna rn) N ‘/€)a

)\]RN i B]RN DPn, Tn) n V](é))

—N N-—-1
55 > 1+ K6V Qyoar)

n=1

> (1+ K(S)_NHN_L‘S (G (Bgw (prsn) N V€)>

n=1

= (14 K8) "HN (1),

and so Ay (V) > HY=1(V,). Since V. /' V as € \, 0, it follows that Ay (V) >
HN=1(V).

Putting this together with the earlier result, and taking into account the
remarks preceding Lemma 8.3.14, we now have a proof of the following theo-
rem.

THEOREM 8.3.17. If N > 2 and A\ is the surface measure for a hypersurface
M in RV of the sort described in § 5.2.2, then Ay is the restriction to By of
HV-L

Exercises for §8.3
EXERCISE 8.3.18. Here is a ubiquitous procedure, which abstracts the pro-
cedure used in §2.2.1, for constructing outer measures. Let E be a non-empty
set and R a collection of subsets of E with the properties that ) € R and for

each I' C F there is a countable cover C of I by elements of R. Further, let
V: R —[0,00] with V(0) = 0, and define

= inf {Z V(I): C C R is a countable cover of F} .
IeC

Show that i is an outer measure.
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EXERCISE 8.3.19. In Theorem 4.2.7 we saw that HY* = H" for all § > 0.
Show that the analogous equality is false when s < N. In addition, show that
if s < N, then H? is not (cf. §2.1.2) regular.

EXERCISE 8.3.20. In connection with the preceding exercise, it should be
recognized that the restriction of H*® to Bgw is not even a finitely additive
measure when s < N and § > 0. For example, suppose that N > 2 and
§ > 0, and consider the sets A = By~ (0,0) N {zr € RY : z; = 0} and
B = By~ (0,8)N{x € RN : 21 # 0}. Obviously A and B are disjoint elements
of B. On the other hand, show that H (AU B) < H"(A) + HY(B).

EXERCISE 8.3.21. Just as in Exercise 4.2.9, show that for each s > 0 H® is
unchanged if one restricts to covers either by closed sets or by open sets. In
addition, show that if H} is defined by restricting to covers by either open
balls or closed balls, then H* = H{ when N =1 and H®* < Hj < 2°H® when
N > 2. Thus, in determining Hausdorff dimension, one can restrict to covers
by either open or by closed balls.

EXERCISE 8.3.22. Recall the Cantor set C' and its construction in Exercise
2.2.32, and set ¢ = ﬁgg The goal of this exercise is to show that 27¢72Q, <
He(C) < 27°Q, and therefore that Hdim(C) = ¢. It is known that H¢(C) =
270, but this requires more work. Be that as it may, the result here is

already a significant refinement of the statement that C' is uncountable.

(i) Show that H®(C,,) < 27°Q, for every n > 1 and § > 37", and conclude
from this that H°(C) < 27°Q),.

(ii) For each n € N, let C, denote the collection of 2" disjoint, closed
intervals whose union is C,,. Given any open interval J and n > 1, show that
J D I for some I € C,_1 if J has non-empty intersection with five or more
elements of C,.

(iii) If J is an open interval with rad(J) < %, show that, for all n > 0,

drad(J)° > Y rad(I)".

IeC,
ICJ

Hint: Assume that n > 1 and that J O [ for some I € C,,. Next, let m € N
be the smallest k € N such that J D I for some I € Cj. Because rad(J) < 1,
1 <m < n. Now use (ii) to see that J can have non-empty intersection with
at most four elements of C,,, and conclude that

drad(J)° > > rad(I)°= Y Y rad(I)®> Y rad(l)“.
I'eCp, r'ec,, IcC, Iec,
I'nJ#0 I'nJj#0 ICI’ IcJg
(iv) Assume that C is a countable cover of C' by open intervals J with
rad(J) < 3, and show that Y, .rad(J)® > 2772, In doing this, first show
that, without loss in generality, one may assume that C is finite and that there
exists an n € Z1 such that each I € C,, is contained in some J € C. From this
and the second part of Exercise 8.3.21, conclude that H¢(C) > 2772(),..






Notation

General
Notation Description See
aAb& aVb | The minimum and the maximum of a and b
The non-negative part, a0, and non-positive part, —(aA
at &a
0)ofaeR
f1s The restriction of the function f to the set S
Il The uniform (supremum) norm
Var(v; J) Variation norm of function ¢ on interval J §1.2.2
I'(t) Euler’s gamma function Ex. 5.1.13
i The imaginary number /—1
WN_1 The surface area of unit sphere SV =1 in RN Ex. 5.2.20
Qn The volume, N~ wx_1, of the unit ball B(0;1) in RY
A function f for which ﬂé—; is bounded as t tends to a
O(g(t)) o g
limit
A function f for which % tends to 0 as ¢ tends to a
o(g(t)) . ¥
limit.
Sets, Functions, and Spaces
|t] The integer part of t € R
AC The complement of the set A
A0 The §-hull around the set A §5.2.1
T'(p) The tubular neighborhood of T’ (5.2.8)
14 The indicator function of the set A §3.1.1
The ball of radius r around a in E. When E is omitted,
Bp(a,) it is assumed to be RN for some N € Z+.
K cc E | Toberead: K is a compact subset of E.
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Notation

Sets, Functions, and Spaces continued

lcl| The mesh size sup{diam(C) : C € C} of a cover C §1.1.1
flz+) & f(z—) The right and left limits of f at x € R
P(E) The power set of E, consisting of all subsets of E §2.1.2
& & The set of open subsets and the set of countable intersec-
(E) & ©s(E) tions of open subsets of
The set of closed subsets and the set of countable unions
S(E) & 8o (E) of closed subsets of E
C The complex numbers
N The non-negative integers: N = {0} UZ+
Q The set of rational numbers
sh-1 The unit sphere in RY
7 & 7+ The integers and the positive integers
The space of bounded continuous functions from FE into
Cp(E;R) or C(E;C) R or C
ee(x) The imaginary exponential funtion e'2™(&®)zN
The space of continuous, R-valued or C-valued functions
CC(G; R) or CC(G; (C) having compact support in the open set G
The space of n-times continuously differentiable R-valued
n . n .
C™(G;sR) or C™(G;C) or C-valued functions
The Lebesgue space of R-valued or C-valued functions f
Dy, P(,
LP(p; R) or LP(1; C) for which |f|? is p-integrable §6.2.1
02 (N;R) The space L2(u;R) when g is counting measure on N §7.1.2
sgn(zx) The signum function: equal to 1 if z > 0 and —1 if z <0
T, (M) The tangent space to M at p §5.2.2
Ty Translation by z: Tp(y) =z +y §2.2.1
Ta The linear transformation determined by the matrix A §2.2.1
The Jacobian of ®: J® is the absolute value of the deter-
Jo §5.2.1

minant of the Jacobian matrix g—i
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Measure Theoretic
Bg The Borel o-algebra o(®(E)) over E
B" The completion of the o-algebra B with respect to u §2.1.2
Oa The unit point mass at a
Hs Hausdorff measure §8.3.4
As Lebesgue measure on the set S € RY
w <L v 1 is absolutely continuous with respect to v Ex. 2.1.27
wlv 1 is singular to v Ex. 2.1.28
P, p The pushforward (image) of p under ® Ex. 2.1.19
a(C) The o-algebra generated by C §2.1.2
/ f(z) dx Equivalent to the Lebesgue integral fF fdlgn of fonT
r
The Riemann—Stieltjes integral of ¢ on [a, b] with respect
B) [ @) dilt) | 4oy §1.2
[a,b]
ra The average value %F) fr fdu of f on I with respect to
w

the measure p







Index

A Cauchy Integral Theorem, 143
Cauchy’s functional equation, 59
change of variables

classical formula, 119

Jacobi’s formula for, 122
choice map, 3
closed under set-theoretic operations, 30
co-area formula, 137
complex Hilbert space, 176
concave function, 146

Hessian criterion, 148
contraction, 178
convergence

p-almost everywhere, 76

in pg-measure, 78
axiom of choice, 49 convex set, 146

absolutely continuous, 39
function, 60
measures, 203
part of a measure, 206
uniformly, 86
additive function, 59
algebra of subsets, 36
almost everywhere, 76
convergence, 76
approximate identity, 169
arc length, 20
of singular, continuous functions, 98
arithmetic—geometric mean inequality, 151

convolution, 165
B for the multiplicative group, 173
Young’s inequality for, 165
convolution semigroup, 171
Cauchy or Poisson, 172

Baire o-algebra, 219
ball, volume of, 120

Banach space, 146 Weierstrass, 171
basis, 17.9 coordinate chart, 128
Bernoulli global, 135

measure, 54 countable additivity, 29

independence, 55, 61
number, 189
polynomial, 189

Bessel’s inequality, 182
Beta function, 133
beta function, 172
Borel o-algebra, 31

countably subadditive, 31
counting measure, 161
cover, 1

exact, 3

more refined, 4

non-overlapping, 1

Borel measure, 35 D
Borel-Cantelli Lemma, 38
bounded variation, 12 Daniell’s Theorem, 212
continuous and discontinuous parts, 19 decreasing sequence of sets, 32
bump function, 170 diameter, 106
of rectangle, 1
C diffeomorphism, 122
Dini’s Lemma, 218
Cantor set, 58 direct product, 62
Hausdorff dimension of, 233 discontinuity, 14
Carathéodory measurable (C-meaurable), 221 jump, 14
Cauchy Integral Formula, 145 oscillatory, 14
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distribution function H
of function, 113
of measure, 50
distribution of f
in computation of integrals, 115, 161
divergence, 138
Divergence Theorem, 141
dual space, 207

Hardy’s inequality, 173

Hardy—Littlewood maximal function, 92, 94
LP-estimate, 162
inequality, 92

Hausdorff dimension, 226

Hausdorff measure, 108, 225

of LP, 208, 220 heat flow or Weierstrass semigroup, 171
Helly-Bray Theorem, 219
Hermite
E functions
Euler’s product formula, 202 normalized, 197
Euler-Maclaurin formula, 26 unnormalized, 194
extended real line, 63 polynomials, 194
extension criterion for measures, 215 Hermitian
inner product, 176
F operator, 178
Hessian matrix, 148
Fatou’s Lemma, 75, 81 Hilbert space
Lieb’s version, 77, 81 orthogonality in, 175
Lieb’s version for LP, 156 over C, 176
finite measure, 31 over R, 175
finitely additive, 208 Holder conjugate, 151, 156
flow property, 138 Holder’s inequality, 151
Fourier inversion formula hypersurface, 124
for Ll()\RN§C)7 193 tangent space, 124
for L2 (Agn; C), 200
Fourier operator, 198 I
Fourier series
L'-theory, 190 idempotent, 178
L2-theory, 186 increasing sequence of sets, 32
Fourier transform, 192 independent sets, 38
for L(Agn; C), 192 infinite-dimensional, 179
for L?(Agn;C), 198 injective, 122
uncertainty principle, 194 inner product, 175
Friedrichs mollifier, 169 Hermitian, 176
Fubini’s Theorem, 103 integer part, 25
function integrable, 70
concave, 146 function
measurable, 64 the space L (y;R), 70
modulus of continuity of, 11 uniformly, 86
Fundamental Theorem of Calculus, 10 integration by parts, 9
in RN, 142
el isodiametric inequality, 106
gamma function, 119 J
Gauss kernel, 171
gradient, 124 Jacobi’s Transformation Formula, 122
Gram—Schmidt orthonormalization proce- Jacobian, 121
dure, 180 matrix, 121

Green’s formula, 143 Jensen’s inequality, 147, 152



kernel, 163

L-system, 100
A-system, 32
Laplacian, 143
lattice operations, 7
lattice vector
integration theory for, 208
Lebesgue measurable, 46
Lebesgue integral
exists, 69
notation for, 65
Lebesgue measure, 46
Hausdorff’s description, 108
notation for, 117
of a parallelepiped, 58
Lebesgue set, 97
Lebesgue spaces
continuity under translation, 166
dual, 220
dual space, 207
LY(u;R), 70
mixed LP1P2) ((u1, p2); R), 158
Lebesgue’s Decomposition Theorem
for functions, 95
for measures, 205
Lebesgue’s Differentiation Theorem, 96
Lebesgue’s Dominated Convergence Theo-
rem, 76, 81
limit inferior of sets, 37
limit of sets, 38
limit superior of sets, 37
linear functional
non-negative, 218
tight, 218
linearly independent, 179
lower semicontinuous, 87
lowering operator, 195

M

Markov’s inequality, 68
mean-value property, 144
measurable, 30
function, 64
criteria for, 71
indicator or characteristic, 64
Lebesgue integral of, 68
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simple, 64
Lebesgue integral of, 64
Lebesgue, 46
map, 30
p-measurable set, 34
measurable space, 30
product of, 62
measure, 31
absolutely continuous, 39
Bernoulli, 54
Borel, 35
finite, 31
Hausdorff, 108, 225
image, 37
infinite product of, 217
Lebesgue on RY, 46
non-atomic, 58
probability, 31
product, 103
pullback, 37
pushforward, 37
regular, 35
o-finite, 82
singular, 39
surface, 132
translation invariant, 47
zero, 76
measure space, 31
complete, 33
completion, 34
mesh size, 3
Minkowski’s inequality, 150
continuous version, 159
modulus of continuity, 11
mollification, 169
monotone class, 36
Monotone Convergence Theorem, 75
multi-index, 168
multiplicative group, 172
convolution for, 173
invariant measure for, 173

N

non-measurable set, 50

o

one-sided, stable law of order %, 171
open d-hull, 122

orthogonal complement, 179
orthogonal invariance of Agn—1, 120
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orthogonal projection operator, 179
orthonormal, 180
outer measure, 220

parallelepiped, 58
volume of, 59
Parseval’s identity, 200
II-system, 32
Poisson or Cauchy semigroup, 172
Fourier transform, 201
Poisson summation formula, 202
polar coordinates, 118
power set, 30
probability, 31
measure, 31
space, 31
product measure, 103
infinite, 217
pure jump function, 19

R

radius, 106
Radon—Nikodym
derivative, 206
Theorem, 205
raising operator, 195
real Hilbert space, 175
rectangle, 1
volume (vol) of, 1
regular, 35
measure, 35, 37
set, 35
Riemann integral, 3
integrable, 3
integrable with respect to 1, 8
criterion, 114
of fonJ, 3
Riemann sum, 3
lower, 3
upper, 3
vs. Lebesgue, 114
Riemann zeta function, 189
Riemann—Lebesgue Lemma, 190, 192
Riemann—Stieltjes integral, 8
Riesz Representation Theorem
for Hilbert space, 204
for measures, 218

Index

S

Schwarz’s inequality, 152, 175
o-algebra, 30

Borel, 31

generated by C, 31
o-finite

measure, 82

measure space, 82
signum function (sgn), 17
singular, 39

function, 60

continuous, 73
arc length of, 98

measures, 203

part of a measure, 206
smooth function, 21
smooth region, 139
span, 179
sphere, 106

surface area of, 117, 120

surface measure, 117
square, 45
Steiner symmetrization procedure, 106
Stone’s Theorem, 213
Strong Law of Large Numbers, 73
subordination, 172
Sunrise Lemma, 87
surface measure, 132

for graphs, 135
symmetric, 106, 178

tangent space, 124
tight
family of functions, 86
linear functional, 218
Tonelli’s Theorem, 102
translation map, 46
tubular neighborhood, 126

U

uncertainty principle, 194, 201
uniform norm, 6

uniformly integrable, 86
uniformly Lipschitz continuous, 57
unitary, 198

upper semicontinuous, 87
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variation (Var), 12
negative variation (Var_), 13
positive variation (Vary), 13
vector field, 137
flow property, 138
vector lattice, 208
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integral on, 208
vector semi-lattice, 100
volume of the unit ball, 58

Y

Young’s inequality, 166
for the multiplicative group, 173
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